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Introduction

“Real options* is the common term for applying stochastic
control to management decisions.

» Popular because it identifies value in projects whose
current NPV < 0.
» The fundamental problem equates to the perpetual
American option.
Objective is to understand pricing of American options
» with a generalised payoff (including butterflies, straddles).
» when the market is not necessarily arbitrage free (not
GBM).
» where there is state dependent discounting.
The solution to this problem can be applied to cases where
» a payment is made to receive a running payoff in the future.
» decisions may be reversible.
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Formulation
[ 1]

Set-up

The state of the economy is modeled on an open interval, 7
T =laz, f1]; -0 < az, f7 < oo,
by a one-dimensional It6 diffusion,
dX; = b(X;) dt + o(X;) dW;, Xo = x € T. (1)

Here W is a standard, one-dimensional Brownian motion and
b, o are given B(Z)-measurable functions such that

» the SDE (1) has a unique and non-explosive solution.

» o is locally bounded.
Discounting is state dependent over an infinite time horizon,

t
At :/ r(Xs)ds with r(x) > ry > 0.
0
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Formulation
o] ]

Given these conditions on b and o, then for any ¢ € Z, the
scale function

p(x) = /CX exp (—2 /CS :2(([3) du> ds, forx,ceZ, (2)

and the speed measure

2

™) = 20000

ax, (3)

are well-defined.
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Formulation

o0

Stopping strategy

A stopping strategy is a pair

SX = (Sx, T) .

» Sx = (Q,F, Ft,Px, X, W) is a weak solution to the SDE.
» 7 is an Fi-stopping time.
For an initial condition x € Z, the objective is to identify the
value function v such that

v(x) = sup T [e M g(X,)].

Sx,T

» Given Sy, find 7 that will provide the maximum expected
discounted payoff.
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Formulation

(] J

Stopping strategy

In addressing the this stopping problem we use dynamic
programming.
» This approach takes a point in time and tests whether it is
better to act or to wait.

This leads us to suppose that v should identify with a solution,
w, to the variational inequality

max {;az(x)w”(x) + b(x)W'(x) — r(x)w(x), g(x) — W(X)} =0.

» This variational inequality indicates we need to understand
a 2nd order ODE.
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Solution to an ODE
[ Jele}

Homogeneous ODE

If w is smooth then under our assumptions on r, b, o, every
solution to the homogeneous ODE

%UZ(X)W”(X) + b(x)W'(x) — r(x)w(x) =0
is given by

w(x) = Ag(x) + By(x),
for some constants A, B € R.

» The functions ¢ and v are well-studied in the context of
1-dimensional diffusions.
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Solution to an ODE
oeo

Homogeneous ODE

The functions ¢ and ¢ are C, their first derivatives are
absolutely continuous functions, and satisfy

1/Ec[e~Mx], forx < c,
Ex[e~"=],  forx >c,

o(x) =

and

Ex[e~Me],  forx <c,
1/Ec[e~Mx], forx > c,

b(x) =

for a given choice of ¢ € Z where 7¢ is the first hitting time of c.
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Solution to an ODE
[e]e] ]

Homogeneous ODE

In addition,

0<¢(x) and ¢'(x) <0, forallxeZ,
0<¥(x) and ¢'(x) >0, forallxceZ,

and
X“lTI P(x) = X“Trgz P(x) = o0
with
pe(X) = L)) = ¢ (X)0(x) _ WX) >0, forallx,ceT.

~ d(e)(e) = (c)(e)  W(o)
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Solution to an ODE

@00000

Non-homogeneous ODE

We wish to be able to consider solutions that are not smooth.
A function f : 7 — R is a solution to the
non-homogeneous ODE

£f+h:;azf+bf’rf+h:0 (4)

if
» it is the difference of two convex functions
> %az(x)fa’g(x) + b(x)f (x) — r(x)f(x) + h,(x) =0
» (dx) = —UZZ(X) hy(dx)

where

f"(dx) = fL(x)dx + f'(dx)
is the Lebesgue decomposition of f.
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Solution to an ODE

O@0000

Non-homogeneous ODE

Given a measure, hon (Z,B(Z)), such that
1 _
/ ————— |h|(dx) < oo, forallar <a < < pfr,

2V (x)

()
where |h| is the total variation measure of h, then the
space ¥, of (¢,v)-summable measures is the set of all
measures h on (Z, B(Z)) satisfying (5) and such that the

limits
_ P(8) : #(s)
im /]X,C[ 2(s)(s) ds) and lim /[ax[ Z(s)(s) 19S)

existin R forany c € 7.
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Solution to an ODE

00e000

Non-homogeneous ODE

Proposition 1
Consider a measure h € ¥, ,,, and define the function

R, T—R by
_ 2¢(s) 2¢(s)
Rn(x) = ¢(x) /}az?x[ 2(s)N(s) h(ds)+y(x) /[X”BI[ S2(s)N(s) h(ds).
)
then
Rp(x) = ¢'(x) /]%X[ 02%5;)(3) h(ds)+1'(x) /[Xﬂz[ 02(2;§§/v8)(s) h(ds).

and Ry, is a solution to the non-homogeneous ODE (4).
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Solution to an ODE

000e00

Non-homogeneous ODE

Proposition 2

In addition
IR0 R0l
R T P ®)
/ / o 2¢(S)
SA0) ~ SR = W) [ S ptas),
©
o _ 20(s)
HOORN-00 ~ VR = W) [ E s h(as).
(10
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Solution to an ODE

000080

Non-homogeneous ODE

Proposition 3
We have also the following probabilistic equality

mwzmi[lwwﬂ

where

Br |z
M:/ L_h(dz)
" e 02(2)

and L? is the local time process of x at z € 7.

These propositions are well known in the case when his a
function. For details of when h is a measure, see Johnson and
Zervos (Stochastics, Vol 79).
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Solution to an ODE

[e]e]e]e]o] }

Non-homogeneous ODE

Observe thatif h(x)=-Lg and LgeXy,, then

o0 =00 [ e £

26(5)
200 [ e L9
gl el
A 60 A 00 O
(x)— ¢ - _20(s)
o000~ (0900 = ~W0) [ s cglas)
F(x) — o - _20(s)
#0000 /00900 = W) [ iR ra(as)
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Problem Solution
e0

The variational inequality and its solution

If g is not smooth, our variational inequality becomes
max{Lw, g(x) —w(x)} =0, xe I (11)

» We observe that the interval Z can be split into two disjoint
(but not necessarily contiguous) regions,
» the stopping region, D, with

g(x)—w(x)= 0 while Lw(x)< 0, forallxe D,
(12)

» and the continuation region, C, with

g(x)—w(x) < 0 while Lw(x)= 0, forallxe C.
(13)

In what follows we assume g(x) > 0 for some x € Z.
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Problem Solution
oe

The variational inequality and its solution

We postulate that

_ g(X)7 if x e D,
X = { Aip(x) + Bip(x), if x €la;, bi[=C; CC,

withC =J;Ciand D =Z/C.

» We have that
supp(£g)t cC, and D C supp(Lg)”.

since Lg < 0in D from (12).

» We need to find the boundaries (a;, b;) and the parameters
(A;, B;) associated with each of the continuation intervals.

» We can’'t assume smooth-fit at these boundaries since g is
not smooth.
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Problem Solution

90000000000

Free-boundary problem

At the boundaries, we require that

Ai¢'(a) + Biy'(a) < 9’ (a)
Aid(ai) + Biy(ai) = 9(a;)
Ai¢'(a) + By'(a;) > g\ (a)

Ai¢'(b;) + B! (bj) < g (by)
Aig(bi) + B (bi) = g(bi)
Ai¢'(b;) + B! (b)) > gl (by).
which are equivalent to smooth fit.
» Note the left-hand and right-hand derivatives.

Tim Johnson

The Timing of Investment Decisions



Problem Solution

O@000000000

Free-boundary problem

Using (9)—(10), these can be rearranged into the following
system of equations

- _20(s) < _20(s)
/]aiﬁzl a?(s)WV(s) £o(ds) = B < /[a, prl UQ(S)W( )Eg(ds)

_ _20(s)
/]binI[ a?(s)W(s) Lg(ds) < B / by 3] o2 ‘Cg(ds)

R
fop @ 0242~ | it 0
_ 20(s)
N O ERER o)
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Problem Solution

00@00000000

Free-boundary problem

Which are equivalent to the following system of equations

qs(ai, b)) >0 and qgj(a;,bi) <0 (14)
and

qy(ai, b)) >0 and qy(a;,b) <0, (15)
where
wra= [ e e = [ eSes)
and

R o 2Lg(ds) 2Lg(ds)
@y, 2) = /Md oy V() . 2) = /WQ(S) 4Ue)
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Problem Solution

00080000000

Free-boundary problem

If there is an interval J; =|az, 87[C Z such that
ay(az.87) <0, and qj(ag,B7) <0,
which contains a sub-interval [x;, x,] C J; such that,
q5(Xi, x;) >0, and g, (X, x;) >0

and

& =]ag, x,[U]X,, B[ € supp(Lg)™.
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Problem Solution

0O000@000000

Free-boundary problem

Then there exist a unique pair, {a;, b} € J; such that

q5(ai, b)) >0 and gj(ai, by) <0,
qy(ai, b)) >0 and q(a;,b;) <0,

with
ag < ai <X, < X, < bi < B,
» We need &; to ensure the boundary of the continuation
region is in supp(£g)~.
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Problem Solution

00000e00000

Free-boundary problem

» Forany a €]ag, x;[ and b €]x;,, 5[, by decreasing a or
increasing b, g (a, b) and g;(a, b) will decrease.
» Therefore there are mappings /, and /,, such that

a3(a: Is(as)) > 0, qgglag, ls(as)) <0, with  [y(ay) > ay
ay(ay, ly(ap)) =0, qy(ay, ly(ay)) <0, with Iy(ay) > ay.

» We can show that there exists a unique crossing point of /,
and /;, where

a,=ay=a and [y(ay) = ly(ay) = b;.
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Problem Solution

0O00000e0000

Free-boundary problem

The previous slides identify an interval |a;, bj[C Z.

» We need to address the cases when one of the boundaries
of the continuation region is the boundary of the interval Z.

» In these cases the boundary will correspond to a maximum
turning point of either g/« or g/¢.
To see this observe that

9% _ sup (g(z)>

Y(X) T zer \¥(2)
and so 4(2)
) =5 (7)) 00

will satisfy the variational inequality for values of x less
than the location of the maximum.
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Problem Solution

00000008000

Free-boundary problem

If there exists X, such that

oo -2 (0 2 1m (5

then Jaz, Xy[= C1, g5 (X, 87) < 0, and g3(%,, r) < 0.

Similarly if there exists X, such that

oy - (%) = m (%)

then |%,, 5z[= Ca, g (az, X;) < 0, and g3(az, X;) < 0.
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Problem Solution

00000000800

Free-boundary problem

If both X,, and X, exist, then
0<%, @ReR) <0 and  go(%u. %) <O.
If neither X, and X, exist, then

@(az,Br) <0 and  gi(az.Br) <O.
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Problem Solution

00000000080

Free-boundary problem

An (outline) algorithm for finding continuation regions
1. Initialise, set Cy = 0, by = a7z and ag = Bz and set j = 1.
2. If there is a maximum of g/v set C; =]az, Xy[and i =i+ 1.
3. If there is @ maximum of g/¢ set C; =]X,, fz[and i =i+ 1.
4

I supp(£9)*/ Uil Ch = & # 0
» Pick any x € & and identify the interval 7; that contains x.

X € [x, x;] € Ji,  with G (x;, x,) >0, and qgj(x;,x,) > 0.

» Find C; =]a;, bi[€ J;, increment i and repeat (4).
5. STOP: Set € = |Jj_},Cx and D = Z/C.
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Problem Solution

0000000000

Free-boundary problem

This algorithm
» Strips out any continuation regions whose boundaries are
the same as the boundaries of 7.
» It then looks for points in supp(£g)™ not in the continuation
region, until there are none left.
» The boundaries of 7; will be boundaries of continuation
intervals or of supp(£g)~.
» Need to define each J; by maximising x;, — x;

i

» Recall that supp(£g)™ C C and D C supp(Lg)~.

In the continuation region we have an LP characteristaion of
the candidate function

w(x) = inf { As(x) + Bi(x) | As(x) + Bi:(x) = g(x) |
(M. Pistorius)
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Problem Solution

@00

The main theorem

Suppose that the interval Z has been split into disjoint
stopping and continuation intervals, using the preceding
algorithm.

The solution, v, to the discretionary stopping problem
formulated above identifies with the function w, given by

B g(X)7 if x e D,
w(x) = { As(x) + Bu(x), itxelabl=cice, (19

where the pairs {a;, b;} are as identified by the algorithm.
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Problem Solution

oeo

The main theorem

If {a;, b;} € Z, A; and B; are given by

4 db)ila) - gayb) 5 g(b)o(a) - ga)o(b)
= ob)i@) - dayib) T e(b)i(@) — v(@)o(by)

where asif ai=az, bje T

9(xy) <Q(X)>
A/ = 0’ d B/ — ~ — TN )
an 03 er \u(x)
while if g, € Z, b = 3¢

g(%,) <g > -
A= L2 —sup(L2) | and B = 0.
o) o)
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Problem Solution

ooe

The main theorem

» To see that (16) satisfies (12), observe that
D C supp(Lg)~.

» To see that (16) satisfies (13), note that the points {a;, b;}
define maxima points of the function

9(x) ,
Aip(X) + Bib(x)’ for x € i a7)

and that

g(a)) _ g(bi) 1 (18)
Aip(ai) + Bip(a)  Aip(by) + Bi(by)

These observations mean that

Aip(x) + Biyp(x) > g(x), forall x €]a;, bil.
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» We are able to solve our stopping problem for a wide range
of payoffs, for example, straddles, butterflies, sin(x).

» This approach can be extended to reversible problems with
running payoffs.

» Thinking about delays and storage.

Thanks to lots of people, including:

Mihailis, Damien Lamberton, Pauline Barrieu and Goran Peskir,
Andreas Kyprianou, Martijn Pistorius and the organisers of this
workshop.

Tim Johnson hw.ac.uk/ ~timj/

The Timing of Investment Decisions



	Introduction
	Formulation
	Set-up
	Stopping strategy

	Solution to an ODE
	Homogeneous ODE
	Non-homogeneous ODE

	Problem Solution
	The variational inequality and its solution
	Free-boundary problem
	The main theorem

	Summary

