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“Real options“ is the common term for applying stochastic
control to management decisions.

I Popular because it identifies value in projects whose
current NPV < 0.

I The fundamental problem equates to the perpetual
American option.

Objective is to understand pricing of American options
I with a generalised payoff (including butterflies, straddles).
I when the market is not necessarily arbitrage free (not

GBM).
I where there is state dependent discounting.

The solution to this problem can be applied to cases where
I a payment is made to receive a running payoff in the future.
I decisions may be reversible.
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Set-up

The state of the economy is modeled on an open interval, I

I =]αI , βI [, −∞ ≤ αI , βI ≤ ∞,

by a one-dimensional Itô diffusion,

dXt = b(Xt) dt + σ(Xt) dWt , X0 = x ∈ I. (1)

Here W is a standard, one-dimensional Brownian motion and
b, σ are given B(I)-measurable functions such that

I the SDE (1) has a unique and non-explosive solution.
I σ is locally bounded.

Discounting is state dependent over an infinite time horizon,

Λt =

∫ t

0
r(Xs)ds with r(x) ≥ r0 > 0.
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Set-up

Given these conditions on b and σ, then for any c ∈ I, the
scale function

p(x) =

∫ x

c
exp

(
−2

∫ s

c

b(u)

σ2(u)
du

)
ds, for x , c ∈ I, (2)

and the speed measure

m(dx) =
2

σ2(x)p′(x)
dx , (3)

are well-defined.
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Stopping strategy

A stopping strategy is a pair

Sx = (Sx , τ) .

I Sx = (Ω,F ,Ft ,Px ,X ,W ) is a weak solution to the SDE.
I τ is an Ft -stopping time.

For an initial condition x ∈ I, the objective is to identify the
value function v such that

v(x) = sup
Sx ,τ

Ex

[
e−Λτ g(Xτ )

]
.

I Given Sx , find τ that will provide the maximum expected
discounted payoff.
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Stopping strategy

In addressing the this stopping problem we use dynamic
programming.

I This approach takes a point in time and tests whether it is
better to act or to wait.

This leads us to suppose that v should identify with a solution,
w , to the variational inequality

max
{

1
2
σ2(x)w ′′(x) + b(x)w ′(x)− r(x)w(x), g(x)− w(x)

}
= 0.

I This variational inequality indicates we need to understand
a 2nd order ODE.
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Homogeneous ODE

If w is smooth then under our assumptions on r ,b, σ, every
solution to the homogeneous ODE

1
2
σ2(x)w ′′(x) + b(x)w ′(x)− r(x)w(x) = 0

is given by

w(x) = Aφ(x) + Bψ(x),

for some constants A,B ∈ R.

I The functions φ and ψ are well-studied in the context of
1-dimensional diffusions.

Tim Johnson http://www.ma.hw.ac.uk/˜timj/

The Timing of Investment Decisions



Introduction Formulation Solution to an ODE Problem Solution Summary

Homogeneous ODE

The functions φ and ψ are C1, their first derivatives are
absolutely continuous functions, and satisfy

φ(x) =

{
1/Ec[e−Λτx ], for x < c,
Ex [e−Λτz ], for x ≥ c,

and

ψ(x) =

{
Ex [e−Λτc ], for x < c,
1/Ec[e−Λτx ], for x ≥ c,

for a given choice of c ∈ I where τc is the first hitting time of c.
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Homogeneous ODE

In addition,

0 < φ(x) and φ′(x) < 0, for all x ∈ I,
0 < ψ(x) and ψ′(x) > 0, for all x ∈ I,

and

lim
x↓αI

φ(x) = lim
x↑βI

ψ(x) = ∞

with

p′c(x) =
φ(x)ψ′(x)− φ′(x)ψ(x)

φ(c)ψ′(c)− φ′(c)ψ(c)
=
W(x)

W(c)
> 0, for all x , c ∈ I.

Tim Johnson http://www.ma.hw.ac.uk/˜timj/

The Timing of Investment Decisions



Introduction Formulation Solution to an ODE Problem Solution Summary

Non-homogeneous ODE

We wish to be able to consider solutions that are not smooth.
A function f : I → R is a solution to the
non-homogeneous ODE

Lf + h =
1
2
σ2f + bf ′ − rf + h = 0 (4)

if
I it is the difference of two convex functions
I 1

2σ
2(x)f ′′ac(x) + b(x)f ′−(x)− r(x)f (x) + hac(x) = 0

I f ′′s (dx) = − 2
σ2(x)

hs(dx)

where
f ′′(dx) = f ′′ac(x)dx + f ′′s (dx)

is the Lebesgue decomposition of f .
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Non-homogeneous ODE

Given a measure, h on (I,B(I)), such that∫
[ᾱ,β̄]

1
σ2(x)W(x)

|h|(dx) <∞, for all αI < ᾱ < β̄ < βI ,

(5)
where |h| is the total variation measure of h, then the
space Σφ,ψ of (φ, ψ)-summable measures is the set of all
measures h on (I,B(I)) satisfying (5) and such that the
limits

lim
x↓α

∫
]x ,c[

ψ(s)

σ2(s)W(s)
h(ds) and lim

x↑β

∫
[c,x [

φ(s)

σ2(s)W(s)
h(ds)

(6)
exist in R for any c ∈ I.
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Non-homogeneous ODE

Proposition 1
Consider a measure h ∈ Σφ,ψ, and define the function
Rh : I → R by

Rh(x) = φ(x)

∫
]αI ,x [

2ψ(s)

σ2(s)W(s)
h(ds)+ψ(x)

∫
[x ,βI [

2φ(s)

σ2(s)W(s)
h(ds).

(7)
then

R′
h(x) = φ′(x)

∫
]αI ,x [

2ψ(s)

σ2(s)W(s)
h(ds)+ψ′(x)

∫
[x ,βI [

2φ(s)

σ2(s)W(s)
h(ds).

and Rh is a solution to the non-homogeneous ODE (4).
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Non-homogeneous ODE

Proposition 2
In addition

lim
x↓α

|Rh(x)|
φ(x)

= lim
x↑β

|Rh(x)|
ψ(x)

= 0, (8)

φ(x)(Rh)
′
−(x)− φ′(x)Rh(x) = W(x)

∫
[x ,β[

2φ(s)

σ2(s)W(s)
h(ds),

(9)

ψ(x)(Rh)
′
−(x)− ψ′(x)Rh(x) = −W(x)

∫
]α,x [

2ψ(s)

σ2(s)W(s)
h(ds).

(10)
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Non-homogeneous ODE

Proposition 3
We have also the following probabilistic equality

Rh(x) = Ex

[∫ ∞

0
e−Λt dAh

t

]
where

Ah
t =

∫ βI

αI

Lz
t

σ2(z)
h(dz)

and Lz is the local time process of x at z ∈ I.

These propositions are well known in the case when h is a
function. For details of when h is a measure, see Johnson and
Zervos (Stochastics, Vol 79).
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Non-homogeneous ODE

Observe that if h(x) = −Lg and Lg ∈ Σφ,ψ, then

−g(x) = φ(x)

∫
]αI ,x [

2ψ(s)

σ2(s)W(s)
Lg(ds)

+ψ(x)

∫
[x ,βI [

2φ(s)

σ2(s)W(s)
Lg(ds),

lim
x↓αI

|g(x)|
φ(x)

= lim
x↑βI

|g(x)|
ψ(x)

= 0,

φ(x)g′−(x)− φ′(x)g(x) = −W(x)

∫
[x ,βI [

2φ(s)

σ2(s)W(s)
Lg(ds),

ψ(x)g′−(x)− ψ′(x)g(x) = W(x)

∫
]αI ,x [

2ψ(s)

σ2(s)W(s)
Lg(ds).
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The variational inequality and its solution

If g is not smooth, our variational inequality becomes

max {Lw , g(x)− w(x)} = 0, x ∈ I. (11)

I We observe that the interval I can be split into two disjoint
(but not necessarily contiguous) regions,

I the stopping region, D, with

g(x)− w(x) = 0 while Lw(x) ≤ 0, for all x ∈ D,
(12)

I and the continuation region, C, with

g(x)− w(x) ≤ 0 while Lw(x) = 0, for all x ∈ C.
(13)

In what follows we assume g(x) > 0 for some x ∈ I.
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The variational inequality and its solution

We postulate that

w(x) =

{
g(x), if x ∈ D,
Aiφ(x) + Biψ(x), if x ∈ ]ai ,bi [= Ci ⊆ C,

with C =
⋃

i Ci and D = I/C.

I We have that

supp(Lg)+ ⊂ C, and D ⊂ supp(Lg)−.

since Lg ≤ 0 in D from (12).
I We need to find the boundaries (ai ,bi) and the parameters

(Ai ,Bi) associated with each of the continuation intervals.
I We can’t assume smooth-fit at these boundaries since g is

not smooth.
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Free-boundary problem

At the boundaries, we require that

Aiφ
′(ai) + Biψ

′(ai) ≤ g′−(ai)

Aiφ(ai) + Biψ(ai) = g(ai)

Aiφ
′(ai) + Biψ

′(ai) ≥ g′+(ai)

Aiφ
′(bi) + Biψ

′(bi) ≤ g′−(bi)

Aiφ(bi) + Biψ(bi) = g(bi)

Aiφ
′(bi) + Biψ

′(bi) ≥ g′+(bi).

which are equivalent to smooth fit.
I Note the left-hand and right-hand derivatives.

Tim Johnson http://www.ma.hw.ac.uk/˜timj/

The Timing of Investment Decisions



Introduction Formulation Solution to an ODE Problem Solution Summary

Free-boundary problem

Using (9)–(10), these can be rearranged into the following
system of equations

−
∫

]ai ,βI [

2φ(s)

σ2(s)W(s)
Lg(ds) ≤ Bi ≤ −

∫
[ai ,βI [

2φ(s)

σ2(s)W(s)
Lg(ds)

−
∫

]bi ,βI [

2φ(s)

σ2(s)W(s)
Lg(ds) ≤ Bi ≤ −

∫
[bi ,βI [

2φ(s)

σ2(s)W(s)
Lg(ds)

−
∫

]αI ,ai ]

2ψ(s)

σ2(s)W(s)
Lg(ds) ≥ Ai ≥ −

∫
]αI ,ai [

2ψ(s)

σ2(s)W(s)
Lg(ds)

−
∫

]αI ,bi ]

2ψ(s)

σ2(s)W(s)
Lg(ds) ≥ Ai ≥ −

∫
]αI ,bi [

2ψ(s)

σ2(s)W(s)
Lg(ds),
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Free-boundary problem

Which are equivalent to the following system of equations

qo
φ(ai ,bi) ≥ 0 and qc

φ(ai ,bi) ≤ 0 (14)

and

qo
ψ(ai ,bi) ≥ 0 and qc

ψ(ai ,bi) ≤ 0, (15)

where

qo
φ(y , z) :=

∫
]y ,z[

2Lg(ds)

σ2(s)W(s)
φ(s), qc

φ(y , z) :=

∫
[y ,z]

2Lg(ds)

σ2(s)W(s)
φ(s),

and

qo
ψ(y , z) :=

∫
]y ,z[

2Lg(ds)

σ2(s)W(s)
ψ(s), qc

ψ(y , z) :=

∫
[y ,z]

2Lg(ds)

σ2(s)W(s)
ψ(s).
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Free-boundary problem

If there is an interval Ji =]αJi , βJi [⊆ I such that

qo
ψ(αJi , βJi ) < 0, and qo

φ(αJi , βJi ) < 0,

which contains a sub-interval [xli , xri ] ⊂ Ji such that,

qc
φ(xli , xri ) > 0, and qc

ψ(xli , xri ) > 0

and

Ei = ]αJi , xli [∪ ]xri , βJi [⊆ supp(Lg)−.
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Free-boundary problem

Then there exist a unique pair, {ai ,bi} ∈ Ji such that

qo
φ(ai ,bi) ≥ 0 and qc

φ(ai ,bi) ≤ 0,
qo
ψ(ai ,bi) ≥ 0 and qc

ψ(ai ,bi) ≤ 0,

with

αJi ≤ ai < xli ≤ xri < bi ≤ βJi .

I We need Ei to ensure the boundary of the continuation
region is in supp(Lg)−.
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Free-boundary problem

I For any a ∈ ]αJi , xli [ and b ∈ ]xri , βJi [, by decreasing a or
increasing b, qc

φ(a,b) and qc
φ(a,b) will decrease.

I Therefore there are mappings lφ and lψ such that

qo
φ(aφ, lφ(aφ)) ≥ 0, qc

φ(aφ, lφ(aφ)) ≤ 0, with lφ(aφ) > aφ
qo
ψ(aψ, lψ(aψ)) ≥ 0, qc

ψ(aψ, lψ(aψ)) ≤ 0, with lψ(aψ) > aψ.

I We can show that there exists a unique crossing point of lφ
and lψ, where

aφ = aψ = ai and lφ(aφ) = lψ(aψ) = bi .
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Free-boundary problem

The previous slides identify an interval ]ai ,bi [⊂ I.
I We need to address the cases when one of the boundaries

of the continuation region is the boundary of the interval I.
I In these cases the boundary will correspond to a maximum

turning point of either g/ψ or g/φ.
To see this observe that

g(x)

ψ(x)
≤ sup

z∈I

(
g(z)

ψ(z)

)
,

and so

wi(x) = sup
z∈I

(
g(z)

ψ(z)

)
ψ(x)

will satisfy the variational inequality for values of x less
than the location of the maximum.
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Free-boundary problem

If there exists x̂ψ such that

g(x̂ψ)

ψ(x̂ψ)
= sup

x∈I

(
g(x)

ψ(x)

)
≥ lim

x↓αI

(
g(x)

ψ(x)

)
,

then ]αI , x̂ψ[= C1, qo
ψ(x̂ψ, βI) < 0, and qo

φ(x̂ψ, βI) < 0.

Similarly if there exists x̂φ such that

g(x̂φ)
φ(x̂φ)

= sup
x∈I

(
g(x)

φ(x)

)
≥ lim

x↑βI

(
g(x)

φ(x)

)
,

then ]x̂φ, βI [= C2, qo
ψ(αI , x̂φ) < 0, and qo

φ(αI , x̂φ) < 0.
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Free-boundary problem

If both x̂ψ and x̂φ exist, then

x̂ψ ≤ x̂φ, qo
ψ(x̂ψ, x̂φ) < 0 and qo

φ(x̂ψ, x̂φ) < 0.

If neither x̂ψ and x̂φ exist, then

qo
ψ(αI , βI) ≤ 0 and qo

φ(αI , βI) ≤ 0.
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Free-boundary problem

An (outline) algorithm for finding continuation regions
1. Initialise, set C0 = ∅, b0 = αI and a0 = βI and set i = 1.
2. If there is a maximum of g/ψ set Ci =]αI , x̂ψ[ and i = i + 1.
3. If there is a maximum of g/φ set Ci =]x̂φ, βI [ and i = i + 1.

4. If supp(Lg)+/
⋃i−1

k=0 Ck = Ei 6= ∅
I Pick any x ∈ Ei and identify the interval Ji that contains x .

x ∈ [xli , xri ] ∈ Ji , with qc
φ(xli , xri ) > 0, and qc

ψ(xli , xri ) > 0.

I Find Ci =]ai ,bi [∈ Ji , increment i and repeat (4).

5. STOP: Set C =
⋃i−1

k=0 Ck and D = I/C.
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Free-boundary problem

This algorithm
I Strips out any continuation regions whose boundaries are

the same as the boundaries of I.
I It then looks for points in supp(Lg)+ not in the continuation

region, until there are none left.
I The boundaries of Ji will be boundaries of continuation

intervals or of supp(Lg)−.
I Need to define each Ji by maximising xri − xli

I Recall that supp(Lg)+ ⊂ C and D ⊂ supp(Lg)−.

In the continuation region we have an LP characteristaion of
the candidate function

w(x) = inf
{

Aφ(x) + Bψ(x)
∣∣ Aφ(x) + Bψ(x) ≥ g(x)

}
(M. Pistorius)
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The main theorem

Suppose that the interval I has been split into disjoint
stopping and continuation intervals, using the preceding
algorithm.

The solution, v , to the discretionary stopping problem
formulated above identifies with the function w , given by

w(x) =

{
g(x), if x ∈ D,
Aiφ(x) + Biψ(x), if x ∈ ]ai ,bi [= Ci ⊆ C, (16)

where the pairs {ai ,bi} are as identified by the algorithm.
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The main theorem

If {ai ,bi} ∈ I, Ai and Bi are given by

Ai =
g(bi)ψ(ai)− g(ai)ψ(bi)

φ(bi)ψ(ai)− φ(ai)ψ(bi)
, Bi =

g(bi)φ(ai)− g(ai)φ(bi)

ψ(bi)φ(ai)− ψ(ai)φ(bi)
.

where as if ai = αI , bi ∈ I

Ai = 0, and Bi =
g(x̂ψ)

ψ(x̂ψ)
= sup

x∈I

(
g(x)

ψ(x)

)
,

while if ai ∈ I, bi = βI

Ai =
g(x̂φ)
φ(x̂φ)

= sup
x∈I

(
g(x)

φ(x)

)
, and Bi = 0.
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The main theorem

I To see that (16) satisfies (12), observe that
D ⊂ supp(Lg)−.

I To see that (16) satisfies (13), note that the points {ai ,bi}
define maxima points of the function

g(x)

Aiφ(x) + Biψ(x)
, for x ∈ Ji , (17)

and that

g(ai)

Aiφ(ai) + Biψ(ai)
=

g(bi)

Aiφ(bi) + Biψ(bi)
= 1, (18)

These observations mean that

Aiφ(x) + Biψ(x) ≥ g(x), for all x ∈ ]ai ,bi [.
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I We are able to solve our stopping problem for a wide range
of payoffs, for example, straddles, butterflies, sin(x).

I This approach can be extended to reversible problems with
running payoffs.

I Thinking about delays and storage.

Thanks to lots of people, including:
Mihailis, Damien Lamberton, Pauline Barrieu and Goran Peskir,
Andreas Kyprianou, Martijn Pistorius and the organisers of this
workshop.
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