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Figure: Monge and Ampère
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Figure: sphere and pseudosphere

An example: curvature of a surface in R3
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Kähler structure

Kähler manifold: (M, J, g)− a complex manifold with a
compatible hermitian metric g (which is called Kähler) if the
following condition holds:

dω = 0.

Here ω (the Kähler form) is a (1, 1)− form which is
determined by

ω(X ,Y ) = g(JX ,Y )

and determines g via

g(X ,Y ) = g(JX , JY ) = ω(X , JY ).
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Calabi-Yau structure

Calabi-Yau structure: (Mn, g , J, Ω)− a Calabi-Yau variety if
((Mn, g , J)− a Kähler manifold with a Kähler form ω;

Ω−non-zero constant (n, 0)−form (holomorphic volume form);

ωn

n!
= (−1)n(n−1)/2(i/2)mΩ ∧ Ω̄.
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Calabi Conjecture

Calabi Conjecture:((Mn, g , J)− a Kähler manifold with a
Kähler form ω;

Let f be a smooth real function on M satisfying
∫

M
ef ωn =

∫

M
ωn.

Then there exists a smooth function φ such that
∫

M φvolg = 0
and

�
ω + i∂∂̄φ−

a positive (1, 1)−form (a Kähler form of some metric g ′).
�

(ω + i∂∂̄φ)n = ef ωn.

This is a Monge-Ampére equation.
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Harvey-Lawson

Special Lagrangian equation: Cn is enabled with a Kähler
structure g + iω and the canonical complex volume form α. A
real submanifold Ln in Cn is a special lagrangian if

ω|L = 0 et ℑ(α)|L = 0.

A graph L =
{

(x + i ∂f
∂x ), x ∈ Rn} is special lagrangian iff f is

a solution of a MAE:
� n = 2: ∆f = 0
� n = 3: ∆f − hess(f ) = 0
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HyperKähler Structure

HyperKähler Structure, 4D: 4D manifold M4 is enabled with a
HyperKähler structure (ω1, ω2, ω3) if this triple of symplectic
forms with ωi ∧ ωj = 0, i 6= j and independent of i = j .
M is a Kähler manifold
(M, Ji , g), ωi (X ,Y ) = g(JiX ,Y ) i = 1, 2, 3, and
Ji = ω−1

j ωk , (i , j , k) = (1, 2, 3)

If (M, ωi , ß = 1, 2, 3)− HyperKähler, taking the complex
structure J1 and two-form ω′ = ω1 + i∂∂̄φ, obtain a
Monge-Ampère operator ∆(φ) :

ω′ ∧ ω′ = ∆(φ)ω1 ∧ ω1

ρ = −i∂∂̄ log ∆(φ)− the Ricci form of ω′.
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The Euler equation

The Euler equation:

∂v

∂t
+ v∇v + f (k × v) + ∇P = 0,

k− the local unit vertical vector, f − angular frequency and
P− the pressure field.
Consider this equation in 2D, with constant rotation, taking
the divergence, obtain a Monge-Ampère equation to the
stream function ψ(x , y , t) :

∇P2 + 2(ψ2
xy − ψxxψyy ) + f ∇2ψ.
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3D almost-geostrophic models

Birkett-Thorpe equation:
1

f 3N2 hess(u) +
1
f
(uxx + uyy +

f 2

N2 uzz) +
1

fN2

{

(uxx + uyy )uzz − u2
xz

− u2
yz
}

+
1
f 3 (uxxuyy − u2

xy ) = s
(1)

f ,N−.- supposed to be constant.
Hoskins Equation:

1
f 2 (uxx + uyy ) +

1
N2 uzz −

1
f 4 (uxxuyy − u2

xy ) = 1. (2)

The equation (2) is a particular case of (1) (s = 0).
McIntyre-Roulstone equation:

1 + ∆u + (1 − c2)hessx ,y (u) =
ζC

f
(3)

- c and f are constant.
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Correspondence: Symplectic MAO - Differential Formes

DEFINITION
Let M be a smooth n−dimensional manifold and ω is a
differential n-form on T ∗M. A (symplectic) Monge-Ampère
operator ∆ω : C∞(M) → Ωn(M) is the differential operator
defined by

∆ω(f ) = (df )∗(ω),

where df : M → T ∗M is the natural section associated to f .
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Examples

ω ∆ω = 0

dq1 ∧ dp2 − dq2 ∧ dp1 ∆f = 0
dq1 ∧ dp2 + dq2 ∧ dp1 �f = 0

dp1 ∧ dp2 ∧ dp3 − dq1 ∧ dq2 ∧ dq3 Hess(f ) = 1
dp1 ∧ dq2 ∧ dq3 − dp2 ∧ dq1 ∧ dq3 ∆f − Hess(f ) = 0

+dp3 ∧ dq1 ∧ dq2 − dp1 ∧ dp2 ∧ dp3
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3D almost-geostrophic models-effective forms

Birkett-Thorpe equation:

ω =
1

f 3N2 dp ∧ dq ∧ dr +
1
f
(dp ∧ dy ∧ dz + dx ∧ dq ∧ dz

+
f 2

N2 dx ∧ dy ∧ dr) +
1

fN2 dp ∧ dy ∧ dr

+
1

fN2 dx ∧ dq ∧ dr +
1
f 3 dp ∧ dq ∧ dz − sdx ∧ dy ∧ dz .

Hoskins Equation:

ω =
1
f 2 (dp ∧ dy ∧ dz + dx ∧ dq ∧ dz) +

1
N2 dx ∧ dy ∧ dr

− 1
f 4 dp ∧ dq ∧ dz − dx ∧ dy ∧ dz .
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Monge-Ampère Equations: Solutions

DEFINITION
A generalized solution of a MAE ∆ω = 0 is a lagrangian
submanifold of (T ∗M, Ω) which is an integral manifold for the
MA differential form ω:

ω|L = 0.

REMARK
A generalized solution (generically) locally is the graph of an
1-forme df for a regular solution f .
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Generalized solution

R
n

T R
n

π

L

*

df

dg

dh

Figure: Generalized solution of a MAE
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THEOREM (Hodge-Lepage-Lychagin)

Figure: Hodge and Lychagin

any differential form ω ∈ Ωn(T ∗M) can be decomposed
(in the unique way) as

ω = ω0 + ω1 ∧ Ω,

with ω0 b́eing effective, i.e. such that ω0 ∧ Ω = 0.
two effective formes which are vanished on the same
lagrangian sub-spaces are proportional.

Vladimir Roubtsov Talk at ECMS, Edinburgh, July 19, 2007,



Monge-Ampère Equations
Classification of SMAE on R2

SMAE in 3D
Conclusion

Bibliographie

Examples-Geometry:
Examples-Meteodynamics:
Solutions of MAE

THEOREM (Hodge-Lepage-Lychagin)

Figure: Hodge and Lychagin

any differential form ω ∈ Ωn(T ∗M) can be decomposed
(in the unique way) as

ω = ω0 + ω1 ∧ Ω,

with ω0 b́eing effective, i.e. such that ω0 ∧ Ω = 0.
two effective formes which are vanished on the same
lagrangian sub-spaces are proportional.

Vladimir Roubtsov Talk at ECMS, Edinburgh, July 19, 2007,



Monge-Ampère Equations
Classification of SMAE on R2

SMAE in 3D
Conclusion

Bibliographie

Examples-Geometry:
Examples-Meteodynamics:
Solutions of MAE

Symplectic Equivalence-1

DEFINITION
Two SMAE ∆ω1 = 0 and ∆ω2 = 0 are locally equivalent iff
there is exist a local symplectomorphism
F : (T ∗M, Ω) → (T ∗M, Ω) such that

F ∗ω1 = ω2.

REMARK: L is a generalized solution of ∆F ∗ω1 = 0 iff F (L)
is a generalized solution of ∆ω = 0.
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Legendre partial transformation

Figure: Legendre

uq1q1 + uq2q2 = 0 oo //_________

��

vq1q1vq2q2 − v2
q1q2

= 1

��
ω = dq1 ∧ dp2 − dq2 ∧ dp1 ω̃ = dp1 ∧ dp2 − dq1 ∧ dq2

Φ∗
oo
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Lu =
(

q1, q2, uq1 , uq2

) Φ //

��

Lv =
(

q̃1, q̃2, vq̃1 , vq̃2

)

=
(

q1,−uq2 , uq1 , q2
)

��

eq1 cos(q2) oo //_________

q2 arcsin(q2e−q1)

+
√

e2q1 − q2
2

with Φ : T ∗R2 → T ∗R2, (q1, q2, p1, p2) 7→ (q1,−p2, p1, q2).
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Figure: Numerical Solution of the semi-geostrophic 3D equation
(Sewell-Chynoveth)

hessx ,y u +
∂2u
∂z2 = hessu (4)
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The effective form of (4):

ω = dp ∧ dq ∧ dz + dx ∧ dy ∧ dh − γdx ∧ dy ∧ dz ,

(x , y , z , p, q, h)− canonical coordinates system of T ∗R3.
This form is a sum of two decomposable 3-forms:

ω = dp ∧ dq ∧ dz + dx ∧ dy ∧ (dh − γdz).

φ∗(ω) = dp ∧ dq ∧ dh − dx ∧ dy ∧ dz where φ is the
symplectomorphism

φ(x , y , z , p, q, h) = (x , y , h, p, q, γh − z).

The equation (4) is symplectically equivalent to the equation

hess(f ) = 1. (5)
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f (x , y , z) =

∫

√
xy+yz+zx

a
(b + 4ξ3)1/3dξ

is a regular solution of (5). Therefore,

L =
{

(x , y , (x + y)α, (y + z)α, (z + x)α, γ(x + y)α− z)
}

is a generalized solution of (4) with

α =
1
2
(

b

(xy + yz + zx)
3
2

+ 4)
1
3 .
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Table 1.

∆ω = 0 ω pf (ω)
∆f = 0 dq1 ∧ dp2 − dq2 ∧ dp1 1
�f = 0 dq1 ∧ dp2 + dq2 ∧ dp1 −1
∂2f
∂q2

1
= 0 dq1 ∧ dp2 0
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Geometric Structures on T
∗R2.

DEFINITION Let (Ω, ω) be a Monge-Ampère structure on
X = R4. The field of endomorphisms Aω : X → TX ⊗ T ∗X is
defined by

ω(·, ·) = Ω(Aω·, ·).
REMARK The tensor

Jω =
Aω

√

|pf (ω)|

gives
an almost-complex structure on X if pf (ω) > 0.
an almost-product structure on X if pf (ω) < 0.
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THEOREM (Lychagin-R.)

THEOREM (Lychagin - R.)
Let ω ∈ Ω2

ε(R4) be an effective non-degenerate 2-form on (R4,Ω).
The following assertions are equivalent:
The equation ∆ω = 0 is locally equivalent to one of two linear
equations: ∆f = 0 ou �f = 0;

The tensor Jω is integrable;
the normalized form ω√

|pf (ω)|
is closed.
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Conservation Law for MA equations on R2 divergent type

DEFINITION Let ∆ω = 0 be a MAE on R2. A conservation low
for it is a 1-forme α such that the restriction to all generalized
solutions L ⊂ T ∗R2 is closed:

(dα)|L = 0 si ω|L = 0.
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Example

∂ρ

∂t
+ c(ρ)

∂ρ

∂x
= 0

- the first order quasi-linear equation- a model of 1d gas
dynamic.

ω = (p1 + c(u)p2)dq1 ∧ dq2, q1 = t, q2 = x , u = ρ

- the correspondent effective 2-form

θ = udq2 − C (u)dq1, C ′(u) = c(u)

- the 1-forme of a conservation law
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Solution

Figure: Solution
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Courant Bracket

T−tangent bundle of M and T ∗− cotangent bundle.

(X + ξ,Y + η) =
1
2
(ξ(Y ) + η(X )),

-natural indefinite interior product on T ⊕ T ∗.
TheCourant bracket on sections of T ⊕ T ∗ is

[X + ξ,Y + η] = [X ,Y ] + LXη − LY ξ −
1
2

d(ιXη − ιY ξ).
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Generalized Complex Geometry

DEFINITION [Hitchin]: An almost generalized complex structure
is a bundle map J : T ⊕ T ∗ → T ⊕ T ∗ with

J2 = −1,

and
(J·, ·) = −(·, J·).

An almost generalized complex structure is integrable if the spaces
of sections of its two eigenspaces are closed under the Courant
bracket.
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2D SMAE and Generalized Complex Geometry

DEFINITION A Monge-Ampère equation ∆ω = 0 has a
divergent type if the corresponded form can be chosen closed :
ω′ = ω + µΩ.
PROPOSITION (B.Banos)
Let ∆ω = 0 be a Monge-Ampère divergent type equation on
R2 with closed ω (which might be non-effective). The
generalized almost-complex structure defined by

Jω =

(

Aω Ω−1

−Ω(1 + A2
ω·, ·) −A∗

ω

)

is integrable.
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Hitchin pairs (after M.Crainic)

A Hitchin pair is a pair of bivectors π and Π, Π− non-degenerate,
satisfying

{

[Π,Π] = [π, π]

[Π, π] = 0.
(6)

PROPOSITION There is a 1-1 correspondence between
Generalized complex structure

J =

(

A πA
σ −A∗

)

with σ non degenerate and Hitchin pairs of bivector (π,Π). In this
correspondence











σ = Π−1

A = π ◦ Π−1

πA = −(1 + A2)Π
Vladimir Roubtsov Talk at ECMS, Edinburgh, July 19, 2007,



Monge-Ampère Equations
Classification of SMAE on R2

SMAE in 3D
Conclusion

Bibliographie

Conservation Laws
2D MA as a Generalized Complex Structure

Hitchin pair of bivectors in 4D

Π is non-degenerate ⇒ two 2-forms ω and Ω, not necessarily closed
and ω(·, ·) = Ω(A·, ·).
A generalized lagrangian surface: closed under A, or equivalently,
bilagrangian: ω|L = Ω|L = 0.
Locally, L is defined by two functions u and v satisfying a first order
system:
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Jacobi systems

{

a + b ∂u
∂x + c ∂u

∂y + d ∂v
∂x + e ∂v

∂y + f det Ju,v

A + B ∂u
∂x + C ∂u

∂y + D ∂v
∂x + E ∂v

∂y + E det Ju,v

Ju,v =

(

∂u
∂x

∂u
∂y

∂v
∂x

∂v
∂y

)

Such a system generalizes both MAE and Cauchy-Riemann systems
and is called a Jacobi system.
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Invariants for effective 3-forms

To each effective 3-form ω ∈ Ω3
ε(R6), we assign the following

geometric invariants:
the Lychagin-R. metric defined by

gω(X ,Y ) =
(ιXω) ∧ (ιYω) ∧ Ω

Ω3 ,

the Hitchin tensor defined by

gω = Ω(Aω·, ·),

The Hitchin pfaffian defined by

pf (ω) =
1
6

trA2
ω.
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∆ω = 0 ω ε(qω) pf (ω)
1 hess(f ) = 1 dq1∧dq2∧dq3 +ν ·dp1∧dp2∧dp3 (3, 3) ν4

2 ∆f − hess(f ) = 0 dp1 ∧ dq2 ∧ dq3 − dp2 ∧ dq1 ∧ dq3 (0, 6) −ν4

+dp3∧dq1∧dq2−ν2·dp1∧dp2∧dp3
3 �f + hess(f ) = 0 dp1 ∧ dq2 ∧ dq3 + dp2 ∧ dq1 ∧ dq3 (4, 2) −ν4

+dp3∧dq1∧dq2+ν
2·dp1∧dp2∧dp3

4 ∆f = 0 dp1∧dq2∧dq3−dp2∧dq1∧dq3 +
dp3 ∧ dq1 ∧ dq2

(0, 3) 0

5 �f = 0 dp1∧dq2∧dq3 +dp2∧dq1∧dq3 +
dp3 ∧ dq1 ∧ dq2

(2, 1) 0

6 ∆q2,q3 f = 0 dp3 ∧ dq1 ∧ dq2 − dp2 ∧ dq1 ∧ dq3 (0, 1) 0
7 �q2,q3 f = 0 dp3 ∧ dq1 ∧ dq2 + dp2 ∧ dq1 ∧ dq3 (1, 0) 0
8 ∂2f

∂q2
1

= 0 dp1 ∧ dq2 ∧ dq3 (0, 0) 0
9 0 (0, 0) 0

Table: Classification of effective 3-formes in dimension 6
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3D Generalized Calabi-Yau structures

A generalized almost Calabi-Yau structure on a
6D-manifold X is a 5-uple (g ,Ω,A, α, β) where

g is a (pseudo) metric on X ,
Ω is a symplectic on X ,
A is a smooth section X → TX ⊗ T ∗X such that A2 = ±Id
and such that

g(U,V ) = Ω(AU,V )

for all tangent vectors U,V ,
α and β are (eventually complex) decomposable 3-forms whose
associated distributions are the distributions of A eigenvectors
and such that

α ∧ β
Ω3 is constant.

A generalized Calabi-Yau structure (g ,Ω,K , α, β) is integrable
if α and β are closed.
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Generalized CY and MA

Each nondegenerate Monge-Ampère structure (Ω, ω0) defines a
generalized almost Calabi-Yau structure (qω,Ω,Aω, α, β) with

ω =
ω0

4
√

|λ(ω0)|
.
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The generalized Calabi-Yau structure associated with the equation

∆(f ) − hess(f ) = 0

is the canonical Calabi-Yau structure of C3























































g = −
3
∑

j=1
dxj .dxj + dyj .dyj

A =
3
∑

j=1

∂
∂yj

⊗ dxj − ∂
∂xj

⊗ dyj

Ω =
3
∑

j=1
dxj ∧ dyj

α = dz1 ∧ dz2 ∧ dz3

β = α
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The generalized Calabi-Yau associated with the equation

�(f ) + hess(f ) = 0

is the pseudo Calabi-Yau structure


















































g = dx1.dx1 − dx2.dx2 + dx3.dx3 + dy1.dy1 − dy2.dy2 + dx3.dx3

A = ∂
∂x1

⊗ dy1 − ∂
∂y1

⊗ dx1 + ∂
∂y2

⊗ dx2 − ∂
∂x2

⊗ dy2 − ∂
∂y3

⊗ dx3

+ ∂
∂x3

⊗ dy3

Ω =
3
∑

j=1
dxj ∧ dyj

α = dz1 ∧ dz2 ∧ dz3

β = α
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The generalized Calabi-Yau structure associated with the equation

hess(f ) = 1

is the “real” Calabi-Yau structure






















































g =
3
∑

j=1
dxj .dyj

A =
3
∑

j=1

∂
∂xj

⊗ dxj − ∂
∂yj

⊗ dyj

Ω =
3
∑

j=1
dxj ∧ dyj

α = dx1 ∧ dx2 ∧ dx3

β = dy1 ∧ dy2 ∧ dy3
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THEOREM A SMAE ∆ω = 0 on R3 associated to an
effective non-degenerated form ω is locally equivalent to on of
three following equations:











hess(f ) = 1
∆f − hess(f ) = 0
�f + hess(f ) = 0

iff the correspondingly defined generalized Calabi-Yau structure
is integrable and locally flat.
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The Dritschel -Viudez MAE - example of degenerate MA structure

E
(

uzz(uxx + uyy ) − u2
xz − u2

yz
)

+ A(uxx + uyy ) + 2B1uxz + 2B2uyz

+Cuzz + D = 0.

The coefficients are a priori non constants:

A = 1 + ǫ2θz , C = ǫ2(1 − θz), E = ǫ2, (7)

B1 = ǫ2(1/2∇2φ− θx), B2 = ǫ2(1/2∇2ψ − θy ), (8)

D = ǫ2[θx∇2φ+ θy∇2ψ − |∇θ|2] − (1 − ǫ2)θz −̟, (9)

φ and ψ are potentials, θ = φx + ψy and the dimensionless PV
anomaly ̟ may be written also in terms of the potential φ
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The effective form of the Dritschel-Viudez diagnostic MAE is

ω = E (dx ∧ dq ∧ dr − dy ∧ dp ∧ dr) + A(dy ∧ dz ∧ dp − dx ∧ dz ∧ dq)

+ B1(dx ∧ dy ∧ dp + dy ∧ dz ∧ dr) + B2(dx ∧ dy ∧ dq − dx ∧ dz ∧ dr)
+ Cdx ∧ dy ∧ dr + Ddx ∧ dy ∧ dz

Independently of the coefficients,

λ(ω) = 0.
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Hitchin pfaffian of 3D almost QG models-1

Figure: Hitchin

Birkett-Thorpe equation: λ(ω) = (f +s)2

f 6N4 and therefore (1) is
equivalent to

hess(u) = N2f 3(f + s)

modulo the Legendre transform

F (x , y , z , p, q, r) = (x , y , z , p − f 2x , q − f 2y , r − N2z).
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Hitchin pfaffian of 3D almost QG models-2

Hoskins equation:λ(ω) = 1
f 4N4 and (2) is equivalent to

hess(u) = f 4N2

up the symplectomorphism

F (x , y , z , p, q, r) = (p, q, z ,−x + f 2p,−y + f 2q, r)
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Hitchin pfaffian of 3D almost QG models-3

McIntyre-Roulstone equation:λ(ω) = (1 − c2)2

ω = dx ∧ dy ∧
(

dr + (β− 1
α

)dz
)

+
1
α

(dx +αdp)∧ (dy +αdq)∧ dz

with
{

α = 1 − c2

β = 1 − ζC

f

The form dr + (β− 1
α)dz is closed iff β = β(z). (3) is equivalent to

hess(u) = − 1
(1 − c2)3

up the symplectomorphism

F (x , y , z , p, q, r) = (−αp,−αq, z , p+
1
α

q, q+
1
α

y , r−
∫ z

z0

(β(t)− 1
α

)dt).
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Navier-Stoks

All QG 3D models have a real ("affine Hessian") underlying
geometry and are equivalent to the model

hess(φ) = cst > 0.

The Dritschel - Viudez diagnostic equation has a “degenerate”
underlying geometric structure and when the coefficients are
constants this equation is linearizable: for the Rellich invariant
R = AC − ED − B2

1 − B2
2

{

uxx + uyy + uzz + D = 0, if R > 0
uxx − uyy − uzz + D = 0, if R < 0
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Navier-Stoks

Work in progress
Generalized Calabi-Yau structures and "anomalies" of the
potential vorticity (with Bertrand Banos and Ian Roulstone)
Generalized complex structures and MA Hamiltonian
reduction(with Bertrand Banos)
Navier-Stokes (with B.Banos, J.Gibbon, I.Roulstone ArXiv:
nlin.SI/0509023)
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Navier-Stoks

Incompressible Navier-Stokes

∂u

∂t
+ u · ∇u +

1
ρ
∇P = ν∇2u (10)

∂ρ
∂t

+ ∇ · (ρu) = 0 (11)

∇ · u = 0 (12)

−∇2P =
n
∑

i ,j=1

∂ui

∂uj

∂xj

∂xi
(13)

Vladimir Roubtsov Talk at ECMS, Edinburgh, July 19, 2007,



Monge-Ampère Equations
Classification of SMAE on R2

SMAE in 3D
Conclusion

Bibliographie

Navier-Stoks

du1 ∧ dx2 ∧ dx3 + dx1 ∧ du2 ∧ dx3 + dx1 ∧ dx2 ∧ du3 = 0 (14)

∇2Pdx1∧dx2∧dx3−2(du1∧du2∧dx3+du1∧dx2∧du3+dx1∧du2∧du3) = 0
(15)

( ∂

∂t
+ LU

)

Ω = ν∇2Ω (16)

avec
Ω = du1 ∧ dx1 + du2 ∧ dx2 + du3 ∧ dx3

et

U =
3
∑

i=1

ui
∂

∂xi
.
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Figure: Cambridge University Press, December 2006
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