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The Muskat problem
The Muskat problem

Equation (Darcy’s law)

%V = _vp_ (Ovoagp)a

v velocity, p pressure, 11 viscosity, k. permeability, p density, and
g acceleration due to gravity.

@ Muskat (1937)
@ Saffman and Taylor (1958)

Equation (Hele—Shaw)

2 ¥ =-Vp—(0.20),

b distance between the plates.
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The Muskat problem

The contour equation

The density p is defined by

pr o in Qq(1)
X1, Xo, X3, 1) = .
p(1 2,43 ) {pz in Qg(t)

\\\ N
\\\\\\‘\\\Q\\\

with p1 # po.
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The Muskat problem

We have the 3DPM contour equation (two dimensional
interface) given by

2 [ly[2 + (f(x, t) — f(x — y, 1))2]3/2

pt+Vv-Vp=0
v=-Vp-(0,0,p) < 3DPM contour equation
divv=0
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The Muskat problem

The linearized equation

If we neglect the terms of order greater than one

f =" ;p2(R1aX1f+ Rody,f) = ;”ZAf,
f(x,0) = fy(x).

Applying the Fourier transform we get

f(6) = h(e)e =2kl

Problem

@ p1 < po Stable case,
@ p1 > po unstable case.
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The Muskat problem

Local well-posedness for the stable case (p2 > p1)

Let fy(x) € H* for k > 4 and p, > py. Then there exists a time
T > 0 so that there is a unique solution to 3DPM contour
equation in C'([0, T]; H*(R?)) with f(x,0) = fy(x).

Theorem (2-D case, one dimensional interface)

fo(x) € HX for k > 3 and py > py.
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The Muskat problem

Global existence?

@ L[> decays.
° /f(x, f) dx:/fo(x) ax.

@ Global existence for small initial data: Z IEIF(€)] << 1.
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The Muskat problem

lll-posedness for the unstable case (p1 > p2)

Lets > 3/2, then for any > 0 there exists a solution f of
2DPM contour equation with p1 > p» and 0 < ¢ < ¢ such that
[ll1s(0) < e and [|f]|1s(0) = oo.
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Sharp front for the QG equation
The QG equation

0+ u-VO=0,

u=vVty, 6=—(-A)"?y,

with 6(x, t) the temperature, (x, t) € R? x RT.

@ Constantin, Majda, and Tabak (1994)

We consider weak solutions given by

01, Qt
601, %2 1) :{ 0, Rg)\ﬂ(t).
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Sharp front for the QG equation

The 2-D vortex patch problem

Contour equation

wi+u-Vw =0,

u=vVtyp, w=Aqp,
where the vorticity is given by

W(Xx1, Xz, t) = { M(;(z, I{égt)\ Q(t).

@ Chemin (1993)
@ Bertozzi and Constantin (1993)
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Sharp front for the QG equation

The 2-D patch problem for QG

@ Rodrigo (2005), for a periodic C* front, i.e.
. 91, {f(X1,t)>X2}
O, xe. ) = { 0. {fx1.1) < 2},

h

x2=f(x ] 1)
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Sharp front for the QG equation

The a-patch model

@ Cordoba, Fontelos, Mancho and Rodrigo (2005)

Contour equation

0r+u-VO=0,

u=vVity, 6=—(-A)""2y, 0<a<t,

where the active scalar 6(x, t) satisfies

0, Qt
0(X17X27 t) = { 0; Rg )\ Q(t)
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Sharp front for the QG equation

The contour equation

SN awx(% t) - 87)((7 -1, t)
— <
Xt =3, /T X0 0) —x(r—m e o 0<asT

x(7,0) = xo(7)-

We need that

’X('% t) — X(’Y -1 t)‘
Inl

>0, V~,né€[-mmn],

therefore we give initial data satisfying this property, and we
prove that this condition is satisfied locally in time.
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Sharp front for the QG equation

Local well-posedness for 0 < o < 1

We define

FOO00) = ooy Y€ loml

with
F(x)(7,0,t) = [oyx(y, ).

Let xo(7y) € HX(T) for k > 3 with F(xo)(~,n) < co. Then there
exists a time T > 0 so that there is a unique solution to the
a-patch model for 0 < a < 1 in C'([0, T]; HX(T)), with

X(7,0) = xo(7)-

Francisco Gancedo Two contour dynamics problems



Sharp front for the QG equation

Existence for a = 1; the QG sharp front

We modify the equation as follows:

Contour equation

_ [ 9x(n ) = dx(y =, 1)
xt(v, t) —/T IX(v,t) = x(y —m, 1)

d77 =+ )‘(77 t)a’YX(’% t)a (1)
with

o+ [ Oyx(7, 1) ‘ Oy X(7y, ) =0y x(y—n, 1)
1000 =7 [ o O U R =< T

7 O0yx(n,t) Oy x(n, ) —9yx(n—¢, 1)
_/_nl(%X(n,t)lz a”(/qr |X(n, £)—x(n—¢, B)] d§>d”'
(2
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Sharp front for the QG equation

We get
[0, X (7, 1)[2 = A1)

@ Hou, Lowengrub and Shelley (1997)

Let xo(v) € HX(T) for k > 3 with F(xo)(y,n) < co. Then there
exists a time T > 0 so that there is a solution to (1) in
C'([0, T]; HX(T)) with x(,0) = xo(7) and (v, t) given by (2).

Extra cancellations:
Oy x(v, t) - 2x(v,1) =0,

and
Oy x(7, 1) - Bx(7, 1) = =[x (7, t)[2.

Francisco Gancedo Two contour dynamics problems



Sharp front for the QG equation
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