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Wasserstein distance: preliminaries
(X , d) (complete, separable) metric space.

I Wasserstein space:

X =P2(X ) :=
n
µ Borel probability measures on X

o
s.t.Z

X

d2(x , o) dµ(x) < +∞
o
.

I Plans-couplings µ1, µ2 ∈ P2(X ): measures µ ∈ P2(X × X ) whose
marginals are µ1, µ2, i.e.

π1
#µ = µ1, π2

#µ = µ2.

Γ(µ1, µ2) is the collection of all couplings of µ1 and µ2.

I Wasserstein distance:

d2
X (µ1, µ2)d2

W (µ1, µ2) := min
n Z

X×X

d2(x , y)dµ(x , y) : µ ∈ Γ(µ1, µ2)
o
.

I Relative Entropy: If µ, γ ∈ P(X )

Ent(µ|γ) :=

8<:
Z
ρ log ρ dγ if µ = ρ · γ � γ

+∞ otherwise.
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Example 1: Gradient flow in the Euclidean space

X = RN with the Euclidean distance, γ = e−V dx

where V : RN → (−∞,+∞] is λ-convex potential, i.e.

D2V (x) ξ · ξ ≥ λ|ξ|2 ∀ x , ξ ∈ RN .

φ(µ) := Ent(µ|γ) =

Z
RN

ρ log ρ dγ µ = ρ γ

=

Z
RN

u log u dx +

Z
RN

V (x)u dx µ = u dx

Jordan-Kinderlehrer-Otto [’98] showed that the gradient flow of φ in
P2(RN) is related to the Fokker-Plank equation

∂tu −∇ ·
`
∇u + u∇V

´
= 0 µ = u dx .
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Example 2: Gaussian measures in infinite dimensional Hilbert spaces

X = H is an Hilbert space, γ is a Gaussian measure.

φ(µ) := Ent(µ|γ) =

Z
RN
ρ log ρ dγ µ = ρ γ.

In this case no “reference Lebesgue measure” is available, and one has to write

the evolution equation in terms of the density ρ = dµ/dγ,

which solves an infinite-dimensional Kolmogorov-Fokker-Planck equation
[Ambrosio-Gigli-S. ’05]
Its variational formulation reads

d

dt

Z
H

ρtζ dγ +

Z
H

(∇ρt ,∇ζ)H dγ = 0

for every smooth cylindrical function ζ : H → R.
More generally, γ could be any log-concave probability measure
[Ambrosio-S.-Zambotti ’07]

γ(θA + (1− θ)B) ≥ γ(A)θγ(B)1−θ ∀A,B open subset of H, θ ∈ [0, 1].

Applications to stochastic perturbations of evolutionary PDE’s.



Examples Metric formulation Variational approach Convexity/concavity of the distance Triangle comparison Main results

Example 2: Gaussian measures in infinite dimensional Hilbert spaces

X = H is an Hilbert space, γ is a Gaussian measure.

φ(µ) := Ent(µ|γ) =

Z
RN
ρ log ρ dγ µ = ρ γ.

In this case no “reference Lebesgue measure” is available, and one has to write

the evolution equation in terms of the density ρ = dµ/dγ,

which solves an infinite-dimensional Kolmogorov-Fokker-Planck equation
[Ambrosio-Gigli-S. ’05]
Its variational formulation reads

d

dt

Z
H

ρtζ dγ +

Z
H

(∇ρt ,∇ζ)H dγ = 0

for every smooth cylindrical function ζ : H → R.
More generally, γ could be any log-concave probability measure
[Ambrosio-S.-Zambotti ’07]

γ(θA + (1− θ)B) ≥ γ(A)θγ(B)1−θ ∀A,B open subset of H, θ ∈ [0, 1].

Applications to stochastic perturbations of evolutionary PDE’s.



Examples Metric formulation Variational approach Convexity/concavity of the distance Triangle comparison Main results

Example 2: Gaussian measures in infinite dimensional Hilbert spaces

X = H is an Hilbert space, γ is a Gaussian measure.

φ(µ) := Ent(µ|γ) =

Z
RN
ρ log ρ dγ µ = ρ γ.

In this case no “reference Lebesgue measure” is available, and one has to write

the evolution equation in terms of the density ρ = dµ/dγ,

which solves an infinite-dimensional Kolmogorov-Fokker-Planck equation
[Ambrosio-Gigli-S. ’05]
Its variational formulation reads

d

dt

Z
H

ρtζ dγ +

Z
H

(∇ρt ,∇ζ)H dγ = 0

for every smooth cylindrical function ζ : H → R.
More generally, γ could be any log-concave probability measure
[Ambrosio-S.-Zambotti ’07]

γ(θA + (1− θ)B) ≥ γ(A)θγ(B)1−θ ∀A,B open subset of H, θ ∈ [0, 1].

Applications to stochastic perturbations of evolutionary PDE’s.



Examples Metric formulation Variational approach Convexity/concavity of the distance Triangle comparison Main results

Example 2: Gaussian measures in infinite dimensional Hilbert spaces

X = H is an Hilbert space, γ is a Gaussian measure.

φ(µ) := Ent(µ|γ) =

Z
RN
ρ log ρ dγ µ = ρ γ.

In this case no “reference Lebesgue measure” is available, and one has to write

the evolution equation in terms of the density ρ = dµ/dγ,

which solves an infinite-dimensional Kolmogorov-Fokker-Planck equation
[Ambrosio-Gigli-S. ’05]
Its variational formulation reads

d

dt

Z
H

ρtζ dγ +

Z
H

(∇ρt ,∇ζ)H dγ = 0

for every smooth cylindrical function ζ : H → R.
More generally, γ could be any log-concave probability measure
[Ambrosio-S.-Zambotti ’07]

γ(θA + (1− θ)B) ≥ γ(A)θγ(B)1−θ ∀A,B open subset of H, θ ∈ [0, 1].

Applications to stochastic perturbations of evolutionary PDE’s.



Examples Metric formulation Variational approach Convexity/concavity of the distance Triangle comparison Main results

Example 3: Smooth Riemannian manifolds

X = (M, g) is a N-dimensional smooth compact Riemannian manifold,
γ = HN is the (Hausdorff) measure induced by the Riemannian distance.

φ(µ) := Ent(µ|γ) =

Z
M

ρ log ρ dHN µ = ρHN.

The gradient flow [Otto-Villani ’00] is related to the Heat equation

∂tρ−∆gρ = 0,

where ∆g is the Laplace-Beltrami operator.
It admits an analogous variational formulation

d

dt

Z
M

ρtζ dHN +

Z
M

〈∇ρt ,∇ζ〉g dHN = 0 ∀ ζ ∈ C∞(M).
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A common feature: displacement convexity

[McCann ’97] A functional φ : P2(X ) → (−∞,+∞] is λ-displacement
convex if each couple of measures µ0, µ1 ∈ D(φ) can be connected by an
optimal transport plan µ ∈ Γo(µ0, µ1) such that

φ(µt) ≤ (1− t)φ(µ0) + tφ(µ1)− 1
2
λt(1− t)d2

W (µ0, µ1) ∀ t ∈ (0, 1).

where
µt :=

“
(1− t)π1 + tπ2

”
#
µ is a geodesic in P2(X )

1. Euclidean spaces: φ is λ-displacement convex iff the potential V is
λ-convex.

2. Hilbert spaces φ is displacement convex iff γ is log-concave

3. Riemannian Manifolds

φ is λ-convex in X ⇔ RicX (ξ, ξ) ≥ λ|ξ|2,

where Ric is the Ricci curvature on X
[von Rennesse-Sturm ’04] [Otto-Villani ’00],

[Cordero Erausquin-McCann-Schmuckenschläger ’01]
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A further generalization: metric measure spaces

METRIC MEASURE SPACE (X , d, γ): is a

I (complete, separable) metric space

I endowed with a Borel probability (more generally: locally finite) measure γ.

X does not exhibit any differentiable structure.

λ-convexity in X = P2(X ) of the Entropy functional φ(µ) := Ent(µ|γ)

is assumed as a definition of lower Ricci curvature bound

Ric(X , d, γ) ≥ λ.

[Sturm, Lott-Villani]

Problem:

Is it possible to use the “Wasserstein gradient flow of the Entropy” in
X = P2(X ) to construct an Heat flow on X?
More generally, does a λ-convex functional φ on a metric space X generates
a “nice” gradient flow?
Find “minimal” conditions on X which can be also applied to X = P2(X ).
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Metric spaces

I (X , dX ) is a (complete, separable) metric space.

I GEODESIC (constant speed, minimizing): it is a curve x : [0, 1] → X s.t.

d(xs , xt) = |t − s| d(x0, x1) ∀ s, t ∈ [0, 1]

I X is STRICTLY INTRINSIC: each couple of points x0, x1 ∈ X can be
connected by a geodesic x ∈ G(x0 → x1).

I φ : X → (−∞,+∞] is a lower semicontinuous functional, with (non
empty) proper domain D(φ) :=

˘
u ∈ X : φ(u) < +∞

¯
.

I λ-CONVEXITY: each couple of points x0, x1 ∈ D(φ) can be connected by
a geodesic x ∈ G(x0 → x1) such that

φ(xt) ≤ (1− t)φ(x0) + tφ(x1)− 1
2
λt(1− t)d2(x0, x1) ∀ t ∈ (0, 1).

I SLOPE of φ:

|∂φ|(u) = lim sup
v→u

`
φ(u)− φ(v)

´+

d(u, v)
= sup

v 6=u

`
φ(u)− φ(v)

´+

d(u, v)
+ 1

2
λd(u, v)
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Gradient flow: evolution variational inequalities
GRADIENT FLOW: an (absolutely continuous) curve
u : [0,+∞) → X starting from u0 such that

d

dt

1

2
d2(ut , v) ≤ φ(v)− φ(ut)− 1

2
λd2(ut , v) a.e. in [0,+∞), ∀ v ∈ D(φ)

Theorem [Ambrosio-S. (’06)] If a gradient flow exists for every u0 ∈ D, D
being a dense subset of D(φ) then

Contraction semigroups For every u0 ∈ D(φ) there exists a unique gradient
flow u = S(u0). t 7→ St(u0) satisfies

St+h(u0) = Sh

`
St(u0)

´
, d

`
St(u0),St(v0)

´
≤ e−λtd

`
u0, v0

´
Regularizing effect u is locally Lipschitz and for every v ∈ X

φ(ut) ≤ φ(u0) + 1
2t

d2(u0, v), |∂φ|2(ut) ≤ |∂φ|2(v) + 1
t2

d2(v , u0)

Energy identity
d

dt+
φ(ut) = −|∂φ|2(ut) = − lim

h↓0

d2(ut+h, ut)

h2
∀ t > 0,

Exponential decay: in the case λ > 0 φ has a unique minimum point ū

d(ut , ū) ≤ e−λt d(u0, ū),

φ(ut)− φ(ū) ≤ e−2λt
`
φ(u0)− φ(ū)

´
, |∂φ|(ut) ≤ e−λt |∂φ|(u0).



Examples Metric formulation Variational approach Convexity/concavity of the distance Triangle comparison Main results

Gradient flow: evolution variational inequalities
GRADIENT FLOW: an (absolutely continuous) curve
u : [0,+∞) → X starting from u0 such that

d

dt

1

2
d2(ut , v) ≤ φ(v)− φ(ut)− 1

2
λd2(ut , v) a.e. in [0,+∞), ∀ v ∈ D(φ)

Theorem [Ambrosio-S. (’06)] If a gradient flow exists for every u0 ∈ D, D
being a dense subset of D(φ) then

Contraction semigroups For every u0 ∈ D(φ) there exists a unique gradient
flow u = S(u0). t 7→ St(u0) satisfies

St+h(u0) = Sh

`
St(u0)

´
, d

`
St(u0),St(v0)

´
≤ e−λtd

`
u0, v0

´
Regularizing effect u is locally Lipschitz and for every v ∈ X

φ(ut) ≤ φ(u0) + 1
2t

d2(u0, v), |∂φ|2(ut) ≤ |∂φ|2(v) + 1
t2

d2(v , u0)

Energy identity
d

dt+
φ(ut) = −|∂φ|2(ut) = − lim

h↓0

d2(ut+h, ut)

h2
∀ t > 0,

Exponential decay: in the case λ > 0 φ has a unique minimum point ū

d(ut , ū) ≤ e−λt d(u0, ū),
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φ(ut)− φ(ū) ≤ e−2λt
`
φ(u0)− φ(ū)

´
, |∂φ|(ut) ≤ e−λt |∂φ|(u0).



Examples Metric formulation Variational approach Convexity/concavity of the distance Triangle comparison Main results

Gradient flow: evolution variational inequalities
GRADIENT FLOW: an (absolutely continuous) curve
u : [0,+∞) → X starting from u0 such that

d

dt

1

2
d2(ut , v) ≤ φ(v)− φ(ut)− 1

2
λd2(ut , v) a.e. in [0,+∞), ∀ v ∈ D(φ)

Theorem [Ambrosio-S. (’06)] If a gradient flow exists for every u0 ∈ D, D
being a dense subset of D(φ) then

Contraction semigroups For every u0 ∈ D(φ) there exists a unique gradient
flow u = S(u0). t 7→ St(u0) satisfies

St+h(u0) = Sh

`
St(u0)

´
, d

`
St(u0),St(v0)

´
≤ e−λtd

`
u0, v0

´
Regularizing effect u is locally Lipschitz and for every v ∈ X

φ(ut) ≤ φ(u0) + 1
2t

d2(u0, v), |∂φ|2(ut) ≤ |∂φ|2(v) + 1
t2

d2(v , u0)

Energy identity
d

dt+
φ(ut) = −|∂φ|2(ut) = − lim

h↓0

d2(ut+h, ut)

h2
∀ t > 0,

Exponential decay: in the case λ > 0 φ has a unique minimum point ū
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φ(ut)− φ(ū) ≤ e−2λt
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A classical example: Hilbert spaces

This metric approach is modeled on the results for

convex (or λ-convex) functionals in Euclidean/Hilbert spaces

d

dt

1

2
d2(ut , v) ≤ φ(v)− φ(ut) a.e. in [0,+∞), ∀ v ∈ D(φ)

In a Hilbert space X = H, d(u, v) = ‖u − v‖

d

dt

1

2
d2(ut , v) =

d

dt

1

2
‖ut − v‖2 = 〈u̇t , ut − v〉

〈u̇t , ut − v〉 ≤ φ(v)− φ(ut) ⇐⇒ −u̇t ∈ ∂φ(ut).

d

dt
ut ∈ −∂φ(ut) a.e. in [0,+∞).
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Outline

1 Examples of gradient flows in Wasserstein spaces

2 The (strongest) metric formulation of gradient flows

3 Generation of gradient flows: the variational approach

4 Semi convexity-concavity of the squared distance and curvature
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6 Main results and open problems
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Minimizing movement method

I Choose a partition of (0,+∞) of step size τ > 0

t

t0 t1 t2 t3 t4 tn

τ τ τ τ

· · ·

u

U0
τ

U1
τ

U2
τ

U3
τ

U4
τ

Un
τ

Uτ (t)

I Starting from U0
τ := u0 find recursively minimizers Un

τ , n = 1, 2, . . . ,

Un
τ ∈ argmin

V

d2(V ,Un−1
τ )

2τ
+ φ(V )

I Uτ is the piecewise constant (or geodesic) interpolant of {Un
τ}n.

We look for convergence results of Uτ as τ ↓ 0.
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Avoiding compactness by Ekeland variational principle

Let us only assume that

If X is complete and φ is lower semicontinuous

it is possible to apply Ekeland variational principle: for a perturbation
parameter η > 0

starting from U0
τ ,η := u0 find recursively Un

τ ,η, n = 1, 2, . . . ,

d2(Un
τ ,η,U

n−1
τ )

2τ
+ φ(Un

τ ,η) ≤ d2(V ,Un−1
τ )

2τ
+ φ(V ) +ηd(V ,Un

τ ,η) ∀V ∈ D(φ)

d2(Un
τ ,η,U

n−1
τ )

2τ
+ φ(Un

τ ,η) ≤ φ(Un−1
τ ,η )

(Discrete energy inequality)

Pass then to the limit in Uτ ,η as τ → 0,η → 0.
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τ ,η := u0 find recursively Un

τ ,η, n = 1, 2, . . . ,

d2(Un
τ ,η,U

n−1
τ )

2τ
+ φ(Un

τ ,η) ≤ d2(V ,Un−1
τ )

2τ
+ φ(V ) +ηd(V ,Un

τ ,η) ∀V ∈ D(φ)

d2(Un
τ ,η,U

n−1
τ )

2τ
+ φ(Un

τ ,η) ≤ φ(Un−1
τ ,η )

(Discrete energy inequality)

Pass then to the limit in Uτ ,η as τ → 0,η → 0.
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Possible applications

Brezis, Crandall, Bénilan,
Pazy,. . . ∼’70

Contraction semigroups in Hilbert
spaces, quasilinear parabolic
P.D.E.’s, variational inequalities,. . .

De Giorgi, Degiovanni, Marino,
Saccon, Tosques, . . . (’80-’90)

Abstract theory of minimizing move-
ments and curves of maximal slope

Luckhaus-Sturzenecker, Almgren-
Taylor-Wang, . . . , Jost, Mayer,...
∼’90

Geometric evolution problems, flows
of harmonic maps, . . .

Luckhaus, Visintin, Mielke-Theil-
Levitas, Rossi-S., Dal Maso, Ser-
faty, . . . ’90∼’06

Phase transitions, hystheresis, dou-
bly nonlinear equations, Ginzburg-
Landau, . . .

Otto, Jordan, Kinderlehrer,
Walkington, Agueh, Ghos-
soub, Carrillo-McCann-Villani,
Ambrosio-Gigli-S., . . . ’98∼’06

Diffusion equations, Wasserstein dis-
tance

In general only convergence results possibly up to subsequences are known...
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Two different directions...

1 The general theory tries to find the

weakest conditions to obtain at least the existence of the gradient flows

through compactness and energy arguments; it has interesting applications
even in Hilbert/Banach spaces.

2 The Hilbert-like theory: it is modeled on the results for

convex (or λ-convex) functionals in Euclidean/Hilbert spaces

and gives the strongest results under restrictive assumptions on the
I functional φ  “convexity”
I space  “Euclidean like”

Here we focus on the second case.
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Hilbert space: contraction semigroup and E.V.I.

Uniform Cauchy/error estimates

d2`
Uσ(t),Uτ (t)

´
≤ 1

2
(τ 2 + σ2)|∂φ|2(u0).

⇓

Convergence (“Exponential formula”) For each u0 ∈ D(φ)

∃ lim
τ↓0

Uτ (t) =: ut = St [u0].

⇓

E.V.I.: Evolution variational inequalities u is the unique solution of

d
dt

1
2
d2`

ut , v
´
≤ φ(v)− φ(ut) ∀ v ∈ D(φ).

⇓

Contraction semigroups, Regularizing effect

Energy identity, Exponential decay...
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Main problem

Two main points:

1 The convergence of the variational method Uτ,η → u
(at least starting from a dense subset D of D(φ))

2 u solves the E.V.I. formulation:

d
dt

1
2
d2

`
ut , v

´
≤ φ(v)− φ(ut) ∀ v ∈ D(φ).

All the other properties of the “Euclidean” generation result follow from these
ones [Ambrosio-S. (’06)]

The main problem...

I Find a class of sufficient general conditions C on the metric space X and
its distance d yielding 1. and 2.

I The case of the Wasserstein space X = P2(X ) should be reduced to
analogous properties on the underlying space X , i.e.

X satisfies C ⇔ X = P2(X ) satisfies C .

I Possibly avoid compactness assumptions on X .
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Outline

1 Examples of gradient flows in Wasserstein spaces

2 The (strongest) metric formulation of gradient flows

3 Generation of gradient flows: the variational approach

4 Semi convexity-concavity of the squared distance and curvature

5 Triangle comparison and angle conditions

6 Main results and open problems
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Convexity properties of the distance

The squared distance enters in a crucial way in the minimizing functional

Φ(τ , u; v) :=
1

2τ
d2(u, v) + φ(v).

The behaviour of the squared distance along geodesics should play a crucial
role. In the Euclidean case

x0

x1

u

xt

d2(u, xt) = (1− t)d2(u, x0) + td2(u, x1)− t(1 − t)d2(x0, x1).
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The easiest case: Alexandrov’s NPC spaces

� 1-convexity

d2(u, xt)=(1− t)d2(u, x0) + td2(u, x1) − t(1 − t)d2(x0, x1).

x0

x1

u

xt

The functional Φ(τ , u; v) :=
1

2τ
d2(u, v) + φ(v) is

1

τ
+ λ -convex.

Generation result as in the Euclidean case

[Mayer ’96, Jost, Ambrosio-Gigli-S. ’05]
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The Wasserstein space is not NPC
In X = P2(R2) consider two point masses µ0 and µ1 . . . and a third reference
measure ν.

µ1

µ1µ0

µ0

µ1

µ1µ0

µ0

µ1/4

µ1/4

µ1/2 µ1/2

µ3/4

µ3/4

ν

ν

a

b

The Wasserstein distance is given by

d2
X (ν, µt) = min

“
a2 + b2t2, a2 + b2(1− t)2

”
It is not λ-convex, for any λ.

0

t

d2
X (µt , ν)

11/2
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It is not λ-convex, for any λ.

0

t

d2
X (µt , ν)

11/2
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Positively Curved (PC) spaces

� (-1)-concavity

d2(u, xt)=(1− t)d2(u, x0) + td2(u, x1) − t(1 − t)d2(x0, x1).

x0

x1

u

xt

xt

The functional Φ(τ , u; v) :=
1

2τ
d2(u, v) + φ(v)

looses any convexity property

Generation result: an unpublished paper by Perelman-Petrunin

Ohta (’07) in the compact PC case

by a completely different method.
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PC spaces: examples [Burago-Gromov-Perelman]

I A Banach space X is PC if and only if its norm is Hilbertian.

I A smooth Riemannian manifold X is PC if and only if its sectional
curvature is ≥ 0.

I A closed convex set of a PC space is PC.

I The boundary of an open convex set in a (finite dimensional) PC space
is PC.

I If X is PC and µ is a Borel probability measure on some (separable) metric
space Ω, then L2

µ(Ω;X ) is PC.

I X is PC if and only if X = P2(X ) is PC [Sturm]
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Negative lower bounds of the curvature?

Can we find more general conditions, covering e.g. the case of a smooth
compact Riemannian manifold X with points where the sectional curvature
is negative?
For a strictly negative constant −K < 0, it is possible to give a sinthetic
definition of the negative lower bound for the sectional curvature

Curv(X ) ≥ −K

by comparison with the Hyperbolic plane of curvature −K, H(−K).
Unfortunately [Sturm]

Curv(X ) < 0 ⇔ Curv
`
P2(X )

´
= −∞,

so that the property

“X is an Alexandrov space of curvature bounded below”

is not stable w.r.t. the Wasserstein construction.
We need new weaker conditions.
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PC spaces: semiconcavity of the distance and angles

PC Alexandrov spaces exhibit two important features:

I The (half) squared distance is (-1)-concave,

d2(u, xt)≥(1− t)d2(u, x0) + td2(u, x1)−1 t(1 − t)d2(x0, x1).

I angles between geodesics exist and satisfies a restrictive
sum-condition.

From the point of view of the regularity, the constant −1 does not play any
role: it can be replaced by any negative constant −K:

d2(u, xt)≥(1− t)d2(u, x0) + td2(u, x1)−K t(1 − t)d2(x0, x1).

Stability of the semi-concave condition

The squared distance d2 on X is (−K)-semi-concave if and only if the
Wasserstein distance d2

X is (−K)-semi-concave in X = P2(X ).
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Outline

1 Examples of gradient flows in Wasserstein spaces

2 The (strongest) metric formulation of gradient flows

3 Generation of gradient flows: the variational approach

4 Semi convexity-concavity of the squared distance and curvature

5 Triangle comparison and angle conditions

6 Main results and open problems
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PC spaces: reference triangle in the plane

Consider two geodesics x, y in X . . . and two geodesics x̂, ŷ in R2

o x1

y1

ô x̂1

ŷ1

θ̂

so that

d(o, x1) = d(ô, x̂1), d(o, y1) = d(ô, ŷ1), d(x1, y1) = d(ŷ1, ŷ1).

We say that (ô, x̂1, ŷ1) is a reference triangle in the plane for (o, x1, y1).

d2(x̂1, ŷ1) = d2(x̂1, ô) + d2(ŷ1, ô)− 2d(x̂1, ô) d(ŷ1, ô)cos θ̂
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PC spaces: angle comparison

x1

y1

o

xs

yt

θ
x̂1

ŷ1

ô
x̂s

ŷt

θ̂

The geometric quantity

α(ô; x̂s, ŷt) :=
d2(x̂s, ô) + d2(ŷt, ô)− d2(x̂s, ŷt)

2d(x̂s, ô) d(ŷt, ô)
= cos θ̂s,t = cos θ̂

is independent of s, t and defines the comparison angle θ̂ between x̂, ŷ.

X is PC iff the map s, t 7→ α(o; xs, yt) is non decreasing.

cos θ = lim inf
s, t ↓ 0

α(o, xs, yt) = inf
s, t > 0

d2(xs, o) + d2(yt, o)− d2(xs, yt)

2d(xs, o) d(yt, o)

Global condition: θ̂ ≤ θ, α(o; x1, y1) ≥ cos θ.
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α(ô; x̂s, ŷt) :=
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ŷ1

ô
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Angle condition
Consider three geodesics x1, x2, x3 emanating from the same point o.

x1

x2

x3

o

θ12

θ23
θ31

X is a PC space iff

θ̂12 + θ̂23 + θ̂31 ≤ 2π

This is a global condition. It is equivalent to

θ̂ij ≤ θij (Global condition)

θ12 + θ23 + θ31 ≤ 2π (Local condition)
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Angles in general metric spaces

For a general metric space X we define the (upper) angle θ and a
pseudo-scalar product (x|y) between two geodesics x, y

cos θ = lim inf
s, t ↓ 0

α(o, xs, yt)

= lim inf
s, t ↓ 0

d2(xs, o) + d2(yt, o)− d2(xs, yt)

2d(xs, o) d(yt, o)

(x|y) := |ẋ| |ẏ| cos θ

= lim inf
s, t ↓ 0

d2(xs, o) + d2(yt, o)− d2(xs, yt)

2s t

x1

y1

o
xs

yt

θ

Angles satisfy the triangular inequality

θ13 ≤ θ12 + θ23

Curv(X ) > −∞ ⇒ θ12 + θ23 + θ31 ≤ 2π.

x1

x2

x3

o θ12

θ23 θ13
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Local angle condition

Definition (LAC)

X satisfies a local angle condition if for every triple of
geodesics x1, x2, x3 emanating from the same point o

θ12 + θ23 + θ31 ≤ 2π.

x1
x2

x3

o
θ12

θ23
θ31

Equivalent characterizations:

I There exist vectors v1, v2, v3 in an Hilbert space H (e.g. H = R3) s.t.

(xi |xj)=〈vi , vj〉H

I For every ξ1, ξ2, ξ3 ∈ R (or nonnegative)
X
i,j

(xi |xj)ξiξj ≥ 0

Main properties

I A Banach space X satisfies (LAC) iff X is Hilbert.

I Alexandrov spaces with Curv(X ) > −∞ satisfy (LAC)

I If X satisfies (LAC) then L2
µ(Ω;X ) satisfies (LAC).

I X satisfies (LAC) iff X = P2(X ) satisfies (LAC).
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X satisfies a local angle condition if for every triple of
geodesics x1, x2, x3 emanating from the same point o

θ12 + θ23 + θ31 ≤ 2π.

x1
x2

x3

o
θ12

θ23
θ31

Equivalent characterizations:

I There exist vectors v1, v2, v3 in an Hilbert space H (e.g. H = R3) s.t.
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I For every ξ1, ξ2, ξ3 ∈ R (or nonnegative)
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(xi |xj)ξiξj ≥ 0

Main properties

I A Banach space X satisfies (LAC) iff X is Hilbert.
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Outline

1 Examples of gradient flows in Wasserstein spaces

2 The (strongest) metric formulation of gradient flows

3 Generation of gradient flows: the variational approach

4 Semi convexity-concavity of the squared distance and curvature

5 Triangle comparison and angle conditions

6 Main results and open problems
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Main result

Let X be a complete and separable metric space and let φ : X → (−∞,+∞]
be a proper l.s.c. functional. We assume that

I X satisfies (LAC);

I The square distance function x 7→ d2(x , u) is (−K)-semiconcave for some
constant K.

I φ is geodesically λ-convex

1 For every u0 ∈ D(φ) there exists a unique “Euclidean-like” gradient
flow ut = St[u0].

2 The discrete solutions Uτ,η converge to u locally uniformly as τ ,η → 0

3 for every time interval (0,T ) there exists a “universal constant” C(T ) also
depending on K, λ such that

d2(ut,Uτ (t)) ≤ (τ + η) C(T )|∂φ|2(u0) ∀ t ∈ (0,T ).
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Applications to metric-measure spaces

Let (X , d, γ) be a metric-measure space s.t.

1. X satisfies (LAC);

2. The square distance function x 7→ d2(x , u) is (−K)-semiconcave for some
constant K;

3. Ric(X , d, γ) ≥ λ.

I We consider the space

Xγ = P2(X |γ) :=
n
µ ∈ P2(X ) : supp(µ) ⊂ supp(γ)

o
.

I the L2-Wasserstein distance dW on Xγ

I the relative entropy functional

φ(µ) = Ent(·|γ) =

Z
X

ρ log ρ dγ, ρ =
dµ

dγ

The entropy functional Ent(·|γ) generates a λ-contracting gradient flow.
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Linearity

A metric space X is non branching if two geodesics x, y satisfying

x0 = y0, xs = ys , for some s ∈ (0, 1)

must coincide, i.e. xt = yt ∀ t ∈ [0, 1].

If X is non branching then the gradient flow S of the entropy functional
Ent(·|γ) is linear, i.e. for every µ, ν ∈ Xγ and t > 0

St(αµ+ βν) = αSt(µ) + βSt(ν) ∀α, β ≥ 0, α+ β = 1.
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Kernels and representation formulae
We set

νx,t := St(δx) � γ, ϑx,t :=
dνx,t

dγ

I Representation For every µ ∈ Xγ with µt = St(µ) we have

µt(E) =

Z
X

νx,t(E) dµ(x)

I Moreover, µt = ρtγ so that

ρt(y) =

Z
X

ϑx,t(y) dµ(x)

I Chapman-Kolmogorov Equation: for every Borel subset E of X ,
x ∈ supp(γ), t, s,≥ 0

νx,t+s(E) =

Z
X

νy,t(E)dνx,t(y)

I Wasserstein contraction:

Wp(St(µ),St(ν)) ≤ e−λtWp(µ, ν) ∀ p ∈ [1, 2].
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Extension to Markov semigroup in L1(γ)

I Extension to L1(γ) There exists a unique strongly continuous semigroup
St of bounded linear operators in L1(γ) such that

St(ρ)γ = St(ργ) ∀ ρ ∈ L1(γ), ργ ∈ P2(X )

I Contraction and order preserving

‖St(ρ)‖L1(γ) ≤ ‖ρ‖L1(γ), ρ1 ≤ ρ2 ⇒ St(ρ1) ≤ St(ρ2)

I Contraction in Lp(γ)

St

`
Lp(γ)

´
⊂ Lp(γ), ‖St(ρ)‖Lp(γ) ≤ ‖ρ‖Lp(γ) ∀ p ∈ [1,+∞]

I The adjoint semigroup S ∗
t satisfies the Feller property

S ∗
t

`
L∞(γ)

´
⊂ C 0

b (X ), S ∗
t

`
Lip(X )

´
⊂ Lip(X )

Lip
`
S ∗

t (ψ);X
´
≤ e−λtLip

`
ψ;X

´
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Stability of gradient flows under Measured GH-convergence

Let (X k , dk , γk) be a sequence of metric-measure spaces converging to
(X∞, d∞, γ∞) under measured Gromov-Hausdorff convergence
[Sturm; Lott-Villani]
Thus we can find a family of (semi)-distances d̂k on the disjoint union
X̂ k = X k F

X∞ such that

lim
k→∞

d2
X̂ k (γ

k , γ∞) = 0 X̂ k = P2(X
k).

We also assume that the constants K and λ are independent of k.
We say that a sequence of measures µk ∈ P2(X

k) converges to
µ∞ ∈ P2(X

∞) if
lim

k→∞
d2

X̂ k (µ
k , µ∞) = 0. (?)

Convergence of gradient flows [Ambrosio-S.-Zambotti]

If µk
t = Sk

t [µ
k ] is the solution of the gradient flow on X k and the initial data µk

converges to µ∞ according to (?), then µk
t converges to µ∞t for every t > 0.
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Open problems

I Simmetry of the Entropy gradient flow, Dirichlet form

I Tangent cones/spaces, continuity equation

I Berstein-like estimates

I Weaker conditions than semi-concavity of the squared distance

I Singular distances, Wiener spaces

I . . .
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Proof (1): Discrete E.V.I.

Recall that the continuous E.V.I. is

d

dt
1
2
d2`

ut , v
´
≤ φ(v)− φ(ut) ∀ v ∈ D(φ).

Suppose that the solution Un
τ of the variational scheme satisfies the discrete

E.V.I.

1

2τ

“
d2(Un+1

τ ,V )− d2(Un
τ ,V )

”
≤ φ(V )− φ(Un+1

τ ) + Ad2(Un+1
τ ,V ) + Rn

τ

where the residual error Rn
τ fulfills

τ

NX
n=1

Rn
τ ≤ o(1) Nτ ≥ T .

Then the Minimizing Movement scheme is convergent. [Ambrosio-Gigli-S.]
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Proof (2): First variation, angle condition, and semiconcavity

Un
τ minimizes the functional

U 7→ d2(U,Un−1
τ )

2τ
+ φ(U).

V

Un
τ

Un−1
τ

σn
− γ

Un+1
τ

σn
+

1

τ
(σn

−|γ) ≤ φ(V )− φ(Un
τ )  − 1

τ
(σn

+|γ) ≤ φ(V )− φ(Un
τ ) + Rn

τ (V )

1

2τ

“
d2(Un+1

τ ,V )− d2(Un
τ ,V )

”
≤ φ(V )− φ(Un+1

τ ) + Rn
τ (V ,K).
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Proof (3): discrete convexity of the functional

φ(Un+1
τ )− 2φ(Un

τ ) + 2φ(Un−1
τ ) ≥ 0

+∞X
n=1

“
φ(Un+1

τ )− 2φ(Un
τ ) + φ(Un−1

τ )
”
≤ φ(U0

τ )− φ(U1
τ ) ≤ τ |∂φ|2(U0

τ )
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