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Introduction: Consistency of relativity group with Heisenber g commutation relations

Question: What is the condition on arelativity group for the Heisenberg commutation relations
to hold for all states related by the group (on aflat manifold)

The Weyl-Heisenberg group H(m) =~ A(M) @AM+ 1), A(mM) ~ (R™, +) isamatrix group with
manifold R2M+1

Unitary representations o on Hilbert space H = L2([R™, €) given by Stone - von Neuman or generally
Mackey theorems

The Heisenberg commutation relations are the Hermitian representation of the LiealgebraZ = o' (2).
Any commuting subset of the operators {Z,} = {T, Q;, E, P;, I} may be diagonalized. Diagonalize
(T, Q}:

@UQ W) =ay@t, (Tl =tyaq?, @t ly)=ny@ v,

@UP ) =ins5y@ D, @UEW) =-i7g5y@t, ¢el’RMO0), (g, t}eR"
Equally well diagonalize {T, Pi} with wave function y(p, 1), {Qi, E} withy(q, eyor {E, P} withy(p, e).
The Weyl-Heisenberg group has no spacetime bias - al of these diagonalizations are equally valid.

We will show this requires that the central extension G isa subgroup of the automorphism group of 4 (m)
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Introduction to Problem: Relativity group for noninertial states

Second Question: How are the clocks for noninertial states related where the noninertial states
are due to forces other than gravity and therefore the manifold isflat.

Special relativity answersthisfor inertial states. Clocks related by Minkowski metric
dr?=papdx@dxX’=dt*- S dg?= dt?(1-v?/c?), a,b=0,1..n=3
If the noninertial states are due to gravity, then general relativity answers the question.

The equivalence principle of general relativity states that these states equivalent to locally inertial statein
acurved manifold.

Particles only under the influence of gravity follow geodesics that are the locally inertial trgjectories on
the curved manifold. Neighboring local inertial frames are related by the connection.

Clocks related by the Riemannian line element d 72 = gap(X) d X2 d X0
In apurely gravitating system, there are no noninertial states.

Question remains. What isthe relativity group for noninertial states for aflat manifold where
noninertial motion is caused by aforce other than gravity?
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Introduction: Noninertial relativity

We will investigate noninertial relativity groups consistent with the Heisenberg algebra with proper time for
noninertial states defined by the Born-Green metric on P~R2?™ and its limits, the Minkowski and Newtonian
time line elements

Newtonian time d t2:
Hamilton mechanicsrelativity that has an absolute inertial rest frame. Velocity and force are additive and
unbounded. Time {t} isan invariant subspacein P.
Minkowski proper time: d 72 = dt? — 2 d ¢?:
Relativity with absolute inertial frame but no absolute rest frame. Velocity isrelative to states and
bounded by ¢ , force f are unbounded. Spacetime {t, g'} isan invariant subspacein P. Timeisrelative.
Born-Green proper time: ds? =dt?— 5 dg?+ & (5 de?—d p?), b=apc?/G

Reciprocal relativity with Born-Green time has neither an absolute inertial frame nor an absolute rest
frame. Velocity isrelative to states and bounded by ¢ , force f isrelative to states and bounded by b.
Spacetime {t, '} is not an invariant subspace in P, it is relative to noninertial frame.

We call thisreciprocal relativity after Max Born's reciprocity (Edinburgh 1939-1949)




Stephen G. Low Version 1, June 28, 2008

Consistency of relativity with Heisenberg commutators

What is the largest relativity group consistent with Helsenberg commutation relations where the manifold is flat
Physical statesin quantum mechanics arerays ¥ in aHilbert spaceH, ¥ = {€“ [y)| w e R }, [¥) € H
Relativity group G acts through projective representations on these states and observables.

Thisis equivalent to the unitary representations o of the central extension G.

Consider observables of time, position, energy, momentum {Z,} = {Xa, Pa} = {T, Q, E, B} that are
Hermitian operatorsonH . (i, j=1, .m-1,a,b=0,1.m-1,a,8=1, ..2m)

These observables are the Hermi Ati an representations of the algebra of the unitary representation o of the
Weyl-Heisenberg group H(m): Z, = Teo(Zy) = 0'(Zs) , § = 0(9)

Za Z51 = Lug), =22
-7 0
and Hermitian representation
20 Zg) =i Lol

TH(m) isaone parameter central extension of A(2m) ~ (R?™, +), the abelian transglation group. Unitary
representation of 7 (m) is aparticular projective representation of A2 m).
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Consistency of relativity with Heisenberg commutators

The requAi rement that the relativity group G be consistent with the Heisenberg commutation relationsis
thatif Z,=02,07" withg=0(9), Zs = 0'(Z)
(20, 25 =ilapl & |ZnZp|=iluph
foradlge G,Z, € aG)
Then note that
Zy=0(@)¢'Z) o9 = 0'(9Z0 g
and so as the representation is faithful
(Zo, JeaHM) & {Z, |} € a(H(@m)
where
Z,=9Z, 9"

and so ge Q C ﬂutq-((m)

A relativity group on aflat manifold consistent with Heisenberg commutation relations has a central extension
that is a subgroup of the automorphism group Aut4, of the Weyl-Heisenberg algebra
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Weyl-Heisenberg group

The Weyl-Heisenberg group isarea matrix group H(m) c GL(2m+ 2) (Magjor)

H(z, o) ~|-'z-¢ 1 2 (=
. O 0 1)

Group operations of the Weyl-Heisenberg subgroup H(z, ) are
H(Z, /) - HZ,/))=H(Z + Z, /" + — % tz7r7), H Yz 1)=H(-z —0)
Expand notation with z = (X, p)

(1l O 0 x*)
O In, O p?

Pa —Xa 1 2¢
.0 O 0 1)

H(X”, p//’ L”)'H(X,, p/’ L/) — H(XI/ + X,, p// + p/’ L// +Ll _ % (X// p/ _ p// X/)),

2y 3

. O)’ zeR?™ 1R

H(X, p, t) ~ X, p€ R™, teR
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Automor phism group of the Weyl-Heisenberg group

Autg; has been determined by Folland to be
Autq ~ OAutyy @sH(M), OAutyy = 2o D Q® Sp(2 m)

where Z, is discrete 2 element group, D ~ (R, x) and Sp(2m) isthe symplectic group. H(m) arethe
inner automorphisms. The outer automorphisms OAut4, that isthe homogeneous group isdirectly
computed from the conditionon Q1 € GL(2m+ 2)

QH(z, ) Q1 =H(Z, )
Matrix realization is

P> 0 z
e 6,2, z,0)=| -'272 €6® 2
0 0 €

Note the special cases, e = +1, A(e, ) = €, 9, l2n42,0,00 € 2,0 D, 2~ Q(1, 1, Z,0,0) € Sp(2m)
and H(z, ) = (1, 1, lons2, Z, 1) € H(M)

A(e,6)=[0 € 62 O} 22[0 1 O],H(Z,L):[—tZ§ 1 2L]
0 0 € 001 0 01
andthat Qe 6, %, 2,7) = A(e, 6) XH(z, 1) wherez= §Xzandi= e€d?:
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Automor phism group of the Weyl-Heisenberg group

Autg, isthe central extension of Z, ® D ® 7Sp(2 m) where the inhomogeneous symplectic group is
ISp(m) = Sp(2m) @s A2 M),
The central extension of the inhomogeneous symplectic group is
I8p(m) ~ HSp(2m) = Sp(2m) @sH(m)
Thusthe relativity group G can always be written in the form
G~KN
where the homogeneous relativity group
K cOAuty ~ 27> D Q Sp(2m)
and the normal subgroup N c A(2m) such that the central extension Gc Autym)
Example: Inhomogeneous Lorentz group O(1, m— 1) s A(M).
o1, m-1)cSp(2m), A(mM) c A2m)
Poincaré group that is the central extension (it has no algebraic extension so thisisthe cover)
P2, m-1) ~ O(1, m-1) @ AM) C Autym
Another exampleisthe Galilei group that isthe central extension of the inhomogeneous Euclidean group
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Summary: Relativity group consistent with Heisenber g algebra

The assertion that the Weyl-Hei senberg commutation relations must hold in any frame related by a
relativity group G impliesthat:

The relativity group hastheform G ~ K @ N' where the homogeneous group is a subgroup of the outer
automorphisms

K cOAuty ~ 7, DR Sp(2m)
and the normal subgroup N c A(2m) such that the central extension GcC Autym)
Examples are the Poincaré group and Galilei group.
Thereis aWeyl-Cartan symplectic metric invariant up to ascale:

{=lopdZ2dZP = —dendt+§;dp adg), ¢-d%¢

10
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Noninertial homogeneous relativity groups

The homogeneous relativity groups for the orthogonal line that are a subgroup of OAut4, may be
determined simply by the conditions. (n=m-1) I'e GL(2n+ 2, R)

T T'=6%¢,
where = £, 5d2*dz’ = —deadt+6;;d p' Ad g with metric components (2n+ 2)x(2n+ 2) matrices
0 7
and orthogonal line element
tr.f].r =7,
wered & = Mo pdz'd 78 with where the homogeneous relativity group K are for the cases
10 .
dt2: = (O O)’ HSp(2n) ~ 75, ®sSp(2Nn) @ H (N)
0
dt?2- % do?: = (g 0), Ub(1, ) ~ O(L, 1) ®s AK), k = {202

) U, n

11
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Noninertial relativity groups

The inhomgeneous relativity group G = 7K that is the maximal group has a central extension
GcC Autqm that isthe maximal group with the above invariant line elements, Born-Green, Minkowski,

Newton are
Inhomogeneous Group Central Extension
Newton: HSp(2Nn) ®sA2N + 2) THSp2n) ~ Z, @sHSp2n) @sH(n + 1)
Minkowski:  Ub(L, N) ®s AN+ 2) Qb(1, n) =~ Ub, N) @sH(N+ 1)
Born-Green: U1, n) @ A2 N + 2) QL N =~UL NRsH(IN+ 1)

Related by Inént-Wigner contraction in limitsb —» co and ¢ - oo

Wigner approach is special relativistic qguantum mechanics is the projective representations of the
inhomogeneous L orentz group ( unitary representations of the central extension, the Poincaré group):
inertial quantum states

Relativity group relates physical states. States are raysin a Hilbert space, therefore related through
projective represenation of group

The idea does not use the condition that it isarelativity group be for inertial states

Noninertial quantum states given by the projective representations of the above inhomogeneous groups

But.... we are getting ahead of ourselves, what is the physically meaning of these noninertial relativity
groups

12
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Hamilton group (dt?)

Let's start with the ssmplest physical case, the classical (small velocity, nonguantum) physical meaning
of the homogeneous group for the Newtonian time line element d t2.

ElementsI" of the homogeneous relativity group K = HSp(2m) ~ Z, ®sSp(2n) ®sFH(n) may be written
as

) 0w 0
I'6, Z,w, r):[—tw-(’ § r| 6=+1 weR?", reR, EeSp(Zn),g”:( | O”)
0 0o oo

In

Setting X = (0 5

) ,0=1, w=(f, v)with f,ve R" we can write the Weyl-Heisenberg subgroup

I, O O f
I, O v
-f 1
O 0O 01

The group has an invariant line element and symplectic metric
dr?=dt?, {=-derdt+¢;dp rdq

0
H(f, v, r) ~ v

13
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Hamilton's equations

Consider the diffeomorphisms ¢ :IP - P : z— Z2 = ¢(2) or
t=gt. g p e, d =gyt qpe, e=edtaq pe,p=eLaqpe,

Then [ 22 atd) | € HSp(2n) and in particular | <2 et | € H(n). Expanding this
(O Ot Opr et

op oq oe ot ‘1 0 00 \
Opq 0pq Opq Jpq
[ G _| o Tww e ot | _ H - v Ib, 0 O
0z Ope  Ope  Ope  Ope r —f 1 v
op oq oe ot
dop Oy Oey  Oen \f O O Py

ap oq oe ot )

withi, j =1, ..n. Zero partials reduce functional dependence of transformations to
f=oUp, q & t) =@l =t, 0 =gy O & 1) = 4@, 1) = g + @),
e=pe(p g, &) =e+H(p, a0, P =¢hpaget=¢(pt)=p+eh.

resulting in Hamilton's equations (invariant under Sp(2 n) for general HSp(2n))

dgy® J_ dH(pab dgly(t) _gi__0H(pab dHpab _
dt ~ V=T ep Tdt ' T T aq T a -

14
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Hamilton relativity group of noninertial states

If we also assume orthonormal frames such that length d g? and d p? isinvariant, then the symplectic

R O
group reducesto X ~ ( , Re O(n) and the Hamilton relativity group with element I is

o R)
Ha(n) =~ Z, ®s0(N) ®sH (),
6o 0 00
v R 0 0
—f o v
f 0O 0R
wherev, f, r, arevelocity, force and power and R arerotations. Actiononbasisisdz=1I"dz
di=dt
dp=Rdp+ fdt
dg=Rdqg+vdt
de=de+v-dp-f-dqg+rdt
From group composition (R=1,), H(f,v,r)=H(t"”, V', r”)-H(f’, Vv, ')
f=f"+1, v=Vv'+V, r=1"+r" -7V +Vv' . f’
These are the expected transformations to noninertial statesin Hamilton's mechanics.
Inertial special case I'(1, R, 0, v, 0) € E&(n) c Ha(n)

ro,R f,v,r= ,o0==x1,v,f eR", reR, ReO(n)

15
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Hamilton summary

Started with two assumptions:

1) Relativity group is consistent with Helsenberg commutation relations

2) Newtonian time lineelement dt?> (Classical approximation to Born-Green line element)
Homogeneous relativity group is

K ~ HSp(2n) =~ Z, ®sSp(n) @ H(N)

With the orthonormal frame assumyption, homogeneous group is H a(n) ~ Z, ®s0(N) ® H(N).
Euclidean inertial group (thatjs the h9mogeneous subgroup of the Galilel group) isthe inertial special
case of the Hamilton group: &(n) ¢ H a(n)
Results in Hamilton's equations describing general noninertial trajectory of classical point particle.

Results in 'expected relativity group' between all physical noninertial statesin Hamilton mechanics.
Momentum, energy dimensions are as real as position and time dimensions to define a particle state.

This homogeneous noninertial relativity group is as physically fundamental as the homogeneous inertial
relativity group.

Timeisinvariant: all observers agree on the time subspace spanned by d t
Velocity and force are ssimply additive and unbounded.
Thereis an absolute inertial rest frame that all observers agree on

16
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Relativity group with invariant Born-Green metric

Consider a non-degenerate Born-Green orthogonal metric on P
ds’ = flo5d2°d 78 = apdx@d X° + n,pd p2d p°

or with dimensional constants explicit
ds? =dt?- S d? - S dp*+ 5 dée?,

b2 c2

Thisisthe only new physical assumption in the talk. It was considered by Born in his reciprocity
investigations in Edinburgh 1939-1949. {t, e} —> {e,—t}, {d, p} —> {p, —q}

b isa dimensional physical constant (dimensions of force - Newtons) that we use for the third
dimensional constant {c, b, #} rather than usua {c, G, #}. Notethat G = a4, % . b ~ @, 10% Newtons.

M=+, =+ 2, Ap=+/ 22, 2= V7be.
If @, = 1 these are numerically the usual Planck scales.

17
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Reciprocal relativity of noninertial states. Unitary group

Require that it isa subgroup of the outer automorphisms to be consistent with the Weyl-Heisenberg
algebra

02, 2n) (OAuty ~ U, n)
Unitary group may be factored: U(1, n) ~ U(1) s SU(1, n)
The groups satisfy the In6ni-Wigner contraction criteria
UL N - UbL 1) > Ha(n)
With the corresponding contraction of the orthogonal line element

dt?— S do? - & dp*+ dezb_—goodtz—C—lqu2 - dt?

2
b2 C C—o0

18
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Reciprocal relativity SU(1, 1) matrix group

Consider the one dimensional case and consider first theI'(v, f, r) € SU(1, 1) group realized by matrix
with basisorderingd z= (dt/A;, dq/Aq, de/Ae, d p/Ap) .

f
1 ¢ ~% ®
f r
A -M < 1 v we A O
roto=(y 0 )= S T T Y| rwoeo=(g )
be b 3
f
b "B o 1

withy = (1-V2/2 - f2/B2+12/b2cd) 7 andy® = (1-?/c?) °
Transformation equationsare dz=1"-d z.

dt _(dt . v dg f dp _ r de
/\t_(/\t_l_c /\q+b Ap cb /\e)’

d9 _ (dq v dt . r dp _ f de
/\q_y(?tq+c N T Th A, bxe)’
dp _ dp . f dt _ r dg _ v de
e _V(Ap TR b T /\e)’
de de , v dp f dg , r dt

19



Version 1, June 28 2008 Sephen G. Low

Transfor mation equations

Transformation equationsare d z=T"-d z. Soacetimeitself isrelative to noninertial states.
di=ydt+ % dg+ dp- de),

b2c2
d qzy(dq+vdt+—dp——de) = (L2 P— £2/2 4+ 12 R D) M2
dp:y(dp+fdt— dq+ de),
dezy(de+vdp—qu+rdt).
Limitof b - oo,
d’t=y°(dt+c—"2dq),
dg=vy°(dg+vd),
dp=y°(dp+fdt— dq+ de),
de=y°(de+vdp—qu+rdt).
Limitof b, c—
di=dt,
dg=dq+vdt,
d p=dp+ fdt,
de=de+vdp-fdqg+rdt.

Y =(1-\2 A

20
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Matrix groups (with dimensions)

Dimensioned basis (dt,dqg, de, d p)

1 ¢ -¥r & 1 %0 0
r(vfr)—(A _M)— V1 - w | ryoo=y|Yt 0 0
SRR OV VN A PP vl BV EY o0 1 v
\
fo-L X 1 00 =1
; 2 2 12 2 k2 2\ 12 o 2 -1/2
withy = (1-v?/c? - f2/b%+r?/b?c?) 7 andy° = (1-Vv?/c?)
Limits are;
e, f,r) = t|)im T'(v, f, NeuUn(1,), <I>(v,f,r)=blim T, f,r) e Ha),
— 00 ,C—o0
1 % 0 0) 10 0O
FOV_(AO)_Ovl 0 O q>vfr—V1 00
()_MA_yr—flv’ (”)_r—flv’
f - X 1 f 0O 01

21
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Group composition and null surfaces

Group multiplication is
rw, 7, r)-T(v, f',r)=T(, f,r)

where
V=RV ) (L S G- ),
fo (e e d vV /(e S0 50— )
= = VAV (L G T - )

Null surfaces (b, ¢ universal constants) from fixed point of group product

V2 f2 r2 - - Y
E2'+F_W=1’ |nert|alcase.?2-=1

Using dy2= L de?— dp?, (3£) =22 f2

at
Vo @ (dp\? _ 2
e =1+ 5 (F) =1+«

For aW meson decay, dt~10"%s,d u~ 100 &5,  «= £ d—*t‘ ~ 21070

Vaueof a;, sets scale where effects show up, a, ~ 10719 at weak scale, oy, ~ 1 at usual Planck scale. In
very strongly interacting regime (early universe) k~1 or greater, probe null surface wherev > c,

22
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New physical hypothesisis the Born-Green metric .

Reciprocal relativity of noninertial states given by U(1, n) transformations. Transform energy-
momentum into position-time and vice versa.

All physical states (not just inertial states) are related by the relativity group as observers must bein a
physical state and can only transform measurements from other physical states through the relativity
group. E.g. If thereis not arelativity group transform for a state, you could not interpret how that states
clocks are ticking.

No absolute rest frame, no absolute inertial frame. Soacetime itself is relative to noninertial state.
Natural dimensional basisis{c, b, #}.

Velocities are between particle states. Forces are between particle states. (Mach's principle)
Velocity and forceare bounded.  Null hypersurface eliptical hyperboloid.

Inb — oo limit spacetimeisagain invariant. An apparent global inertial frame emerges and it appears
that forces arerelative to it.

The groups satisfy the InGnU-Wigner contraction criteria (1, n) o Ub(1, n) o ﬁa(n)
With the corresponding contraction of the orthogonal line element

dt?— > do? - & dp*+ dezb—> dt?— 5> do? - dt?

2 02
bz c C—o0

23
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Relativity group with invariant Minkowski line element

Consider the case where proper timeisinvariant that is given by the Minkowski line element on
drzzﬁa,ﬂdz“dzﬁzna,bdxadxbz dt? — 0—12 dog?

whereze P ~R?™M, {7} = {x@, p?} ﬁ:(g 8)
Group is
Ub(L, N =01, NQ®sAK) ,k=(n+1)(n+2)/2

with elementsT" € Ub(1, n) given by

['(A, M)=(1/\\/[ ?\) withT'(A, 0) € O(1, n), T'(Im, M) € AKK), M =nMpg

Group productis T(A/, M)T(A, M) =T(A’ A, N M+M’ A), T(A, M1 =T (AL, —ATMA™Y)
M transformsas an (1, 1) tensor under the Lorentz transformations

TN, M)T(lp, M)T(A, M)L =T, A MA™
Transformation equationsdz=1"d z are

dx@=22dx° Hapb = Hba
dp?=22d p°+ pfdx pp = L 18, 17 stress-energy-momentum

24
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Comments on guantum mechanics

Special relativistic quantum mechanicsis given by the projective representations of the inhomogeneous
Lorentz group. These are equivalent to the unitary representations of the Poincaré group that isits
central extension (that isits cover as no algebraic extension) (Wigner, Mackey, Bargmann). For n = 3

P, 3) = 222RsSL(2, C) ®s A4

Invariants are the Casimir operators C, in the enveloping algebra. Wave equations are the eigenvalue
eguation for the Hermitian representations of the Casimir operators

O C)ly=va ), vo €R
This gives the Klein-Gordon, Dirac, Maxwell, etc single inertial particle SRQM wave equations

Wigner takes the active view of relativity in that the unitary representations of the group defines the
Hilbert space that is the space of physical states. (Mackey method for semidirect products.)

Thereis nothing in this definition that isinherently inertial.
Do the same thing for noninertial relativity groups.

Consider a noninertial homogeneous relativity group K. Quantum mechanics is the projective
representation of the inhomogeneous group G = 7K. Thisis equivalent to the unitary representations of

the central extension G.
Wave equations given in terms of Casimir eigenvalue equations as above.

25
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Comments on guantum mechanics

Born-Green case K = U(1, n). Q(L, n) = 7U(L, n)

QL N ~ULNRsHN+1), Q1 N =DRSU, N)RsH(N+1),
The Mackey theorems for nonabelian normal subgroups apply.
Again, wave eguations given by

0'(Co) ) =ve W), voa €R

In general, the wave equations are second order equations of wave functions y(q, t) that appear to be
'towers of spinning oscillators. The 'scalar case' is the relativistic oscillator.

Minkowski case K = Ub(1, n). Qb(1, n) = TUb(L, n)
Qb(1, n) ~ UDb(L, N) @ H(n+ 1),

That can be rewritten as
Qb(1, n) =~ P(1, N) @s(A((N+ 1) (N+2)/3) @ AN+ 2))

An immediate consequence is that, as there isahomomorphism = : Qb(1, n) (1, n) —» P(1, n) with
ker(m) ~ (A((n+ 1) (n+2)/2) ® AN+ 2)), adegenerate representation is the standard Poincaré SRQM
theory.

The Mackey theorems give this directly.

26
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Final summary (60 min talk)

Question: How are the clocks for non inertial states related where the noninertial states are due
to forces other than gravity and so manifold isflat.

Question: What is the most general relativity group consistent with quantum mechanics on aflat
manifold

Newtonian time d t2: 7{:9;7(2 N) ~ Z>®sSp(2Nn) @sH(N)

Hamilton relativity with has an absolute inertial rest frame. Velocity and force are additive and
unbounded. Time {t} isan invariant subspacein P.

Minkowski proper time:dr2=dt?— 2 dg?:  Ub(L, n) =~ O(L, n) ®sAK),

Relativity with absolute inertial frame but no absolute rest frame. Velocity isrelative to states and
bounded by ¢ , force f are unbounded. Spacetime {t, g'} isan invariant subspacein P. Timeisrelative.

Born-Green proper time: ds? =dt?— > do?— & d p*+ o d € U(L, n)

b2 c?
Reciprocal relativity with Born-Green time has neither an absolute inertial frame nor an absolute rest
frame. Velocity isrelative to states and bounded by ¢ , force f isrelative to states and bounded by b
(Mach’s principle). Spacetime {t, g'} isnot an invariant subspacein P, it is relative to noninertial frame.

27
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