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Figure: Monge and Ampére
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Figure: sphere and pseudosphere

An example: curvature of a surface in R®

2
Ugiqgs * Ugege — uqlqz _ /C(U)
(-, + R
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Kahler structure

o Kahler manifold: (M, J, g)— a complex manifold with a
compatible hermitian metric g (which is called Kahler) if the
following condition holds:

dw = 0.
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Kahler structure

o Kahler manifold: (M, J, g)— a complex manifold with a
compatible hermitian metric g (which is called Kahler) if the
following condition holds:

dw = 0.

@ Here w (the Kahler form) is a (1,1)— form which is
determined by
w(X,Y) =g(IX,Y)

and determines g via

g(X,Y)=g(IX,IY) = w(X,IY).
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Calabi-Yau structure

Calabi-Yau structure: (M", g, J, Q)— a Calabi-Yau variety if
e ((M" g, J)— a Kéhler manifold with a Kahler form w;

Vladimir Roubtsov Talk at ECMS, Edinburgh, July 19, 2007,



Monge-Ampére Equations
Examples-Geometry:
Examples-Meteodynamics:
Solutions of MAE

Calabi-Yau structure

Calabi-Yau structure: (M", g, J, Q)— a Calabi-Yau variety if
e ((M", g, J)— a Kahler manifold with a Kahler form w;
e Q—non-zero constant (n,0)—form (holomorphic volume form);
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Calabi-Yau structure

Calabi-Yau structure: (M", g, J, Q)— a Calabi-Yau variety if
e ((M", g, J)— a Kahler manifold with a Kahler form w;
e Q—non-zero constant (n,0)—form (holomorphic volume form);

o
n

% = (=1)"=D/2(j ;)M A Q.
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Calabi Conjecture

o Calabi Conjecture:((M", g, J)— a Kéhler manifold with a
Kéhler form w;
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Calabi Conjecture

o Calabi Conjecture:((M", g, J)— a Kéhler manifold with a
Kahler form w;
o Let f be a smooth real function on M satisfying

/efwn:/ @
M M
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Calabi Conjecture

o Calabi Conjecture:((M", g, J)— a Kéhler manifold with a
Kahler form w;
o Let f be a smooth real function on M satisfying

/efwn:/ @
M M

@ Then there exists a smooth function ¢ such that [, ¢voly =0

and
1 B
w + 100¢—
a positive (1,1)—form (a Kahler form of some metric g"5.
1

(w+10d¢)" = efw".
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Calabi Conjecture

o Calabi Conjecture:((M", g, J)— a Kéhler manifold with a
Kahler form w;
o Let f be a smooth real function on M satisfying

/efwn:/ @
M M

@ Then there exists a smooth function ¢ such that [, ¢voly =0

and
1 B
w + 100¢—
a positive (1,1)—form (a Kahler form of some metric g"5.
1

(w+10d¢)" = efw".
@ This is a Monge-Ampére equation.
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Harvey-Lawson

@ Special Lagrangian equation: C" is enabled with a Kahler
structure g + iw and the canonical complex volume form a. A
real submanifold L" in C" is a special lagrangian if

w||_ =0et %(a)h_ =0.
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Harvey-Lawson

@ Special Lagrangian equation: C" is enabled with a Kahler
structure g + iw and the canonical complex volume form a. A
real submanifold L" in C" is a special lagrangian if

w||_ =0et %(a)h_ =0.

o Agraph L= {(x + ig—f(), x € R"} is special lagrangian i Cf1is
a solution of a MAE:
CA=2: Af =0
=3 Af —hess(f)=0
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HyperKahler Structure

@ HyperKahler Structure, 4D: 4D manifold M* is enabled with a
HyperKé&hler structure (w1, wo,w3) if this triple of symplectic
forms with wj Awj =0, i # ] and independent of i = j.
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HyperKahler Structure

@ HyperKahler Structure, 4D: 4D manifold M* is enabled with a
HyperKé&hler structure (w1, wo,w3) if this triple of symplectic
forms with wj Awj =0, i # ] and independent of i = j.

@ M is a Kahler manifold
(M, Ji,9), wi(X,Y)=9g(JiX,Y)i=123 and

\]i - wj_lwka (Ivlak) = (17273)
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HyperKahler Structure

@ HyperKahler Structure, 4D: 4D manifold M* is enabled with a
HyperKé&hler structure (w1, wo,w3) if this triple of symplectic
forms with wj Awj =0, i # ] and independent of i = j.

@ M is a Kahler manifold
(M, Ji,9), wi(X,Y)=9g(JiX,Y)i=123 and
Ji = wj_lwk, (,j,k) =(1,2,3)

o If (M,wi,B=1,2,3)— HyperKéhler, taking the complex
structure J; and two-form wH= w1 +i90¢, obtain a
Monge-Ampére operator A(¢) :

WA wh= A(P)wr A wy
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HyperKahler Structure

@ HyperKahler Structure, 4D: 4D manifold M* is enabled with a
HyperKé&hler structure (w1, wo,w3) if this triple of symplectic
forms with wj Awj =0, i # ] and independent of i = j.

@ M is a Kahler manifold
(M, Ji,9), wi(X,Y)=9g(JiX,Y)i=123 and
Ji = wj_lwk, (,j,k) =(1,2,3)

o If (M,wi,B=1,2,3)— HyperKéhler, taking the complex
structure J; and two-form wH= w1 +i90¢, obtain a
Monge-Ampére operator A(¢) :

WA wh= A(P)wr A wy
e p= —i00log A(¢)— the Ricci form of Wt
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The Euler equation

@ The Euler equation:

%—l—vVv—kf(kxv)—l—VP:O,

k— the local unit vertical vector, f — angular frequency and
P — the pressure field.
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The Euler equation

@ The Euler equation:

%—l—vVv—kf(kxv)—l—VP:O,

k— the local unit vertical vector, f — angular frequency and
P — the pressure field.

o Consider this equation in 2D, with constant rotation, taking
the divergence, obtain a Monge-Ampére equation to the
stream function ¥(x,y,t) :
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The Euler equation

@ The Euler equation:

%—l—vVv—kf(kxv)—l—VP:O,

k— the local unit vertical vector, f — angular frequency and
P — the pressure field.

o Consider this equation in 2D, with constant rotation, taking
the divergence, obtain a Monge-Ampére equation to the
stream function ¥(x,y,t) :

"]
VP2 +2(y3, — dxxtbyy) + V2.
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3D almost-geostrophic models

@ Birkett-Thorpe equation:
1 1 f2 1
Fangz 1888 (U) + £ (Uex + Uy + T5Uz2) + ﬂTZ{(“XX + Uy Uz — US
1
yZ} + uXX Uyy U)%y) =S

€

f,N—.- supposed to be constant.
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3D almost-geostrophic models

@ Birkett-Thorpe equation:

1 1 f2 1
Fangz 1888 (U) + £ (Uex + Uy + T5Uz2) + ﬂTZ{(“XX + Uy Uz — US
1
yZ} + uXX Uyy U)%y) =S
1)
f,N—.- supposed to be constant.
@ Hoskins Equation:
1 1 1
2 (Uxx + Uyy) + WU f4(Uxxuyy ) =1 2

The equation (2) is a particular case of (1) (s = 0).
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3D almost-geostrophic models

@ Birkett-Thorpe equation:

1 1 f2 1
Fangz 1888 (U) + £ (Uex + Uy + T5Uz2) + ﬂTZ{(“XX + Uy Uz — US
1
yZ} + uXX Uyy U)%y) =S
1)
f,N—.- supposed to be constant.
@ Hoskins Equation:
1 1 1
2 (Uxx + Uyy) + WU f4(Uxxuyy ) =1 2

The equation (2) is a particular case of (1) (s = 0).
@ Mclntyre-Roulstone equation:

1+ Au + (1 — c®)hessy y (u) i (3)
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Correspondence: Symplectic MAO - Di[erkntial Formes

DEFINITION
Let M be a smooth n—dimensional manifold and w is a
differential n-form on T"M. A (symplectic) Monge-Ampére
operator A, : C=°(M) — Q"(M) is the differential operator
defined by

Dy (F) = (df) (),

where df : M — T is the natural section associated to f.
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Examples

’ (V) H A, =0 ‘
dql N dpz — dq2 N dpl ANf=0
dql N dp2 + qu N dpl [FF0
dpy A dpy A\ dps — dg1 A\ dgo A\ dgs Hess(f) =1

dpy A dgo, N\ dgz — dp, N dgr N dgs || Af — Hess(f) =0
+dps A dgi A\ dgz — dp1 A dp2 A dps
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3D almost-geostrophic models-e [edtive forms

° Birkett-Thorpe equation:

——dp Adg Adr+ = (dp/\dy/\dz+dx/\dq/\dz

W= f3N2

+—dxAdy/\dr) —dp Ady Adr

fN2

2dxAqudr dp/\dq/\dz—sdx/\dyAdz

fN f3
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3D almost-geostrophic models-e [edtive forms

° Birkett-Thorpe equation:

——dp Adg Adr+ = (dp/\dy/\dz+dx/\dq/\dz

W= f3N2

+—dxAdy/\dr) —dp Ady Adr

fN2

2dxAqudr dp/\dq/\dz—sdx/\dyAdz

fN f3

@ Hoskins Equation:

w:fi(dp/\dy/\dz+dx/\dq/\dz)+$dx/\dy/\dr

f4dp/\dq/\dz—dx/\dy/\dz
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Monge-Ampere Equations: Solutions

DEFINITION

A generalized solution of a MAE A, = 0 is a lagrangian
submanifold of (7%, Q) which is an integral manifold for the
MA di Lerkntial form w:

(A)’L:O.

REMARK
A generalized solution (generically) locally is the graph of an
1-forme df for a regular solution f.
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Generalized solution

Figure: Generalized solution of a MAE
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THEOREM (Hodge-Lepage-Lychagin)

Figure: Hodge and Lychagin

o any diLerkntial form w € Q"(T#) can be decomposed
(in the unique way) as

W =wy+w AQ,
with wg E)eing e [edtive, i.e. such that wg A Q = 0.
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THEOREM (Hodge-Lepage-Lychagin)

Figure: Hodge and Lychagin

o any diLerkntial form w € Q"(T#) can be decomposed
(in the unique way) as
W =wy+w AQ,

with wg E)eing e [edtive, i.e. such that wg A Q = 0.
o two e [edtive formes which are vanished on the same
lagrangian sub-spaces are proportional.
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Symplectic Equivalence-1

DEFINITION

Two SMAE A, =0 and A, = 0 are locally equivalent i[]
there is exist a local symplectomorphism

F:(T™"™,Q) — (T"™, Q) such that

F%l = Wy.

REMARK: L is a generalized solution of Arrg, = 0 i[CH(L)
is a generalized solution of A, = 0.
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Legendre partial transformation

Figure: Legendre

_ 2 _
quQl + UQ2QZ - OF ******* 7QQ1CI1VC12Q2 - Vqlqz =1 ‘

[1 (| 1
o =
|w = dgy A dpa — dgz A dps F———{& = dpa A dpp — doyg A do |
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® = q~7q~;V",V~
Lo = (2, G2, ey, o) ’%&:V (Q1(, quia s qc;z))

0
Dqg arcsin(gze —91)

n
MF _______ T4 fe2m — g2

with ¢ : T'R? — TR?, (g1, G2, p1,P2) — (d1, —P2, P1, ).
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Figure: Numerical Solution of the semi-geostrophic 3D equation
(Sewell-Chynoveth)

2

o°u
hessy yu + 922 = hessu 4
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@ The eledtive form of (4):
w=dpAdgAdz +dx Ady Adh —~dx Ady Adz,

(X,y,z,p,q,h)— canonical coordinates system of T 'R3.
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@ The eledtive form of (4):
w=dpAdgAdz +dx Ady Adh —~dx Ady Adz,

(X,y,z,p,q,h)— canonical coordinates system of T 'R3.
@ This form is a sum of two decomposable 3-forms:

w=dpAdgAdz +dx Ady A (dh — ~vdz).
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@ The eledtive form of (4):
w=dpAdgAdz +dx Ady Adh —~dx Ady Adz,

(X,y,z,p,q,h)— canonical coordinates system of T 'R3.
@ This form is a sum of two decomposable 3-forms:

w=dpAdgAdz +dx Ady A (dh — ~vdz).

o ¢lb) =dp Adg Adh —dx Ady Adz where ¢ is the
symplectomorphism

Qs(xayazvpaq?h) = (X7y7h7p7Q7l‘Yh - Z)'
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@ The eledtive form of (4):
w=dpAdgAdz +dx Ady Adh —~dx Ady Adz,

(X,y,z,p,q,h)— canonical coordinates system of T 'R3.
@ This form is a sum of two decomposable 3-forms:

w=dpAdgAdz +dx Ady A (dh — ~vdz).

o ¢lb) =dp Adg Adh —dx Ady Adz where ¢ is the
symplectomorphism

¢(Xay727 p7q7h) = (X7y7h7 pvaYh - Z)'
@ The equation (4) is symplectically equivalent to the equation

hess(f) = 1. (5)
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Xy +yz+2zx
fxy.2) = | (b+ 4¢%) 3¢
a
is a regular solution of (5). Therefore,
L= {00y, (x+¥)a (v +2)a, 2 +X)as(x +Y)a —2)}

is a generalized solution of (4) with

1 b
2 (xy +yz +2x)?

(M

«

+4)
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Classification of SMAE on R?

Conservation Laws
2D MA as a Generalized Complex Structure

[ A, =0] B | pf(w) |
Af =0 | dgs Adp2 —dgz Adps 1
[T 30 | dgs Adp2 +dgz Adps -1
%:0 dgy A dp2 0
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Classification of SMAE on R? o
Conservation Laws

2D MA as a Generalized Complex Structure

Geometric Structures on T*R2.

DEFINITION Let (©2,w) be a Monge-Ampere structure on
X = R%. The field of endomorphisms A, : X — TX @ T is
defined by

w(-, ) = QAy-, ).

REMARK The tensor
Ay

VIpf (W)

Jw:

gives
@ an almost-complex structure on X if pf (w) > 0.
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Classification of SMAE on R? o
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2D MA as a Generalized Complex Structure

Geometric Structures on T*R2.

DEFINITION Let (©2,w) be a Monge-Ampere structure on
X = R%. The field of endomorphisms A, : X — TX @ T is
defined by

w(-, ) = QAy-, ).

REMARK The tensor
Ay

VIpf (W)

Jw =
gives

@ an almost-complex structure on X if pf (w) > 0.
@ an almost-product structure on X if pf (w) < 0.
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Classification of SMAE on R? o
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2D MA as a Generalized Complex Structure

THEOREM (Lychagin-R.)

THEOREM (Lychagin - R.)
Let w € Q2(R*) be an e [edtive non-degenerate 2-form on (R*, Q).
@ The following assertions are equivalent:
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2D MA as a Generalized Complex Structure

THEOREM (Lychagin-R.)

THEOREM (Lychagin - R.)
Let w € Q2(R*) be an e [edtive non-degenerate 2-form on (R*, Q).
@ The following assertions are equivalent:

@ The equation A, = 0 is locally equivalent to one of two linear
equations: Af =0 ou [ 0;
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2D MA as a Generalized Complex Structure

THEOREM (Lychagin-R.)

THEOREM (Lychagin - R.)
Let w € Q2(R*) be an e [edtive non-degenerate 2-form on (R*, Q).
@ The following assertions are equivalent:

@ The equation A, = 0 is locally equivalent to one of two linear
equations: Af =0 ou [ 0;

@ The tensor Jg, is integrable;
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2D MA as a Generalized Complex Structure

THEOREM (Lychagin-R.)

THEOREM (Lychagin - R.)
Let w € Q2(R*) be an e [edtive non-degenerate 2-form on (R*, Q).
@ The following assertions are equivalent:

@ The equation A, = 0 is locally equivalent to one of two linear
equations: Af =0 ou [ 0;

@ The tensor Jg, is integrable;

o the normalized form O is closed.
pf (w)]
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2D MA as a Generalized Complex Structure

Conservation Law for MA equations on R? divergent type

DEFINITION Let A, = 0 be a MAE on R2. A conservation low
for it is a 1-forme « such that the restriction to all generalized
solutions L ¢ T "R? is closed:

(dOé)||_ =0 si w||_ =0.
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*}
op dp
ot T CP)g =0
- the first order quasi-linear equation- a model of 1d gas
dynamic.
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Classification of SMAE on R?

Conservation Laws
2D MA as a Generalized Complex Structure

*}
% + C(p)% =0
- the first order quasi-linear equation- a model of 1d gas
dynamic.
o

w=(p1+c(u)pz)dar Adaz, g1 =t, G2 =X, U=p
- the correspondent e [edtive 2-form
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Classification of SMAE on R?

Conservation Laws
2D MA as a Generalized Complex Structure

*}
& bolp)gl =0
- the first order quasi-linear equation- a model of 1d gas
dynamic.
o
w=(p1+c(u)p2)dgr Adgz, g1 =t, g2 =X, U=p
- the correspondent e [edtive 2-form
o

6 = udg, — C(u)da:, Cu) =c(u)

- the 1-forme of a conservation law
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Solution

Figure: Solution
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2D MA as a Generalized Complex Structure

Courant Bracket

T —tangent bundle of M and T ™2 cotangent bundle.

(X +&,Y +n) = 2(€(Y) + (X)),

-natural indefinite interior product on T @ T &
TheCourant bracket on sections of T @ T Hs

X+&Y +n]=[X, Y] +Lxn—Ly§ — %d(bxn—wf)-
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Generalized Complex Geometry

DEFINITION [Hitchin]: An almost generalized complex structure
isabundlemap J: T & TH- T @ T Mith

J? =1,

and
(3-,) = —(-,3).
An almost generalized complex structure is integrable if the spaces

of sections of its two eigenspaces are closed under the Courant
bracket.
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Classification of SMAE on R? o
Conservation Laws

2D MA as a Generalized Complex Structure

2D SMAE and Generalized Complex Geometry

o DEFINITION A Monge-Ampére equation A, = 0 has a
divergent type if the corresponded form can be chosen closed :
wH=w + pQ.
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Classification of SMAE on R? o
Conservation Laws

2D MA as a Generalized Complex Structure

2D SMAE and Generalized Complex Geometry

o DEFINITION A Monge-Ampére equation A, = 0 has a
divergent type if the corresponded form can be chosen closed :
wh=w = uS2.

o PROPOSITION (B.Banos)

Let A, = 0 be a Monge-Ampére divergent type equation on
R? with closed w (which might be non-e [edtive). The
generalized almost-complex structure defined by

5 Ay Q!
TN+ AZ ) —A]

is integrable.
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Classification of SMAE on R? o
Conservation Laws

2D MA as a Generalized Complex Structure

Hitchin pairs (after M.Crainic)

A Hitchin pair is a pair of bivectors 7 and I, 1— non-degenerate,
satisfying

[M,7] =0.
PROPOSITION There is a 1-1 correspondence between
Generalized complex structure

(A T7a
= %o
with o non degenerate and Hitchin pairs of bivector (, ). In this
correspondence

{[I‘I,I’I]:[W,W] ©)




Classification of SMAE on R? o
Conservation Laws

2D MA as a Generalized Complex Structure

Hitchin pair of bivectors in 4D

I is non-degenerate = two 2-forms w and €2, not necessarily closed
and w(-,-) = Q(A-, ).

A generalized lagrangian surface: closed under A, or equivalently,
bilagrangian: w|. = Q|_=0.

Locally, L is defined by two functions u and v satisfying a first order
system:
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Classification of SMAE on R? o
Conservation Laws

2D MA as a Generalized Complex Structure

Jacobi systems

o) [¢) o) o)
a+bg +cg +dg +egy +fdetdyy
A+BR +CR +DJ +EF +Edetdyy

ou du

_ [ ox o
Juv = &
ox a9y

Such a system generalizes both MAE and Cauchy-Riemann systems
and is called a Jacobi system.
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SMAE in 3D

Invariants for e [edtive 3-forms

o To each e[edtive 3-form w € Q3(R®), we assign the following
geometric invariants:
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SMAE in 3D

Invariants for e [edtive 3-forms

o To each e[edtive 3-form w € Q3(R®), we assign the following
geometric invariants:
o the Lychagin-R. metric defined by
~ (xw) A (iyw) AQ

gw(X7Y)_ 03 ’
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SMAE in 3D

Invariants for e [edtive 3-forms

o To each e[edtive 3-form w € Q3(R®), we assign the following
geometric invariants:
o the Lychagin-R. metric defined by

~ (xw) A (iyw) AQ

gw (X ) Y ) - Q3 )
@ the Hitchin tensor defined by
gw - Q(A(A)'a ‘)7
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SMAE in 3D

Invariants for e [edtive 3-forms

o To each e[edtive 3-form w € Q3(R®), we assign the following
geometric invariants:
o the Lychagin-R. metric defined by
~ (xw) A (iyw) AQ

gw(X,Y)— Q3 )

@ the Hitchin tensor defined by
gco - Q(A(A)'a ‘)7
@ The Hitchin pfa [anldefined by

pf (w) = étrAi.
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SMAE in 3D

| ] A, =0 [w [£(qw) | pf(w) |
1 hess(f) =1 dgi Adgz Adgs +v-dpi Adp2 Adps | (3,3) VA

2| Af —hess(f) = 0|dp; Adga Adgs — dpa Adgs Adgz | (0,6) | —v*
+dpsAdgiAdga—12-dp1 Adp2Adps
3| 03 hess(f) = 0|dps Adgz Adgs +dp2 Adgr Adas] (4,2) | —v2
+dp3/\dq1/\dq2+u2-dpl/\dpg/\dpg
4 Af =0 dp1 Adg Adgs —dpa Adgs Adgs+| (0, 3) 0

dps A dgx A dg
5 F3F0 dp1 Adga Adgs+dpa Adgs Adgs+| (2,1) 0
dps A dga A dgz
6 Ag,qf =0 dps Adgs A dgz —dp2 Adgs Adgs | (0,1) 0
7 [g,4.f =0 dps A dgs A dgz + dp2 Adgr Adgs | (1,0) 0
8 % =0 dp1 A dg A dgs (0,00 0
9 0 0,00 0

dauon o e £ e Ho-101M1E [ CHMEeNSIOlN
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SMAE in 3D

3D Generalized Calabi-Yau structures

@ A generalized almost Calabi-Yau structure on a
6D-manifold X is a 5-uple (g, Q, A, a, 3) where
8 g is a (pseudo) metric on X,
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SMAE in 3D

3D Generalized Calabi-Yau structures

@ A generalized almost Calabi-Yau structure on a
6D-manifold X is a 5-uple (g, Q, A, a, 3) where
8 g is a (pseudo) metric on X,
o Q is a symplectic on X,

@ A generalized Calabi-Yau structure (g, Q, K, a, 3) is integrable
if « and 3 are closed.
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SMAE in 3D

3D Generalized Calabi-Yau structures

@ A generalized almost Calabi-Yau structure on a
6D-manifold X is a 5-uple (g, Q, A, a, 3) where

8 g is a (pseudo) metric on X,

o Q is a symplectic on X,

e A is a smooth section X — TX ® T ™X such that A2 = +Id
and such that

g(U,V) = Q(AU,V)

for all tangent vectors U,V ,

@ A generalized Calabi-Yau structure (g, Q, K, a, 3) is integrable
if « and 3 are closed.
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SMAE in 3D

3D Generalized Calabi-Yau structures

@ A generalized almost Calabi-Yau structure on a
6D-manifold X is a 5-uple (g, Q, A, a, 3) where

8 g is a (pseudo) metric on X,

o Q is a symplectic on X,

e A is a smooth section X — TX ® T ™X such that A2 = +Id
and such that

g(U,V)=Q(AU,V)
for all tangent vectors U,V ,

e « and (3 are (eventually complex) decomposable 3-forms whose
associated distributions are the distributions of A eigenvectors
and such that

alp

oE is constant.

@ A generalized Calabi-Yau structure (g, Q, K, a, 3) is integrable
if « and 3 are closed.
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SMAE in 3D

Generalized CY and MA

Each nondegenerate Monge-Ampere structure (2, wp) defines a
generalized almost Calabi-Yau structure (qy, 2, Ay, a, 3) With

wo

VA (wo)
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SMAE in 3D

The generalized Calabi-Yau structure associated with the equation
A(f) —hess(f) =0

is the canonical Calabi-Yau structure of C3

,

3
g= —_Z:de.de aF dyj.dyj

yJ ® dxj — ax,- ® dy;
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SMAE in 3D

The generalized Calabi-Yau associated with the equation

[(f) + hess(f) =0
is the pseudo Calabi-Yau structure

g = dxq.dx; — dXo.dXo + dxz.dx3 + dy;.dy; — dyo.dys + dxs.dxs3
A=Z-dy— 2 @du + 2 ®do — 3 0dy, — 52-©dx
+3% ®dys

Q= Zsjdxj A dy;

a= ijzi A dzo A dz3

I
8]
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SMAE in 3D

The generalized Calabi-Yau structure associated with the equation
hess(f) =1

is the “real” Calabi-Yau structure

( 3
g = Y- d.dy,
i=1

a = dxg A dxp A dxs
(8 = dy1 Ady, Adys
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SMAE in 3D

e THEOREM A SMAE A, = 0 on R® associated to an
e [edtive non-degenerated form w is locally equivalent to on of
three following equations:
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SMAE in 3D

e THEOREM A SMAE A, = 0 on R® associated to an
e [edtive non-degenerated form w is locally equivalent to on of
three following equations:

hess(f) =1
Af —hess(f) =0
[ hess(f) =0
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SMAE in 3D

e THEOREM A SMAE A, = 0 on R® associated to an
e [edtive non-degenerated form w is locally equivalent to on of
three following equations:

o
hess(f) =1
Af —hess(f) =0
[ hess(f) =0

o i[the correspondingly defined generalized Calabi-Yau structure
is integrable and locally flat.
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SMAE in 3D

The Dritschel -Viudez MAE - example of degenerate MA structure

E (Uzz (Uxx + Uyy) — U%, — Ug;) + A(Uxx + Uyy) + 2B1lxz + 2Bouy,
+Cuz; + D =0.

The coe [ciehts are a priori non constants:
A=1+¢%,, C=€*(1—-6,), E=¢é, (7)
B1 = €2(1/2V%¢ — bx), Bz = *(1/2V7¢ — by), (®)

D = [0« V2p + 0y, V? — VO] — (1 - €2)0, —w,  (9)

¢ and ¢ are potentials, § = ¢x + 1y and the dimensionless PV
anomaly o may be written also in terms of the potential ¢
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SMAE in 3D

The e [edtive form of the Dritschel-Viudez diagnostic MAE is

w=E(dxAdgAdr—dy AdpAdr)+ A(dy Adz Adp —dx Adz Adq)
+ Bi(dx Ady Adp +dy Adz Adr)+ Ba(dx Ady Adg —dx Adz Adr
+ Cdx Ady Adr + Ddx Ady Adz

Independently of the coe [ciehts,

A(w) =0.
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SMAE in 3D

Hitchin pfa Lanlof 3D almost QG models-1

Figure: Hitchin

_ (f+s)?
~ fO6N4

Birkett-Thorpe equation: A(w)
equivalent to

and therefore (1) is
hess(u) = N%f3(f +5s)
modulo the Legendre transform
F(Xayazvpaq)r) = (X7y7z7p - f2X7q _f2y7r - sz)‘



SMAE in 3D

Hitchin pfa Lanlof 3D almost QG models-2

Hoskins equation:\(w) = zzz and (2) is equivalent to
hess(u) = f*N?2
up the symplectomorphism

F(X7yvzap7q7r) = (p7q7z7_x+f2p7_y +f2q?r)
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SMAE in 3D

Hitchin pfa Lanlof 3D almost QG models-3

(e

Mclntyre-Roulstone equation:A(w)

ol

w:dX/\dy/\(err(ﬂ—%)dz)Jr

a=1-c?
C
B=1-%

The form dr + (8 — %)dz is closed iCA = (3(z). (3) is equivalent to

1

(dx + adp) A (dy + adq) A dz

with

hess(u) = —
up the symplectomorphism

1 1 z 1
F(x,y,z,p,q,r) = (—ap, —aq,z,p+aq,q+ay,r—/ (B(t)—&)dt)-

Z0
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Navier-Stoks

Conclusion

@ All QG 3D models have a real (*'a [nelHessian') underlying
geometry and are equivalent to the model

hess(¢) = cst > 0.
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Navier-Stoks

Conclusion

@ All QG 3D models have a real (*'a [nelHessian') underlying
geometry and are equivalent to the model

hess(¢) = cst > 0.

@ The Dritschel - Viudez diagnostic equation has a “degenerate”
underlying geometric structure and when the coe Lciehts are
constants this equation is linearizable: for the Rellich invariant
R=AC —ED - B? - B2

uXx+Uyy+uZz+D:O, |fR>0
UXX_UW_Uzz+D:0, |fR<0
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Navier-Stoks

Conclusion

Work in progress

@ Generalized Calabi-Yau structures and "anomalies" of the
potential vorticity (with Bertrand Banos and lan Roulstone)
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Navier-Stoks

Conclusion

Work in progress

@ Generalized Calabi-Yau structures and "anomalies" of the
potential vorticity (with Bertrand Banos and lan Roulstone)

@ Generalized complex structures and MA Hamiltonian
reduction(with Bertrand Banos)
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Navier-Stoks

Conclusion

Work in progress

@ Generalized Calabi-Yau structures and "anomalies" of the
potential vorticity (with Bertrand Banos and lan Roulstone)

@ Generalized complex structures and MA Hamiltonian
reduction(with Bertrand Banos)

o Navier-Stokes (with B.Banos, J.Gibbon, I.Roulstone ArXiv:
nlin.SI1/0509023)
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Navier-Stoks
Conclusion

Incompressible Navier-Stokes

ou 1 I
E+U-Vu+5VP—vVu (10)
op _
E+V-(pu)—0 (11
V-u=0 (12)
. Ou; 0
_\W2p = e i §
V2P ,Zzl 3 O (13)
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Navier-Stoks
Conclusion

duy A dxo A dxz -+ dxq Aduy A dxz + dxg Adxp Adug =0 (14)

VzPXm/\dX2/\dX3—2(dU1/\dU2/\dX3—|—dU1/\dX2/\dU3+dX1/\dUz/\dU3) =0

(15)
9 2
(5¢ +£u)Q =2V (16)
avec
Q = dug A dxg + duy A dxo + dug A dxz
et

.9
i=1
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