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Basis risk with partial information

Model

(Q, F,F := (Ft)o<e<T, P), and Fr = o((Bs, BL);0 < s < t)
S = (St)Ogth traded

dS; = rSidt + oS¢(Adt + dB;) =: rS;dt + 05:d&;
B Y :=(Y:)o<t<T non-traded
dYy = rYedt + BYi(0dt + dW,) =:rYidt + BY:d(,
m Correlation p
d[B,W]; = pdt, W =pB+/1-p>B*, pec[-1,1]

m European claim pays h(Y7)
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Basis risk with partial information

Perfect correlation case

For p = 1, perfect hedging possible

No arbitrage requires § = A
m Position in n claims hedged by A units of S at t € [0, T]

ﬂ Yt ov

(c)
AW = Py
t naStay(’ )

v(t,y) = BS(t,y:0)

m Perfect hedge does not require knowledge of A, 6
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Basis risk with partial information

Incomplete market case (p # 1)

m Utility-based hedge, for U(x) = —e™*, computable in analytic form

m Position in n claims hedged by A; units of S at t € [0, T]
B Y:Op
A, = —np———(t,Y;
t npo_ St ay( ? t)
—r(T—t)
e
p(t,y) =

Tall= A log Q" [exp (—a(1 — p?)nh( Y7))| Ve =y]

m Under QM

dY; = rYedt + BY: [(0 — pA)dt + dW}M]

m Exponential hedge requires knowledge of A, 6

m Superior to BS hedge if drifts known (Monoyios, 2004)

Michael Monoyios
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Basis risk with partial information

Drift estimation impossible

m Observe S over [0, t] and estimate A

1 [tdeSs) B
/\(t)—f/o FE A Z iy

m (\(t) — A\)/(1/y/t) ~ N(0,1), and 95% confidence interval for X is

i (). A (£)] = [i(t) - 2R+ R

m Suppose true A = 1. To be 95% sure of A to within 5% of true value
(JA(t) = Al < 0.05) requires

Amax(t) = Amin(t) = 0.1 = t &~ 1537years

m Drift mis-estimation ruins indifference hedging (Monoyios, 2007)
m Can Bayesian learning help?

Michael Monoyios Mathematical Institute University of Oxford www.maths.ox.ac.uk/ monoyios

Optimal hedging under partial information



Basis risk with partial information

Partial information

m Require strategies to be adapted to observation filtration generated
by asset returns

m Incorporate learning via filtering
m Use prior distribution for (A, 8), now considered as random variables
m Suppose (A, 6) is bivariate normal
A~ N(Xo,vo), 60~ N(0o,7), cov(A,0)=ro=py/Voro
m Infer prior by observing S and Y over [—7, 0]
m Filter (update) estimates of A, # from subsequent observations of

1 —rSS —rSY
ét:_/o(ss))\t—’_Bt’ t- ﬂ/ )—9t+Wt

over hedging interval [0, T]
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Two-dimensional Kalman filter

Observation and signal

m Observation filtration

= (Fo<e<T, Fi=0(£,(;0<s< 1)

m Observation process O, (unobservable) signal process U

-0
0= . U=
(Ct 0<t<T 0

m Observation and signal SDEs

0

10 dB,
D == M =
( p 1-p2 ) ’ ‘ (dBtL)

dO; = Udt + DdM;, dU = <O>
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Two-dimensional Kalman filter

Kalman-Bucy equations

m Optimal filter U, .= E[U\]-A"t],O <t<T

o= (e = () ()= ()
RN AV RNy 0o to
satisfies Kalman-Bucy filtering equation

dU, = V,(DDT) ™' (dO, — Updt) =: VidN,

B (N;)o<e<T is innovations process

t
Nl’ = Ot - / Ust
0

(5 ko) = ()
G — [y 0.ds)  \ W,

and B, W are ["-BMs with correlation P
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Two-dimensional Kalman filter

Riccati and Lyapunov equations

m Conditional variance-covariance matrix
Vt =E |:(U - Ut)(U— Ut)T‘ ﬁt]
satisfies deterministic matrix Riccati equation

dVv, -1
th =-V,(DDT) "V,

m Equivalently, R; := Vfl satisfies Lyapunov equation

dR,

_ 1
o = (DDT)
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Two-dimensional Kalman filter

Expanded covariance matrix

m Written in full, conditional covariance is

v, ( E[(A—xtﬂ“t] E[O—X)(?—@)Iﬁ])
E=-A)@— 0|2 EL0- 0217

Ae)(0
= ()
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Two-dimensional Kalman filter

Expanded filtering equation

m Equation for optimal filter is

d}\\t o 1 Vi — PRt Kt — PVe dgt — j\tdt
di,) — 1—p2 \ Ke—pyve Ve — phe d¢ — 0.dt

_ 1 Vi — PRt Kt — PVt dBt
1—p2 \ Ke =PVt Ve — pPKe dW;
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Two-dimensional Kalman filter

Solution of Lyapunov equation

m Lyapunov equation is

i Vt’Y’ty:H% 7Vt’Y’:i'€% — 1 ( 1 -P )
i\ it e ) TR 1
m Obtiain 3 equations for ¢, k¢, Ve
7t B Yo o t
V-8 vow-m | 17
Kt Ko . pt
Viye — K2 VoY — kK3 1—p?
Ve Vo . t
Vive — K? VoY —kE  1—p?
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Two-dimensional Kalman filter

Simplification

m Assume vo = v

m Corresponds to having past observations over same time interval
[=7,0] for both S and Y

m Then kg = pvp, and we obtain

Vo

Vp= ———
¢ 1+Vot’

Yt = Ve, Kt = PV
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Two-dimensional Kalman filter

Solution of filtering problem

m Equation for optimal filter simplifies to

d: dée — Aedt dB,
N =V N =V N
do, "\ d¢, — O.dt "\ dW,

A\ (o +/fv dB,
é\t o 00 0 s dWs

SO
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Two-dimensional Kalman filter

m Equivalently

given by

1 e S\ 1 1 e tY,\ 1
& 5 og( 3 )4—20t7 Ce 3 og( Yo )—l—zﬁt
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Two-dimensional Kalman filter

Effective full information model

m Asset price SDEs under I become

dSt = rStdt+UStd§t = rstdt+05t(5\tdt+ dét)
dY, = rYedt + 8Y,d¢: = rYidt + BY(0.dt + dW,)

= Full information model with random drift parameters (., ;)

m Same result obtained by treating filtering of A and 6 as two
one-dimensional Kalman filters with same prior variance

m Correlated asset Y gives no additional information about drift of S
(and vice versa) under continuous observation unless past
observations of S, Y are over different time intervals
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Indifference hedging with random drifts

Portfolio and wealth processes

Trading strategy 7 := (m;)o<¢< T, F-adapted, fOT m2dt < 00 a.s.
Wealth process X™ = X := (X;)o<t<T

dX; = rXedt + ome(\edt + dBy)

U(x) = —exp(—ax), x eR, a >0

m Primal value function v = u("

u(t,x,s,y) = E[JUXT + nh(YT))|Xe = x,5: =5, Ye = y]
m May be expressed as u(t, x, y; A¢, 0¢)
m Optimal strategy n* = ™"

m Optimal wealth process by X* = X*"

m Random endowment nh(Y7) is bounded below
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Indifference hedging with random drifts

Indifference price and hedge

m Indifference price per claim at t € [0, T], given
Xe=x,5=5s,Y: =y, is p= p" given by

u(n)(t7X - np(")(t,x,s,y),s,y) = U(O)(t,X7S)
= Optimal hedging strategy 7" := (') _, .+

7T§H) =" —Wr’o, 0<t<T
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Indifference hedging with random drifts

Problem without claim, n =10

m Dual value function for n = 0, v(t,n) = v(t,7; )

Zt - e_rtZt, Zt == 5(—5\ . B)t

v(t,n) =

where

This gives

v(tn) = e T [V(n) + 2 (<r(T = 1)+ HO(, 3)) |

N Z Z ~
(0) - T T
HPN(t, A\) = E [ Z, log (Zt )‘ft]

is entropic term

where
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Indifference hedging with random drifts

Entropy computation

m Apply Itd to Z; =: g(t, \) and use

dZt = —j\tthBt, d}\\t = thét’

Zr (v | 1(% R
Z:  \vrt P 2\ vr v

m Conditional on F;, At ~ N(S\hvth(T —t)), so

12
log <Vf) (T4 e
VT

Vi

to obtain

< 1
H(O)(t, )\t) = E
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Indifference hedging with random drifts

Primal value function for n =0

m Recover u(t,x) = u(t, x; \;) from bidual relation
u(t, x) = inf [v(t, 1) + x|
n>0
so for n =0, u = u® given by

u(t,x; Ar) = —exp {—axe’(T_t) — HOX(¢, /A\t)}

m Recall A, = \(t,S;) so, conditional on S; = s, u(t,x; A;) = u(t, x,s)
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Indifference hedging with random drifts

Optimal trading strategy (n = 0)

m Given Xy = x, and writing u(x) = u(0, x)
U(Xy)=ne "Zr,  n=1d(x)

m Combine with Q-martingale property of (e~ X/ )o<t<T, and
dQ/dP = Zr,
—r(T—t

)
= (HO —HO(t X)) —
5 (H (0, X0) — HY(t, A\;) — log Zt>

X¢

Z
—r(T—t)E lX*
e |: Zt T

= xe" +
Compute dX; via It8, recall dX;* = rX;dt + o} (Acdt + dB):

T At VT
oo Vi

* o —r(
T =e
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Indifference hedging with random drifts

Problem with claim, n £ 0

m Dual value function now v(t,n,y) = v(t,n,y; Xt,ét) = v(t,n,s,y)

ZQ ZQ
% +

v(t,n,y) = Qig}‘vl E Fe

where now Z8 = e~ Z2 and

ZtQ: aP 2 :5(—5\-3—1/)-5*%
and under Q € M, with € := /1 — p?,
d5t = rStdt—i-O'StdétQ
dYy = rYedt + BYi[(0: — phe — epe)dt + dWQ]
d}\\t = Vt[fxtdt‘i’dét(?]

dbe = vi[—(pAe + ewr)dt + dWQ]
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Indifference hedging with random drifts

Dual value function, n # 0

m This gives

vt y) = e T Vi) + 2 (=r(T =)+ HO(t.yi A1) )|

where
(s v A B) — inf EQ z? .
HY (8, yi A, 0r) = ngﬁ/t E™ |log ZQ +anh(Y7)| F:

is entropic term
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Indifference hedging with random drifts

Entropic term

m H(" decomposes according to

~

H(n)(tay;Ataé\l’) = EQ ﬁt + C(t7y;xhé\t)

T ~
/ 2 du
t

= H(O)(ta :\t) + C(tvy; S\ta ét)

N =

where C(t,y; e, 9t) = C(t,s, y) is value function of stochastic
control problem

1 T
C(t,s,y) = i?pf EQ [2/ Y2du + anh(YT)
t

St:S7Yt:y]
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Indifference hedging with random drifts

HJB equation and optimal control

m HJB equation for C(t,s,y) is
Ce + Af\g{yC + mdin [;z/ﬂ — ﬂezﬁyCy} =0 C(T,s,y)=anh(y)
where Ag/{y is generator of (S, Y) under minimal measure
Af‘g{yC =rsCs+ %ss Css+(r+ﬂ(9—p5\))yCy+ %52)/2@}, + poBsyCs,

m Optimal control is ¢y = ¢*(t, St, Yi) where

w*(ta 57)/) = EﬂyCy(tﬂ 57)/)

so HJB equation is semi-linear PDE

1
Ct + Ag/{yc — 5(1 — p2)62y2C3 = 0
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Indifference hedging with random drifts

Primal value function and indifference price

m Primal value function recovered via bidual relation

u(t,x,s,y) = —exp {—axe’(T_t) — HOX(¢,5) — C(Ls,y)}
m Indifference price p = p("
e
p(n)(ta 57y) = 7(:(1-7 Sa)/)
satisfies

1 B
pe+ ASlyp—p— san(l—p)eT"98%%p) =0, p(T.s,y) = h(y)
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Indifference hedging with random drifts

Optimal hedge

m HJB equation for primal value function gives 7* in terms of
derivatives of C(t,s,y)

m Optimal hedge (A)o<:<1 follows as

e,

AH = —n <p(n)(t St, Yt) + p— 5 (t 51’7 Yt))
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Indifference hedging with random drifts

Residual risk

= Trade n claims at time 0 for p(")(0, Yy, So) per claim and hedge with
strategy (AM)o<i<T
m Overall position worth L = (L;)o<¢<7 given by

Le=XM+np™(t,S,,Y:), Loy=0

m 1té and PDE satisfied by p = p(") gives

st = rLtdt +n |:ﬂ (é\t - p:\t — (0 - pA)) Ytpy(t, St, Yl’)
1
+ San(l- p2)eT=932Y2(p,)(t, stvt)] dt

+ nv1-—p2BY:p,(t,S:Y:)dBi-
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Indifference hedging with random drifts

Approximation for indifference price

m Indifference price given 5; =5, Y; =y

e r(T-1) 1 /7
p(t,s,y) = o igf E@ E/t Y2du+ anh(Y7)|Si =5, Yi =y
dS; = rS.dt+0S.dBR
dYy = rYedt + BYi[(B: — phe — eby)dt + dWQ]
d\e = vi[-Adt+dBQ]
dét = Vt[—(pj\t + ey )dt + dVAVtQ]

m For small € approximate optimal control by ¥ = 0, so trade claim at
marginal price p(0, S, Yo) where

p(t,s,y) = e "T-OEMh(YT)|S =5, Ve = y]

Michael Monoyios Mathematical Institute University of Oxford www.maths.ox.ac.uk/ monoyios

Optimal hedging under partial information



Indifference hedging with random drifts

Distribution of Y7 under QM

m Marginal price p computable in analytic form
m Under QV, conditional on S; = s, Y; =y, log Y7 is Gaussian

log YT~ N(m(t,s,y)(T —t),Z°(¢)(T — t))
m(t,s,y) = logy+r+ (0 — pX; — %6)
o= B+ A= p(T - 1)
m Allows fast simulation of L, which now satisfies
dl, = rldt+ng (ét e — (60— p/\)) Y, (t, St Yy)dt
+ V1= pPBYepy(t, SeYe)dBi
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Indifference hedging with random drifts

How effective is optimal hedge with learning?

m Compare terminal residual risk with that from using by BS-style
hedge, given by

dLBS = rBSdt +nBY.(0 — Ny, (t, Y)dt
+  nBYev(t, Yo)[(p — 1)dB: + /1 — p2dB;-]

m For each simulation, obtain \g, 6y as point estimates of A, & over past
data (use [—7,0], so vo = 1/7), then update using filtering results
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Indifference hedging with random drifts

Typical result over 10,000 paths, short put

A=0.250=04,p=0095 K =100
o) = 82.9, (Yo) = 87.2
) =16.0, (BS) = 17.2

Hedging Error Distributions
T T

2000 T
mean error = -0.53

T Optimal Hedge
sd error = 5.67

1500 1
median error = 0.08

1000

Frequency

500

-10 0
Terminal Hedge Error

2000 T T T T T
I Naive Hedge

mean error = 1.72
1500| sderror = 4.16 4

>
g median error = 1.24
2 1000 g
2
i
500 g
o smml
-40 -30 -20 -10 0 10 20 30

Terminal Hedge Error

Michael Monoyios Mathematical Institute University of Oxford www.maths.ox.ac.uk/ monoyios




Indifference hedging with random drifts

m \=0.250=04,p=06 K =100
m (So) = 82.8,(Yp) =87.1
= (p) =18.0, (BS) = 17.2

Hedging Error Distributions

2500 T T T T T
mean error = -2.86 Optimal Hedge

20001 sd error = 13.05 7
median error = 0.62

21500

5

]

g

£ 1000

@
3
3

2500 T T T T T —
Naive Hedge

mean error = 1,68
sd error = 11.59

2000

15001 median error = 1.64 1

Frequency
=
5
3
s

500

-80 -60 -40 -20 0 20 40 60
Terminal Hedge Error
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Indifference hedging with random drifts

m )\ =0.39,0=04,p=075K = 100
m (So) =84.3,(Y,) = 85.1
m (p) = 16.9, (BS) = 15.9

Hedging Error Distributions

2500 T T T T T T
mean error = ~1.76 Optimal Hedge

2000f sd error =9.89 4

median error = 0.29

Frequency
B
5 &
g 2
s 3

@
3
3

-40 -30 -20 10 20 30 40

-10 0
Terminal Hedge Error

2500

mean error = 0.04 i i j j Naive Hedge

2000 sd error = 8.07 4

median error = 0.33
1500

Frequency
=
5
3
s

500

-50 -40 -30 -20 -10 ) 10 20 30 40
Terminal Hedge Error
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Indifference hedging with random drifts

Conclusions

m BS-style hedging robust

m Filtering and learning not sufficient to handle parameter uncertainty
in utility-based hedge

m Exact numerical results seem unlikely to alter conclusion
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