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We consider a two-dimensional risk model in
which two companies split the amount they
pay out of each claim in proportions 61 and d»
where 61 4+ 0o = 1, and receive premiums at
rates cq and c», respectively. Claims arrive ac-
cording to a renewal process. We analyse the
ruin problems of the risk process leaving the
positive quadrant and of entering the negative
quadrant under a light-tail assumption.



The multidimensional renewal risk model.
In collective risk theory the reserves process X
of an insurance company is modeled as

X() =z +pt —5(), (1)

where x denotes the initial reserve, p is the
premium rate per unit of time and S(¢) is a
stochastic process modeling the amount of cu-
mulative claims up to time ¢t. Taking S to be a
compound Poisson or compound renewal pro-
cess yields the Cramér-Lundberg model and
the Sparre-Andersen model, respectively. we
consider an extensions of classical risk theory
towards a multidimensional reserves model (1)
where X (t),x,p and S(¢) are vectors, with pos-
sible dependence between the components of
S(t). Indeed, the assumption of independence
of risks may easily fail, for example in the case
of reinsurance, when incoming claims have an
impact on both insuring companies at the same
time.



A general model

Let (Uq,U>) be a general Lévy process starting
at (U]_,’U,Q).

Questions:

e [ he exit time from the positive quadrant:

Tor(u1,up) = inf{t > 0: U1(t) < 0 or Ux(t) < 0},

e [ he entrance time into the negative quad-
rant:

Tsim(ui,u2) = inf{t > 0: U (t) < 0& Us(t) < O}.
The associated ultimate/perpetual ruin prob-
abilities will be respectively denoted
Yor(u1,un) = P (tor(u1,us) < 00),
Ysim(u1,up) = P (Tsim(u1,un) < 00).
Letting 7;(u;) = inf{t > 0: U,;(t) < 0},i = 1,2,
we also will consider

Yand(u1,up) = P (11(u1) < oo and m(up) < 00) .

We study asymptotics and exact expressions.
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One-dimensional theory revisited.
Let 7(x) denote the first passage time of the
level —x by Z
7(x) =inf{t >0:z+ Z; < 0O}
where and set

Y(z) = P(r(z) < o0)

Let x be the cumulant: x(8) = log E[e?41].

Let us assume the Cramér assumption that
there exists a v > 0, such that x(—v) = 0.

Under this assumption, it holds that
lim e"y(x) = C, (2)

r—00

When Z is a Cramér-Lundberg process C' is
given explicitly by:

C = —r'(0)/K (=) (3)



A general model
Let U = (Uq,U>) be a general Lévy process.

Let the cumulant exponent of U be denoted
by k:

ef(01,02)t — pef1(U1(t)—u1)+02(Ua(t)—u2))

Assume that U has light tails, i.e. there exist
v; > 0 s.t.

"{(_’717 O) — K(O7 _’YQ) = 0.

We shall also assume that

(—v1,0), (0, —v2) € int{0 : k(0) < o0}.

Let

wz(uz) = P(Tz(uz) <o0)=P(3Jt>0: Uz(t) < 0)



A general model

If K — oo, it holds that

(1(aK) ~ Cre~Nak,
if yia < Y2
bor(ak, K) ~ 1 Y1 (aK) + o (K)
’ it y1a = 72
Po(K) ~ Coe 12K
\ if Yia > Yo
and

Wand(aK, K) = o(Coe™ 12K 4 ¢remmalty



Model with co-monotonic dependence

Denote by U, the risk process of the ¢'th com-
pany

where u; denotes the initial reserve and where
N (¢)

S(t) = Z ;s (4)
i=1

N(t) is a Poisson process with i.i.d. inter-
arrival times ¢(; and claims o; > 0.

Assume that the second company, receives less
premium per amount paid out, i.e.:

2 __

p1—51 52—

p2.
and that

p; > p = FEo/EC.



Geometric considerations



Model with co-monotonic dependence

Write
Xi(t) =x; +pit —S(), i1=1,2,

where
N(t)

St) = ) o
i=1

with N a Poisson process.

Let x; be the cumulant exponent of X;:
E[efXi(D] = ri(O)t i=1,2. (5)

Questions:

- Explicit solutions of ¥5ng, Yor, Ysim-

- What are exact asymptotics of ¥5nq, Yor, ¥sim
if £1,x> go to infinity according to a ray in the
positive orthant?



Boundary crossing problems

Write b1(t) = z1 + p1t, ba(t) = 2 + pot.

Then the problem can also be reformulated as
a one-dimensional first-passage problem over a
piecewise linear barrier:

Yor(x1,x2) P(3t >0:5() > min{b1(t),b(t)})
Vsim(z1,22) = P(3t>01:5() > max{bi(t),b2(t)})
YVond(x1,x2) = P3t,s>0:5() > by1(t),

S(s) > ba(s))



Boundary crossing problems

Let

T2 — T1

p1L—p2

be the crossing time of b7 and b, and write
;,(x) = inf{t > 0: X;(t) < 0}.

T(z1,20) =

Proposition 1 Suppose that xo > x1,p> < p1.
The ruin probabilities Yand, Vsim and or are
given by:

P(ra(x2) <T)

P(mo(xo) > T, inf X1(s) < 0),
s>T

P(r1(xz1) <T)

P(t1(x1) > T, inf X5(s) < 0),
s>T

P(T < 11(z1) < 00)

P(r1(z1) < T,m2(22) < 00).

Ysim(x1,2)

_|_

Yor(x1,x2)

_|_

Yand(z1,22)

_I_



Exact solution

Let ¢t (a) the largest root of

k1(q) = «
and write
Yor(z1,22) =1 — Yor(z1, 22)

Corollary 2 The double Laplace transform

- co oo
Yor(p, q) :/o /o e Ple™ T2 4p (21, x2) dxy dro

is given by

k7(0+) 4+ (p2 — p1)
p(k1(p+ q) — q(p1 — p2))

p
. [1 + g —qT(g(p1 — p2))

Q;OT(Z% CI) —




Example. If S is compound Poisson with Exp(u)
jumps then ) is given by

_(pF+p+ 92 —p)

pp1(21(q) — p)22(q)
where p = \/p and z1(q) < zo(q) are the roots

of k1(p +q) = (p1 — p2)g.




Example. Small claims model If

X;(t) = z; + pit — B(¢)
where B is a Brownian motion and x> > x1,

then:

Yor(x1,72)
= 1—® (a(z1,p1)) + e P11 (a(—=z1,p1))
+ e 2P2%2 y [d (a(z1,p1 — 2p2))
e—2:c1(p1—2p2)q> (a(—xl,pl — 2292))]-

Ysim(T1,2)
= 1—® (a(zo,p)) + e 2P2%20 (a(—x2, po))

4o~ 2P1%1 [® (a(x2,p2 — 2p1))

_e—2£132(p2—2p1)¢ (a(—x27p2 — 2p1))]
where
a(z,p) = [z + pT]/VT

and d denotes the cumulative standard normal
distribution function.



Asymptotic cones

D1 {(z1,22) € RT : 21 > w051},
Dy = {(z1,22) € R :z1 < 2250}
with

5y = M=) . = (Hs’l(—vz)>
ko (=71)’ ro(=72) ) 4

and
Do = R3\[D1 UD,]

where D, is the closure of D;, the open cone
lying between D; and D,. Write

Do = {(z1,x3) : 1 < x2s3}

where s3 = K’l(—’?z)/lilz(—’/}b) with ~5 is the
largest root of

k1(—s) = k1(—72).



Lemma 3 1. D;,,: = 0,1,2 are disjoint and
Do, D1 # 0.

2. Dy cU = {(z1,22) €RZ :moyp <171}

3. Dy # 0 iff Ky (—y2) < O.

Lemma 4 Writing 1 =1,2

T; = xi/[—ri(—)]
and
T; = i/ [—ri(—v3-4)]
and a(x) = % (where x = (x1,20) € Ri_), the
following hold true:

Dzz{xERi:a(w)<82}={xERﬂ_:T1<T}
={z€eRL L < T}

Do={z€R : T3 <T < T»}

D1 ={z€R] 151 <a@)}={zeRL T < Tp}
={zeR3 T < Ty}



Asymptotics

Notation. e k5 denotes the characteristic ex-
ponent of X» and

r°(v) = k5(v) = sup[vB — k2(B)].  (6)
BeR

the convex conjugate of ko

e Write
0 =inf{0: ko(0) <oo} wv=Iimr5(6)

e T he adjustment coefficient.

Assume there exist v, > 0, such that
ki(—=vi) =0
and let
v(a) = k3(—va)/va,
where

ve = (p1 — p2)/(1 —a).



Asymptotics

Set
=14 (p1 — p2)
v
T heorem. Assume that
0 < —m1.

For a < @, it holds as K — oo,

(016_71CLK
| (D#(vg) + D'(vg)) K—1/2e=7(a)K
Ysim (a kK, K) \  (akK, K) € Dy

C2e_'72K

if (aK,K) € Do,

\

for some D# D' >0 and C; = —k4(0)/ki(—;).



Constants

Denote by 6, < 6] the roots

m’z(ev) — v
and
ko(Oy) = ’432(9;)
then
, 0,, — 0w  Jw
D' (w ’
(w) 10,6, \/277143/1/(910)
ey _ 11 m'1<o>_f~e’1<0>] v
D7 (w) [ew %‘F,ﬂ(%) k1(0w) ]\ [2mK (Ou)



Asymptotics
Write

Dy = {(z1,22) : 71 < z253}
where s3 = k1 (—72)/k5(—52) with 75 is the

largest root of

k1(—s) = k1(—72).

Theorem. For v, < —v it holds that, as K —
00,

(Cre~mek

if (aK,K) € D1

(D*(vy) — DY (vg)) K—1/2e=71(a)K

K. K) ~ N
Yana(ak, K) ) if (oK, K) € Dg

Cre(av2+(1-a)12) K
if (aK,K) € Do,

\

for some D*, DT > 0 where

Co = Corl (—72) /K1 (—72).



Constants.

Denote by 65 > 6, the root of

rk1(0v) = K1(63)
then D*(w) and Df(w) are respectively given
by with wa replaced by 63 and ki replaced by
K.



One-dimensional theory revisited.

Write f(x) ~ h(x) (x — oo) if lim f/h(z) = 1
and

w(x,t) = Y(x) —Y(x,t) = Pt < 7(x) < 00).
Hoglund-Arfwedson Theorem

Assume that either x, (0) < O or that the
Cramér assumption holds and write { = min{#@ :
k(@) = 0}. If 0 < v < —v and z,t — oo such
that =/t = v, it holds that

Co—C if z/t < =k (=)
b(z,t) ~ {|D(v)|t1/2em*(v) if z/t > -kl (=¢),

(z,t) ID(v)[t~1/2e= (V) if g/t < —k! (=0)
Wi, t) ~ 3 g if z/t > -kl (=),

1 0, — Oy

D(v) = c(v) - : c(v) = :
V27K (6y) 0v0;,




Asymptotic Limit laws

The following result shows existence of and
identifies the limit laws of the Cramér-Lundberg
process X (t) conditionedont < Tandont > 7:

Theorem Assume that § < 0 and «’(0) < 0.

(i) If 0 < v < —£'(0),
v, = lim P(X(t) € |r(x) >1t),,
x,t—o00,r=tv

in the sense of weak convergence, where

Wy(dy) = c(v) e 0¥ — e=%¥]1( y(y)dy.,

(ii) If —x'(0) < v < —v,
WV, = i t—>|oioma:=tv P(X((t) e |r(x) <t)

in the sense of weak convergence, where

Wy (dy) = |e(v)|"He V1 (g ooy (1) +e "Y1 oy (»)]d



Two term expansions

We write f ~ g+ h if limg—oo(f —g)/h(x) =
liMg—oo(f —h)/g(z) = 1.

Proposition If z1,z> — oo such that x5 /T (x1,x2) =
v, v &= —k5(—y;) i = 1,2, it holds that

Ysim(x1,22) =~ Yo(xo,T)
+ Cr(v)e PS5, T),

for some Cq(v). If S is a compound Poisson
process, it holds for : =1, 2,

(

C;

if —rh (=) <
ca—i(v, 7)) "L (00) — vr(nS))]

if 0 <v < —kr5(—),

CN'Z(?)) = 9

\

and 7751) = 0], 771()2) = 0.



Renewal model — Asymptotics

N (t)

S(t) = ) o (7)
i=1

where N(t) is a renewal process with i.i.d. inter-
arrival times (;, and the claims o; are i.i.d. pos-
itive random variables independent of N(t).

Cramer/light tail assumptions
Assume that there exist constants v; > 0 (i =
1,2) such that

E[e%(al_piCl)] — 1 (8)
Moreover, assume that, for some € > 0O,

Ele(nt9o1] £ . (9)

Theorem b5 Let a < 1. Under the Cramer
conditions it holds that, as K — oo,
wor(aK, K) ~ CQG_IYQK—I-C]_Q_/HCLK,
Yand(aK, K) = o(Coe 2K 4 e mak)y,



