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Hopf algebras and field quantization

Hopf algebras and quantum observbles

2nd quantization of a 1-particle operator O (Cook 1953)

Γ(O) ≡ 1⊕O ⊕ (O ⊗ 1⊕ 1⊗O)⊕ (O ⊗ 1⊗ 1⊕ 1⊗O ⊗ 1⊕ 1⊗ 1⊗O)⊕ ...
such construction naturally leads to the notion of coproduct ∆O = O ⊗ 1⊕ 1⊗O

Γ(O) ≡ 1⊕O ⊕∆O ⊕∆2O ⊕ ...⊕∆nO ⊕ ...
with ∆nO = (∆⊗ 1) ◦∆n−1, ∆1 ≡ ∆ and n ≥ 2

Hopf algebras and quantum states

Hilbert space as a reps of the isometry group of the ambient space

• “One-particle” Hilbert space H: irreps of the Lie alg. generating the isometries , in
particular in 4d Minkowski of the subalgebra of translations T 4

Pµ ∈ T 4 ←→ |~p 〉 ∈ H

• “Multi-particle” spaces (anti-)symmetrized tensor products of H.

How do we define the action of a symmetry generator G on multiparticle states ?

• tensor product representations are defined via coproduct ∆(G) = G ⊗ 1 + 1⊗ G
given two reps (ρ1,H1) and (ρ2,H2); the reps (ρ,H1 ⊗H2) is given by

ρ ≡ (ρ1 ⊗ ρ2)∆
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The fate of Noether’s theorem in QFT

Spacetime symmetry generators are central objects in the construction of QFT Hilbert space

How are they defined in terms of classical conserved charges ?

• Main problem: Fields in QFT are operator valued distributions
I Proofs of Noether’s theorem involve manipulations which are not defined for

distributions (e.g. taking the product of two distributions)

I Given a conserved current jµ(x)→ ĵµ(x) the conserved charge Q̂ =
R

d3~x ĵ0(x)

is not a well defined operator!

• A rigorous formulation of Noether’s theorem in axiomatic QFT does not exist

• However one can prove the converse of Noether’s theorem:

Given a local and locally conserved current ĵµ(x) the charge Q̂ defines
a symmetry generator G

G B φ(x)| 0〉 ≡ [Q̂, φ(x)]| 0〉

• Using path integral techniques a set of relations involving jµ(x), φ(x) and G can be
established, known as Ward identities

∂µ〈0|T (jµ(x)φ(x1)...φ(xn))|0〉 = −i
nX

i=1

δ(x − xi )〈0|T (φ(x1)...G B φ(xi )...φ(xn))|0〉
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a symmetry generator G

G B φ(x)| 0〉 ≡ [Q̂, φ(x)]| 0〉

• Using path integral techniques a set of relations involving jµ(x), φ(x) and G can be
established, known as Ward identities

∂µ〈0|T (jµ(x)φ(x1)...φ(xn))|0〉 = −i
nX

i=1

δ(x − xi )〈0|T (φ(x1)...G B φ(xi )...φ(xn))|0〉

Michele Arzano — Beyond local QFT: non-locality, quantum group symmetries and κ-quantum fields 4/16



The fate of Noether’s theorem in QFT

Spacetime symmetry generators are central objects in the construction of QFT Hilbert space

How are they defined in terms of classical conserved charges ?

• Main problem: Fields in QFT are operator valued distributions
I Proofs of Noether’s theorem involve manipulations which are not defined for

distributions (e.g. taking the product of two distributions)

I Given a conserved current jµ(x)→ ĵµ(x) the conserved charge Q̂ =
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“Mutant” charges from 2d QFT and quantum group symmetries

Integrating the Ward identity

〈0|G B φ(x ′)|0〉 =

Z
V

dx ∂µ〈0|T (jµ(x)φ(x ′))|0〉 =

Z
∂V

d3~x 〈0|T (j0(x)φ(x ′))|0〉

one obtains the adjoint action G B φ(x ′) = [Q, φ(x ′)]

however the integral reps encompasses more general cases...

In 1+1-d QFT, integrable models non-perturbative knowledge of the S-matrix reveals the
existence of non-local conserved currents (D. Bernard and A. Le Clair, Commun. Math. Phys. 142, 99 (1991).)

the action of the symmetry gen. associated with charges Qa is a braided commutator

G a B Φk = QaΦk −Θak
bl ΦbQ l

• Qa’s do not generate a group but a quantum group (Lie algebra → Hopf algebra)

Use the same tools to introduce an effective deformation of standard QFT which models
the effects of a “geometric” non-locality?
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Gravity and (non-)locality in QFT

• Non-local effects seem to be inevitable on a dynamical background

I The notion of local observables is only an approximate one in the presence of
dynamical gravity (Giddings et al. Phys. Rev. D 74, 064018 (2006); Dittrich, Class. Quant. Grav. 23,

6155 (2006))
I Quantum fluctuations of space-time metric introduce an irreducible error in the

measurement of quantum field observables leading to non-local effects (Arkani-Hamed

et al JHEP 0705, 055 (2007))

What are the consequences of geometric non-locality on the Hilbert sp. structure of QFT?

• Given a symmetry generator G , if AΨ| 0〉 = |Ψ〉, by definition < 0 |G B AΨ| 0 >= 0

• using the Ward identity and the Kallen-Lehmann representation for T-products one can
see that non-locality ⇒

< 0 |G B φ(x)| 0 > 6=< 0 |[Q̂, φ(x)]| 0 >

more generally, non-locality of field operators will lead to

< 0 |[Q̂,AΨ]| 0 > 6= 0

looks like spontaneous symmetry breaking, but now, by construction, Q̂| 0 >= 0...
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Symmetries, quantum groups and non-locality

The Lie alg structure of symm generators is intimately connected with the local nature of QFT

Is there a more general algebraic framework which captures the non-local effects above?

• Given a symmetry generator G and the trivial coalgebra structure of its Lie algebra

∆(G) = G ⊗ 1 + 1⊗ G , ε(G) = 0 , S(G) = −G

the adjoint action on local observables can be “deconstructed”

G B a†(~k) ≡ adG (a†(~k)) = [G , a†(~k)] ≡ ((id ⊗ S)∆(G)) � a†(~k)

• non-local effects ⇒ < 0 |[Q̂,AΨ]| 0 > 6= 0, in particular

< 0 |G B a†(~k)| 0 >≡< 0 |[Q̂, a†(~k)]| 0 > +α1E−1
p F (1)(~k) + O(E−2

p )

• non-trivial co-product and antipode of a quantum group

∆(G) = ∆(0)(G) + h∆(1)(G) + O(h2) S(G) = S(0)(G) + h S(1)(G) + O(h2)

Can identify Q̂ with a generator of a quantum group with h = E−1
p !

Quantum groups appear to be natural generalizations of Lie-algebra symmetries in QFT in the
presence of non-locality

MA, Phys. Rev. D 77, 025013 (2008) [arXiv:0710.1083 [hep-th]].
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An example: QFT with κ-Poincaré symmetries

Quantum deformation of Poincaré algebra (def. parameter 1/κ) (Majid-Ruegg (1994))

coproducts

∆(P0) = P0 ⊗ 1 + 1⊗ P0 ∆(Pj ) = Pj ⊗ 1 + e−P0/κ ⊗ Pj

∆(Mj ) = Mj ⊗ 1 + 1⊗Mj

∆(Nj ) = Nj ⊗ 1 + e−P0/κ ⊗ Nj +
εjkl

κ
Pk ⊗Ml .

antipodes
S(Ml ) = −Ml , S(P0) = −P0, S(Pl ) = −e

P0
κ Pl

S(Nl ) = −e
P0
κ Nl +

1

κ
εljke

P0
κ PjMk ,

Hopf algebra multiplication defined through the commutators

[P0,Pj ] = 0 [Mj ,Mk ] = iεjklMl [Mj ,Nk ] = iεjklNl [Nj ,Nk ] = iεjklMl

[P0,Nl ] = −iPl [Pl ,Nj ] = −iδlj

“
κ
2

“
1− e−

2P0
κ

”
+ 1

2κ
~P2
”

+ i
κ
PlPj

[P0,Mk ] = 0 [Pj ,Mk ] = iεjklPl

mass-Casimir invariant

Cκ =
`
2κ sinh

`
P0
2κ

´´2 − ~P2e
P0
κ

κ→∞ recover the trivial Hopf algebra naturally associated to the Poincaré algebra
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Quantum deformation of Poincaré algebra (def. parameter 1/κ) (Majid-Ruegg (1994))
coproducts

∆(P0) = P0 ⊗ 1 + 1⊗ P0 ∆(Pj ) = Pj ⊗ 1 + e−P0/κ ⊗ Pj

∆(Mj ) = Mj ⊗ 1 + 1⊗Mj

∆(Nj ) = Nj ⊗ 1 + e−P0/κ ⊗ Nj +
εjkl

κ
Pk ⊗Ml .

antipodes
S(Ml ) = −Ml , S(P0) = −P0, S(Pl ) = −e

P0
κ Pl

S(Nl ) = −e
P0
κ Nl +

1

κ
εljke

P0
κ PjMk ,

Hopf algebra multiplication defined through the commutators

[P0,Pj ] = 0 [Mj ,Mk ] = iεjklMl [Mj ,Nk ] = iεjklNl [Nj ,Nk ] = iεjklMl

[P0,Nl ] = −iPl [Pl ,Nj ] = −iδlj

“
κ
2

“
1− e−

2P0
κ

”
+ 1

2κ
~P2
”

+ i
κ
PlPj

[P0,Mk ] = 0 [Pj ,Mk ] = iεjklPl

mass-Casimir invariant

Cκ =
`
2κ sinh

`
P0
2κ

´´2 − ~P2e
P0
κ

κ→∞ recover the trivial Hopf algebra naturally associated to the Poincaré algebra
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Quantum deformation of Poincaré algebra (def. parameter 1/κ) (Majid-Ruegg (1994))
coproducts

∆(P0) = P0 ⊗ 1 + 1⊗ P0 ∆(Pj ) = Pj ⊗ 1 + e−P0/κ ⊗ Pj

∆(Mj ) = Mj ⊗ 1 + 1⊗Mj

∆(Nj ) = Nj ⊗ 1 + e−P0/κ ⊗ Nj +
εjkl

κ
Pk ⊗Ml .

antipodes
S(Ml ) = −Ml , S(P0) = −P0, S(Pl ) = −e

P0
κ Pl

S(Nl ) = −e
P0
κ Nl +

1

κ
εljke

P0
κ PjMk ,

Hopf algebra multiplication defined through the commutators

[P0,Pj ] = 0 [Mj ,Mk ] = iεjklMl [Mj ,Nk ] = iεjklNl [Nj ,Nk ] = iεjklMl

[P0,Nl ] = −iPl [Pl ,Nj ] = −iδlj

“
κ
2

“
1− e−

2P0
κ

”
+ 1

2κ
~P2
”

+ i
κ
PlPj

[P0,Mk ] = 0 [Pj ,Mk ] = iεjklPl

mass-Casimir invariant

Cκ =
`
2κ sinh

`
P0
2κ

´´2 − ~P2e
P0
κ

κ→∞ recover the trivial Hopf algebra naturally associated to the Poincaré algebra
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κ-Poincaré and κ-Minkowski NCST

Relation between κ-Poincaré and κ-Minkowski NCST:

[xm, t] = i
κ
xm , [xm, xl ] = 0

• Consider plane wave fields e ipx , eigenfunctions of the translation generators Pµ:

Pµ B e ipx = pµe ipx

• Define a product (∗) for such functions...needs to be compatible with co-product:

∗(∆(Pµ) B (e iq1x ⊗ e iq2x )) ≡ Pµ B (e iq1x ∗ e iq2x )

• From the LHS above

Pµ B (e iq1x ∗ e iq2x ) = (q1+̇q2)(e iq1x ∗ e iq2x )

with q1+̇q2 = (q0
1 + q0

2 ; ~q1 + e−q0
1/κ~q2)

•
e iq1x ∗ e iq2x ≡ e(q1+̇q2)x

NOTE: q1+̇q2 6= q2+̇q1

We have a non-commutative algebra of functions
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Symplectic geometry of classical κ-fields

Standard “textbook” quantization in terms of CCR is problematic in κ-Minkowski...
need alternative strategies

study the symmetries of classical κ-fields borrowing the basic tools of “covariant
phase space” formalism (M.A. and Marciano, Phys. Rev. D 75, 081701 (2007) [arXiv:hep-th/0701268].):

Identify the phase space of a relativistic field, Γ with the space of solutions
of the (Klein-Gordon) equation of motion S {φ(x);π(x)} ∈ Γ←→ Φ ∈ S

• On S is defined a symplectic 2-form ω (on the standard phase space manifold
ω = 1

2

R
Σt
δΠ ∧ δΦ) in terms of which one describe dynamics and observables

• Our strategy: use a (Poisson) map m between S and Sκ to define a symplectic
structure on Sκ

symplectic structure defines an hermitian inner product on the space of solutions

(Φ1,Φ2)κ =

Z
d4p

(2π)3
δ(Cκ(p))

p0

|p0|
e

3p0
κ Φ̃∗1(−̇p)Φ̃2(p) ,

vector space over C + inner product =⇒ Hilber space!

Michele Arzano — Beyond local QFT: non-locality, quantum group symmetries and κ-quantum fields 10/16



Symplectic geometry of classical κ-fields

Standard “textbook” quantization in terms of CCR is problematic in κ-Minkowski...
need alternative strategies

study the symmetries of classical κ-fields borrowing the basic tools of “covariant
phase space” formalism (M.A. and Marciano, Phys. Rev. D 75, 081701 (2007) [arXiv:hep-th/0701268].):

Identify the phase space of a relativistic field, Γ with the space of solutions
of the (Klein-Gordon) equation of motion S {φ(x);π(x)} ∈ Γ←→ Φ ∈ S

• On S is defined a symplectic 2-form ω (on the standard phase space manifold
ω = 1

2

R
Σt
δΠ ∧ δΦ) in terms of which one describe dynamics and observables

• Our strategy: use a (Poisson) map m between S and Sκ to define a symplectic
structure on Sκ

symplectic structure defines an hermitian inner product on the space of solutions

(Φ1,Φ2)κ =

Z
d4p

(2π)3
δ(Cκ(p))

p0

|p0|
e

3p0
κ Φ̃∗1(−̇p)Φ̃2(p) ,

vector space over C + inner product =⇒ Hilber space!

Michele Arzano — Beyond local QFT: non-locality, quantum group symmetries and κ-quantum fields 10/16



Symplectic geometry of classical κ-fields

Standard “textbook” quantization in terms of CCR is problematic in κ-Minkowski...
need alternative strategies

study the symmetries of classical κ-fields borrowing the basic tools of “covariant
phase space” formalism (M.A. and Marciano, Phys. Rev. D 75, 081701 (2007) [arXiv:hep-th/0701268].):

Identify the phase space of a relativistic field, Γ with the space of solutions
of the (Klein-Gordon) equation of motion S {φ(x);π(x)} ∈ Γ←→ Φ ∈ S

• On S is defined a symplectic 2-form ω (on the standard phase space manifold
ω = 1

2

R
Σt
δΠ ∧ δΦ) in terms of which one describe dynamics and observables

• Our strategy: use a (Poisson) map m between S and Sκ to define a symplectic
structure on Sκ

symplectic structure defines an hermitian inner product on the space of solutions

(Φ1,Φ2)κ =

Z
d4p

(2π)3
δ(Cκ(p))

p0

|p0|
e

3p0
κ Φ̃∗1(−̇p)Φ̃2(p) ,

vector space over C + inner product =⇒ Hilber space!

Michele Arzano — Beyond local QFT: non-locality, quantum group symmetries and κ-quantum fields 10/16



Symplectic geometry of classical κ-fields

Standard “textbook” quantization in terms of CCR is problematic in κ-Minkowski...
need alternative strategies

study the symmetries of classical κ-fields borrowing the basic tools of “covariant
phase space” formalism (M.A. and Marciano, Phys. Rev. D 75, 081701 (2007) [arXiv:hep-th/0701268].):

Identify the phase space of a relativistic field, Γ with the space of solutions
of the (Klein-Gordon) equation of motion S {φ(x);π(x)} ∈ Γ←→ Φ ∈ S

• On S is defined a symplectic 2-form ω (on the standard phase space manifold
ω = 1

2

R
Σt
δΠ ∧ δΦ) in terms of which one describe dynamics and observables
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Canonical quantization of free κ-fields: one-particle sector

Given an inner product standard construction of one-particle Hilbert space H form
SC...

the map m : SC → SC
κ allows an analogous construction of Hκ

To turn S into a Hilbert space need to restrict to a subspace on which the inner
product is positive definite.

• standard case: restrict to positive frequency solutions subspace: SC+.

• κ-deformed case: ω±(~p) = −κ log
“

1∓ |~p|
κ

”
...

The positive root ω+(~p) becomes complex for “transplanckian” modes (|~p| > κ)
and their inner product is no longer positive definite!!

• Need to restrict to Sκ+

|~k|≤κ
⊂ Sκ, positive energy modes truncated at κ

κ-one-particle Hilbert space: Hκ ≡ Sκ+

|~k|≤κ

spanned by an orthonormal set of plane waves on the deformed mass-shell {φ~p},

φ~p ≡ |~p〉
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Canonical quantization of free κ-fields: multi-particle states

In ordinary QFT the full (bosonic) Fock space is obtained from symmetrized tensor prods of H

In the κ-deformed case try to proceed in an analogous way BUT...
the symmetrized state

1/
√

2(|~p1〉 ⊗ |~p2〉+ |~p2〉 ⊗ |~p1〉)
is NOT an eigenstate of Pµ due to the role of non-trivial coproduct

Multi-particle states of κ-Fock-space are built via a “momentum dependent” symmetrization

• E.g. there will be two 2-particle states

|p1p2〉κ =
1
√

2

ˆ
|~p1〉 ⊗ |~p2〉+ | (1− ε1)~p2〉 ⊗ | (1− ε1(1− ε2))−1~p1〉

˜
|p2p1〉κ =

1
√

2

ˆ
|~p2〉 ⊗ |~p1〉+ | (1− ε2)~p1〉 ⊗ | (1− ε2(1− ε1))−1~p2〉

˜
with εi = |~pi |

κ

given n-different modes one has n! different n-particle states, one for each
permutation of the n modes p1 , p2 ... pn

• the different states are orthogonal for every finite κ, e.g.

〈p1p2 | p2p1〉κ '
1

2
δ(3) (ε2~p1) δ(3)

`
(ε1(1− ε2)−1 − 1)−1~p2

´
+ 1↔ 2 .

MA and A. Marciano, Phys. Rev. D 76, 125005 (2007); MA and D. Benedetti, in progress see also D. Benedetti’s talk.
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κ-field operators and energy-momentum charges

Once a recipe for constructing Fκs (H) is given one can easily introduce creation and

annihilation operators: {b†p , bp}

they obey a non-abelian ? composition rule, e.g. b†p ? b†q and b†q ? b†p , acting on the vacuum, will
create two different states: |p+̇q > and |q+̇p >

can finally write the field operator Φ̂ =
P
~p, |~p|≤κ

“
φpbp + φ̄pb†p

”
A first application: derive energy-momentum charges carried by the states in Fκs (H)

• Noether charges in the quantum context become observables, i.e. operators

Q̂µ = 1
2

(Φ̂,Pµ B Φ̂)κ = 1
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P
~p, |~p|≤κ
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Hidden entanglement at the Planck scale

The non-trivial algebraic structure of κ-translations endows the Fock space with a
“fine structure”

• the different states can be distinguished measuring their momentum splitting e.g.

|∆~P12| ≡ |~P12 − ~P21| = 1
κ
|~p1|~p2| − ~p2|~p1|| ≤ 2

κ
|~p1||~p2|

of order |~pi |2/κ
• the 2-mode Hilbert space becomes H2

κ
∼= S2H2 ⊗ C2, where S2H2 is the ordinary

symmetrized 2-mode Hilbert space and our states can be written as

|E〉 ⊗ |0〉 = |p1p2〉κ
|E〉 ⊗ |1〉 = |p2p1〉κ

with E = E(~p1) + E(~p2)

Mode entanglement becomes possible!

• e.g. the state superposition of two total “classical” energies EA = E(~pA) + E(~qA) and
EB = E(~pB ) + E(~qB ) can be entangled with the additional hidden modes e.g.

|Ψ〉 = 1/
√

2(|EA〉 ⊗ |0〉+ |EB〉 ⊗ |1〉)

(MA, A. Hamma and S. Severini, arXiv:0806.2145.)
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The Hilbert space fine structure and loss of unitarity

• consider a quantum system evolving unitarily

ρ(t) = U(t)ρ(0)U†(t)

• start with a pure state ρ(0) factorized with respect to the bipartition in Hn
κ
∼= SnHn ⊗ Cn

• If U(t) acts as an “entangling gate”, the state ρ(t) will be entangled

• A macroscopic observer who is not able to resolve the planckian degrees of freedom at the
beginning will see the reduced system in a pure state

ρobs (0) = TrPlρ(0)

• As the system evolves she will see the mixed state

ρobs (t) = TrPlρ(t) = TrPl

h
U(t)ρ(0)U†(t)

i
.

For the macroscopic observer, the evolution is not unitary!

An example of decoherence of closed systems in quantum gravity (B. S. Kay, hep-th/9810077)

The possibility of mode entanglement also suggests a neat proposal for a resolution of
the BH info paradox (more details in arXiv:0806.2145)
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Conclusions and outlook

• QFT with Hilbert space built from reps of a quantum deformed algebra suggested as
effective theory incorporating (gravity-induced) non-local effects

• κ-Poincaré, canonical quantization of linear massless scalar field:

I “one-particle” Hilbert space spanned by modes up to a planckian cut-off κ

I “multi-particle” sector: non-trivial bosonization, modes acquire energy/cut-off

dependent factors: consequences for particle statistics, mode entanglement

“Gentlemen, there is lots of room in Hilbert space”, S. Mac Lane

I need to go beyond kinematics, introduce interactions etc.

• need a discriminant for different deformed algebra models:

connection with low energy limit of QG coupled to matter...

• “conservative” way of consistently introducing non-trivial planckian effects in standard
effective field theory

interesting models for studying issues of QFT on non-trivial backgrounds.

“Entia non sunt multiplicanda praeter necessitatem”

we didn’t introduce anything new, we just deformed!
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• “conservative” way of consistently introducing non-trivial planckian effects in standard
effective field theory

interesting models for studying issues of QFT on non-trivial backgrounds.

“Entia non sunt multiplicanda praeter necessitatem”

we didn’t introduce anything new, we just deformed!
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