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1. INTRODUCTION

Two possible ways of deforming classical free fields

p(x) = / d*p A(p) e™

«) deformation of space-time

Xp ’ X
classical quantum
| x,,%, ] =0 ~ X, % | =0

One can expand:

1 . 1 1 . oa o~
?ewj(li}() = ?(9[(2 + Eel(}V) ’OXp —+ QL%) P XpXU
/ T AN
canonical Lie-algebraic quadratic

(k-deformation)

3) deformation of field quanta

A(p) — A(p)

classical braided
[A(p),A(p)]=0 ~ [A(p),A(p))]#0



One can introduce braided commutator:

A(p)LAP) =0 ~  [A(p) AP =0

AAEP) -7 (Ap)Ap))
7-deformed flip operator 7

70 (A(p)A(p')) = A(p’)A(p)

v) quantization

unde formed deformed
class.  [A(p),A(P)] =0 % [A(p)AP)]er =0
Lh | &

quant.  [A(p),A(P) ~h = [A(p), A )s:~h

quantum standard — quantum braided
field theory field theory



For canonical deformation

i

Homomorphic star product realization

A A

p(X) - x(X) = o(x)%x(x) Moyal — Weyl

star-product

where
e
QO(X) *0 X(X> = QO(X) exp [? 8M(9;uj o V] X(X)
1 | |
T
If we define

A(p) oy A(q) = A(p) - A(q) - ™

[A(p),A(p) ] — [ A(p), A(p') ], — new statistics

0

we get two equivalent descriptions a) < [3)

p(x) % X(x) = p(x) oy x(x)

We look for similar equality for x-deformation

p(X) * X (%) = p(x) o X(X)

and

P(x) % X(y) = w(x) 0 X(¥)
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2. kx-DEFORMED FRAMEWORK
a) k-Poincare algebra, k-deformed Minkowski space

r-deformed Poincare-Hopf algebra

We choose k-deformed Poincare algebra in the modi-
fied Majid-Ruegg basis

[ M,uya M/\O' ] =1 (T]uUMV)\ — nyaMu/\ =+ T]V/\MMO' — nuAMi/a)
| M, Pj | = ieg Py

.. Po[K _2Pg 1 _Po- i _Pg
[Ni,Pj ] = 1(5ij822 [5 (1 —e "‘O) + 2—/{8 "‘OP2] — %e 22P1Pj
Pg

[Mi7P0]:O ) [Ni7P0]:ie_z_ﬁPi

Relation with standard Majid-Ruegg basis

P

1

rk-deformed mass Casimir

2
C2(P,) = C3(P,Py) = (2/<asinh <?>) — P2

K

Nl

(p? + m?)
2K

= Po = W, = 2k arcsinh



r-deformed Minkowski space

1

[XO,Xi]:;Xi ) [}217§(J]:O

Extension to the pair of k-deformed Minkowski spaces
Xy, Xy

[}2075}0] - [yOJS’J]:O

A A ]'A A A i,\
[X0>Yi] = —Yi [Ynyi] = —Xj
K K

b) k-deformed free fields

We choose the order in noncommutative exponential
-elPiX!: _ o —2P0%0oiPikig—2P0%0

The Weyl homomorphism leads to the star product

elPeX!: | alapits o Gippxt | Giquxt _ —i(Po+ao)xo+HiAi(D,4)x;

90 Po

Ai(p,q) = pie? +e 2q; (coproduct formula)



The homomorphism extends to bilocal products if

A A . . . . Jo _Po
elPuX: olaudts L Gippxt | Giauy” o —i(poxo+doyo)tHipie2i xjtgie 2ry;

Single k-deformed free field

1 _ _ ..
H(X) = 2n)3 /d4p A(po,P) 0 (CZ(P, po) — M?) :e'PX:

Resolution of mass-shell condition

52 1 M2
Py = *w.(p) = +2k arcsinh ( p 2: >
We have
§ (C3(p M?2) = 1 ) y 1 ) -
( /i(p7p0)_ ) _Qﬁ(f)) (PO—P0)+m (Po—Po)

where

Q,.(p) = 2k sinh (%(ﬁ))

K



If
G(X) = ¢4 (X) + 0-(X)

and A(p07 13) -V Ql{ ’ a(p07 13) one gets

. 1 d’p ~\ . ipK. ~\ . —ipx.
PR) = (27r)3/2/ Q.(p) (a(po, ) ™% + a'(po, B) € %) |py—un(p)

The creation/annihilation operators describe excita-
tions with definite fourmomenta

P,u > aﬁ(p()? f)) — pua/ﬁ(p()a f))
P,> a.(po,P) = m(A(l)(Pu)a/ﬁS(A(z)(Pu)))
P,U > (ali(poa fj) aﬁ(qoa 61)) -

(A“)(Pu) > a,(Po, f))) ' (A(z)(Pu) > (o, 61))

Explicitly

~

Po > (a.(po, P) ax(do,d)) = (Po + o) (ax(Po; P) ax(do,q))

Pi > (a/i(pﬂa fj) aﬁ(qoa 61)) - (pie% =+ e_g_gqi> (al‘f<p07 ]5) a/i<q07 (‘i)>
T T

nonsymmetric (nonabelian) addition law



Problem

Classical bosonic statistics

~

a/ﬁ(p(b ﬁ) : a/i(q()a 61) - afi(qﬂ? Q) : a/f(p(]? p)

nonconsistency with nonsymmetric coproduct !

We should introduce k-statistics to remove this incon-

sistency. We start with the following general deforma-
tion

a,.(fo(p,q),fi(p,q)) - a. (go(P,q), 8i(P,q)) =

= a,(ho(p,q), hi(p,q)) - ax(ko(p, q), ki(p, q))
We choose
fo=pPo , 8=a , ho=q , ko=po

q0 Po bo d0

fi =pie 2 , g = qie2_f<a : hi = qie” 2% ki — pieﬂ
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One gets
_do . Po _
Pus (. (b 25) . (a0 23)) -
_do . Po _
= (Py + Q) (aff (po, e 2*fp) ay, (qo, ezﬂq))
_Po @
Py (a2 . (b o29)) -

_Po _ q0 .
= (p,+4q,) (an <qo,e %q) a, (po,e%p))

We get consequently standard Abelian addition law

(1+2) (1+2)

Po =pPo+q , P =p+q

In our approach the energy and momenta of individual

particles which we add in classical (Abelian) way are
put on x-deformed mass-shells:

Po=wi(P?) ,  dp=w(@")
This is consistent with the energy conservation
~ 2

Wﬁ(f)z) + Wﬁ(qz) = Wﬂ(qz) + ws(P?)

But the oscillators a(po,e_g_gﬁ), ... are off-shell!

11



Two options with the mass-shell condition
Our option: new coupled mass-shell conditions <
going off-shell in particular way:

af@(p()a ﬁ)a/i(q07 61) - a,«;(p(), 75 = f)e—qo/Qli)aH(qO’ Q = Elepo/z’%)
Po = wi(P) = p2 = W(Pedo/2%)
@ =@ o q}=w(Qe P/

i

coupled mass-shells
Such entangled dispersion relations are consistent
with addition law of energy

Other option: standard mass-shell for the fourmo-
menta P, O carried by the k-oscillators:

py=wid) —  pj=wi(P)=uwi(pe )
a@=wi@ —  ay=wi(Q) = wi(Ge*™)
Oscillators are on-shell, but problems with addition
law of energies, because
wﬁ(f)e—om/%) + w,{((’iep"/z“) ?g w,{(Qe_pO/Z’f) 4+ wl{(f)e%/sz) |

Our next step which we perform:

Deformation of n-product of oscillators which provide
the classical value of the total fourmomentum

AW (py,....pn) —  Pi+--+Pn

standard product deformed product
of oscillators of oscillators

12



3. k- DEFORMED STATISTICS AND «-OSCILLATORS
a) k-deformed oscillator algebra

i) Binary relations

We define new product

We define k-deformed oscillators as follows ([ A, B |, :=
AoB—-BoA)

[alﬁ(ﬁ)7a/€((‘i) }o = [a (f)),a ((i) ]o =0
[al(P),a(@) Jo = 6@ (p - q)

The algebra is standard, multiplication prescription
can be extended in such a way that

(ax(P) 0 a.(q)) 0 ax(F) = a.(P) o (a.(q) o ax(r))

13



ii) Arbitrary monomial

The k-deformed product of n oscillators looks as fol-
lows

One can extend the above formula to general product
of a.(p) and al(p). One can also introduce relativistic
extension of these formula

where F,(;l)(p0 ,...»Py ) =€

tion factor

One can check associativity !!!

14



4. k-DEFORMED FOCK SPACE, STATES WITH BOSONIC
STATISTICS AND CLUSTERING OF MULTIPARTICLE STATES

We introduce

al(po,p)0>=0 , <0[0>=1

~

P >=a.(po,P)|0> ., pPo=wiD)

Two-particle state:

P,p,qa>= (p,+4,)|P,4>=(q, +p,)a,p >

We get classical bosonic symmetry of 2-partical states

n-particle state:

Y, pW L p W s=

15



r-deformed scalar product:

<kM kW =< O\aj{(k(()l), kWyo.. .o aL(k(()n), k™)

16



a,(py),p W)o.. . oapy,p ™0 >

We get metric in space of states described by o. One
can calculate that

— operator-valued metric in space of states

— one gets properties of STANDARD BOSONIC FOCK
SPACE

17



r-deformed clustered multiparticle:

~ ~ ~ ~ _9 . Pg L
[P, >= a.(po, B) © a(q0, @)|0 >= as(po, ¢_*B)ax(do, ¢*g)[0 >
P Q

where

coupled set of nonlinear equations

We see that there is a kinematic coupling between
particles - changing energies of remaining n-1 parti-
cles

po, p?, . opi Y pitY L p

changes the energies pg) of i-th particle

18



5. »-DEFORMED FIELDS WITH STANDARD STAR PROD-
UCT AND ON-SHELL x-DEFORMED OSCILLATORS

A) Standard x, star product

P(X) - () « o(x) x. 0(y) =

Po
d4q e (PoXo+doyo)— (plez"ixl_‘_qle 2ry;) )

d4

.5 (C2(p, po) — M?) 4 (C2(§, qo) — M?) -

- A (p07 13) A (q07 61)

After change of variables

90

Po=po , Pi=pie>

PO

QO_qO ) Ql_

one obtains

o(x) %5 oy & [ dto & %Y

ei(PuXMJFQuYM (7307 e %9 ) (QO7 e2;<; Q; ) .
5 (Cﬁ(e—%ﬂ, Po) — Mz) 5 (Cg(e% Qi Qo) — M2)
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In the field commutator

[ p(x),0(y) ] diP [ 4*Q elPux'+9uw") .

.[es(P"z—ZQO)A(pO,e 20D ) (onezmg>

5 (cg(e%gi, Qo) — M?) 5 (Cg(e—%ﬂ,ﬂ,) - M) +

A (on ] Ql) (7;07 e%ﬂ) .
) (Cﬁ(e_%Qi, Qo) — M2) 0 (Ci(e%ﬂ, Po) = Mz)]

one can not factorize product of mass-shell deltas. We
obtain the x-deformed product of oscillators which
lie on k-deformed mass-shell. If we employ the k-
deformed oscillator algebra we get

Pl%). 05 ) = [ KI%Fm1,20) plan)p(za) dardlz

K(X,¥;2z1,22) - numerical kernel
commutator - g-number bilinear in fields ¢
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6. ~-DEFORMED FIELDS WITH NONSTANDARD STAR PROD-
UCT AND OFF-SHELL x-DEFORMED OSCILLATORS

One can introduce modified multiplication of xr-deformed
noncommutative fields on k-Minkowski space

A

p(X) - p(¥) — p(X) © 0(F)

d*p [ d*q A(po,P)A(qo,q) -

0

-5(Cz(pe 258 Pg) — Mz) 5(C2(qe2%,q0) Mz) :

- exp (ipX) - exp (iqy)
where we deform the products of mass-shells

0 (Ci(f), Po) — Mz) 0 (Ci(qa Qo) — Mz) -

— 3 (CP.po) —M?) 6 (C2Q.q0) — M?)

~ P

with 75 = ]58_(21_2, Q — (leﬂ

21



For relativistic scalar field case we should introduce
modified k-star product

(%) © @(X) < p(x)*0(x) =

d*p [ d*q A(po,P)A(qo, 4)

0 (C2(pe 2“,P0) Mz) 0 (Ci(deg_g,q& - M2) '
- exp (—i(po + qo0)x’ + 1A(P, Q)Xi)
After change of variables one gets
p(X)*up(y) =

3(Po— Qo

d*Qe = (Poe %2 ) <Q0792“Q)

d*p

6 (C2(P,Po) = M2) -5 (CHQ, Qo) — M?) - el Px+0Y)

22



. 3(Po—20) « e e
If we introduce F'? (Po, Qo) = e % and relativistic

multiplication formula

Q0

A (P)o, A(Q) = FO(Py, Qp) - A (730, e—z—wi) A (QO, 2 Qi)

one can show that
p(X)*ep(y) = (%) ok o(y)

where the oscillators A(Po,e_%ﬂ) satisfy k-deformed
algebra but are off-shell because

C3(P,Py) —M2=0 < Py=+w.(P)

We define creation and annihilation operators

~

a(p) = A(po = wa(B). ) — positive energy

~

al(B) = A(po = —w,(p),P) — negative energy

The field decomposes into

23



Now for positive frequency parts

| ax(P);ax(q) Jo, =0

- _(2;)3 / é<2) sin(wx (P) (x0 — yo))eP* ¥ =

1
— TAR(X —-Y Mz)
)

obtained by replacement §(p? — M?) — §(C,.(po, p) — M?)
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7. QUANTIZATION RULES x-DEFORMED QUANTUM FIELDS

- - 1
[ SD(X()a X)7 SO(X(L Y) ]%H - TAH(X -y M2>|x0:y0 =0

_ 5 1
[ 50%0(X07 X)7 @(Xoa Y) ];H = TaOAm(X -y M2)|XO:yo -

~ 1 ~ p o=\ iD(R—7
V&= 9) = g [ B LB
~ 2 arcsinh (w"‘@>
~ Wr (P 2K
£.(p) P)

Q,(p?) sinh (W“T(f’))

We introduce k-deformed time derivative

O, ) )
Jy = ksin (—0) = ﬁ (e‘?o — e_l?o)
K 21

One can check that

O Aw(x — y; M?)|xymye = 6P (X — §)
5 (x) «— k — deformed canonical momenta

J5p(x) — related with bicovariant time derivative

25



8. DIFFERENT ALGEBRAIC MODELS OF k-STATISTICS
a) Class of k-deformed multiplications

One can introduce

where

a,(p) ©®a,(q) =J (175;%) A(Py, P)A(Qp, Q)

where if we wish to obtain the c-number commutator

function we should have

- - Qo

P(p.q) = Q(q,p)e =
Po(p,q) = Qo(a, p)

We obtain a freedom of choice of three functions

~

P(p.q) = pf(p.q) +ag(p.a) ., Po(p;q)

26



b) Deformation via x-deformed flip operators

~ Po

~ - A - A ~ _ " ~ 40
Tk (A(p()) p) A(q07 q)) — F(Q)(p()’ qO) A(q07 qe -~ ) A(p()) pe I{O)

~ 3(pg—ag)

F®(pg,qo) = (F®¥(po,qo))? =exp =

If we wish to obtain the c-number field commutator
the choice of 7, is unique. It satisfies

2 _
To=1

More general k-deformed flip operators used by Young
and Zegers (arXiv: 0711.2206) even for off-shell oscil-
lators do not lead to the c-number commutator func-
tion

c) The most general algebra of x-deformed off-shell

oscillators which leads to c-number field commutator
depends on arbitrary five functions
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9. FINAL REMARKS
We have the following basic alternative:

i) The theory of k-deformed noncommutative ” free”
fields is described by the action

[tz 0 (B - M?) o)

<—>/d4xg0 [02( Vv, %%) —M2] P(x)

r-deformed statistics = g-number field commutator

ii) The theory of k-deformed noncommutative ” free”
fields is described by modified action

/d % G(%) © (mﬁ _ 1\/[2> H(R) o

o / d* x ¢(x) %, [Cﬁ ( V. %aixo) — M2] P(x)

r-deformed statistics = c-number field commutator

Only in framework ii) one can introduce x-deformed
theory with x-deformed Feymann diagrams !
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