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Raynaud’s theorem

V: a-adically complete valuation ringa(e my \ {0}) of height 1,K = Frac{).
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e Strong analogue with birational geometry.

e More general notion of rigid spaces; e.g.

— rigid henselian spaces, rigid Zariskian spaces
— absolute notion of rigid spaces...
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Birational approach

ldea: Enhancing “birational-geometry-like aspect” of rigidayeetry by applying
Zariski’s classical approach to birational geometry.

Raynaud'’s viewpoint

of rigid geometry
Geometry Rigid analytic
of models geometry

Geometry of
formal schemes

Zariski’s viewpoint of
birational geometry

Zariski-Riemann
space
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Visualization: Zariski-Riemann space

¢ Rigid space= patching ofcoheren{= g-cpt & g-sep) objects.
e Coherent rigid spaces have coherieminal model§Raynaud’s Theorem).

~~» Zariski-Riemann space for coherentZ” (in general, by patching),

() = I(m(allformal models)

— The limit is cofiltered Admissible blow-up®f a fixed formal model
comprise a cofinal portion of all formal models.
— For coherent?’, the topological space?’) is coherent£ spectral), that is:
e Sober;
e 1 open basis consisting of quasi-compact open subsets;
e quasi-separated; i.dJ, V: quasi-compact U N V: quasi-compact;
e (uasi-compact.

N.B. Filtered projective limit of coherent topological spaces guasi-compact
maps is again coherent.
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Visualization: Zariski-Riemann space

e Two structure sheaves

. ﬁf;} (integral structure sheaf): given by the limit,
e Oy ((rigid) structure sheaf)= 't [2].

~s> Zariski-Riemann triple ((Z°), 6™, € )

e At leastin classical situation{.¢"), 6", & 5-) coincides with the
associated adic space.# = (SpfA)"9, then

(2, Ox)=AN3gl. TUZ), 0%)=A"
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Visualization: Zariski-Riemann space

e Two structure sheaves
o ﬁf;} (integral structure sheaf): given by the limit,
e Oy ((rigid) structure sheaf)= 't [2].
~s Zariski-Riemann triple ((Z°), 0", € 9°)

e At leastin classical situation{.¢"), 6", & 5-) coincides with the
associated adic space.# = (SpfA)"9, then

(2, Ox)=AN3gl. TUZ), 0%)=A"

e Separation map sepy : (X)) — [Z].

e Defined by universal mapping property purely in the languafge
topological spaces; universd quotient.

o [Z7] (the separated quotient) is homeomorphic to the undeglyin
topological space of the associated Berkovich spacg of
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Visualization: Zariski-Riemann space

e Points of(.2") corresponds to valuations (similar to the classical sibmt

Example. Analytic curve/ cDVF

Height 2
points l generalization

~
~
~
~
~
~
~
~
~

Berkovich @
points -~

Annulus

Quasi-compact open
subset of a formal model
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Zariski's technique

A kind of inductive argument that has the following genetalsture:

local argument

E.Q.

birational patching

g-cpt'nessof ZR space

= desired result

Resolution of singularities (Zariski, Abhyankar)
Embedding theorem (Nagata)
(Formal) flattening theorem
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Formal flattening theorem

V: a-adically complete valuation ring, € my \ {0}.

Formal flattening theorem (Bosch-Raynaud, Fujiwara). Let f: X — S be a

morphism of finite type coherent formal schemes of finite typerV. Then the
following conditions are equivalent:

(1) fn9: X"9 — S"9 js flat, that is( f"9): (X"9) — (S"9) s flat as a mappingy
of local ringed spaces (with the rigid structure sheaf);

(2) there exists an admissible blow-8p — S such that the strict transforfn
f’. X' — S is flat.
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Absolute rigid space?

‘Points’ of rigid space = points of ZR-space.

~» Valuation rings (of arbitrary height point-objectsin rigid geometry.

Cf. - Classical algebraic geometry: varieties over a field
— Scheme theory: fields point objects, varieties fiber objects
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Absolute rigid space?

‘Points’ of rigid space = points of ZR-space.

~» Valuation rings (of arbitrary height point-objectsin rigid geometry.

Cf. - Classical algebraic geometry: varieties over a field
— Scheme theory: fields point objects, varieties fiber objects

~» Want to have a nice class of complete adic rings —

e containing Noetherian rings argdadically complete valuation rings of
arbitrary height;

e stable under topologically of finite type extension and urdese change
by topologically of finite type map;

e satisfying the Artin-Rees type condition;

e suitable for geometry, homological algebra, etc. thatalone to
generalize theorems in [EGA] ] (especially, GFGA theorems).
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|-adically adhesive rings

A: ring, A 2 |: finitely generated ideal
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def . : e
— any finitely generated-torsion freeA-module is finitely presented.

e A: |-adically adhesive= A is Noetherian outsidke
e A: |-adically adhesive= any finite A-algebraB is | B-adically adhesive.

Example.V: valuation ring,a € my \ {0}.

V Is a-adically adhesive— V is a-adically separated.

Definition. Ais said to bd -adically universally adhesive

def : ; :
— Al X1, ..., Xq] Is I-adically adhesive for ansy.
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First properties

e (Artin-Rees type property) A: I-adically universally adhesive
— (AR): for any finitely generated-moduleM, any A-submoduleN C M,
and anyn > 0, there existsn > 0 such that

NNI™M CI"N.

(In particular, the subspace topology Nrcoincides with thd-adic topology.)

— A — Ais flat.
A technically important consequend€ A is | -adically complete anttadically
universally adhesive, and ff, ..., f, € Asuch that{o,..., f;) = A, then

A —> E}[ ACEYY

is faithfully flat.

May. 15th, 2008, at ICMS. — p.140



First properties

e (Structure sheaf coherency)A: I-adically universally adhesive, athetorsion
free

—> any finitely presented-algebra is a coherent ring; in particular, the
structure sheal’ of SpecA is coherent as ai?-module.

e (Flat descent)A — B faithfully flat, andB is | B-adically adhesive (resp.
| -adically universally adhesive)
—> Alis |-adically adhesive (resp-adically universally adhesive).

e (Local criterion of flatness) A — B: adic map betweeh-adically universally
adhesive ringsM: a finitely generate®-module. Suppose th&tis I-adically
Zariskian (that is, & 1B c B*). Then the following conditions are equivalent:
(a) M is A-flat;
(b) My = M/1%1M is flat overA, = A/1%1 for anyk > 0.
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|-adically t.u.a. rings

Definition. Ais said to bd -adically topologically universally adhesive

def oy
— e for anyn, thel-adic completioPA{Xy, ..., X)) of A[Xq, ..., Xy] IS

e Ais |-adically universally adhesive;
{ againl-adically universally adhesive.
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|-adically t.u.a. rings

Definition. Ais said to bd -adically topologically universally adhesive

def

< { e for anyn, thel-adic completiom(Xy, ..., Xn) of A[Xq, ..., X]is

againl-adically universally adhesive.

{. A is |-adically universally adhesive;

Example. Noetherian rings (with arbitrary ideal) are clearly t.u.a.

Theorem (Gabber).

Any a-adically complete valuation ring of arbitrary heightsdically t.u.a.
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|-adically t.u.a. rings

S

Theorem. Let A be a ring, and = (a) a principal ideal. Then the followin
conditions are equivalent:

(a) Ais a-adically t.u.a.;
(b) ALXq, ..., X)) Is a-adically adhesive for ang > O.

Proposition. Let A be aring, and a finitely generated ideal. Suppose:

(a) A (the I-adic completion) is-adically adhesive;
(b) A — Alis flat;
(c) Ais Noetherian outside

ThenA s I-adically adhesive.

N.B. One can construct complete t.u.a. rings that have Berkbgemeralized
atfinoid rings (e.gK{r—1x)) as their generic fibers.
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Adequate formal schemes

Definition. An adic formal schem& of finite ideal type is said to badequate if,
for any finite type map SpA — X from an dfine formal scheméi is | -adically
t.u.a., wherd is an ideal of definition oA.

Example.

(1) Locally Noetherian formal schemes.
(2) Formal schemes of finite type over SpafwhereV is ana-adically complete

valuation ring (of arbitrary height).
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Adequate formal schemes

Basic properties.

e Make sense to defiref finite presentationimap between adequate formal
schemes.

o If X is adequate, andy is .7 -torsion free (where# is an ideal ideal of
definition), then, for anyy — X of finite presentationy is coherent as
Ov-module.

e Consistent notion of flatness; faithfully flat descent (e o-calledadically
guasi-coherent sheaves).
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Theorems

Theorem (GFGA Existence Theorem). Let B be I-adically complete t.u.al,
| -adically topologically universally cohesive (elgtorsion free),f: X —» Y =
SpecdB proper morphism of algebraic spaces of finite presentaticam

Dct:)oh(x) ;) Dct:)oh(i)

exact equivalence of triangulated categories.

Theorem (Finiteness Theorem).Let f: X — Y be a proper of finite present
tion between quasi-compact adequate formal schemesy amiversally cohey
sive. Then, R, mapsD¢ _, (X) to D7 _,(Y), wherex =* ", +, -, b.

D
1

Cf. Ullrich, Math. Ann. 301
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General rigid space

Definition of rigid spaces:

e Coherentrigid space = an object of the quotient category

{coherent adequa}te o
formal schemes /[admlSSlblj?'
blow-ups

e (General) rigid space = patching of coherent rigid spaces.

e Visualization = Zariski-Riemann triple. 2", 6™, 04).
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GAGA

e B: [-adically t.u.a. ringD = V(l) € S = SpedB, U =S\ D.
~» GAGA functor

{Iocally of finite}5 {rigid spaces ov
H

r an
typeU-scheme ¥ = (SpfB)"9 ? Xr— X

(Ingredient for the construction: Nagata’'s embedding itaex)
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GAGA

e B: I-adically t.u.a. ringD = V(I) € S = SpecB,U =S\ D.
~» GAGA functor

{Iocally of finite}s_> rigid spaces ov
typeU-scheme ¥ = (SpfB)"d

e}r, X s XN

(Ingredient for the construction: Nagata’s embedding itee

GAGA Existence Theorem.Let f: X — U be a propetJ-scheme. Then tHje
comparison functor

Do) — Deor(X™)

IS an exact equivalence of triangulated categories.
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A theorem

Theorem. Let S be a coherent adequate formal scheme, dneé S a formal
algebraic space of finite type. Then there exists an adnsslow-up X’ — X
such thatX’ is a formal scheme.
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A theorem

Theorem. Let S be a coherent adequate formal scheme, dneé S a formal
algebraic space of finite type. Then there exists an adnsslow-up X’ — X
such thatX’ is a formal scheme.

e This theoremt+ Nagata’'s embedding theorem for algebraic spaces

~~» GAGA functor for algebraic spaces (cf. Conrad-Temkin).
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