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Raynaud's theorem
V: a-adically complete valuation ring (a ∈ mV \ {0}) of height 1,K = Frac(V).
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Raynaud's theorem
V: a-adically complete valuation ring (a ∈ mV \ {0}) of height 1,K = Frac(V).

Theorem (Raynaud 1972). The Raynaud functorX  Xrig gives rise to the
categorical equivalence

{coherentV-formal
schemes of finite type

}
/ admissible

blow-ups



∼
−→

{coherent rigid
spaces overK

}
.

(Here, ‘coherent’ means ‘quasi-compact and quasi-separated’.)
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Raynaud's theorem
V: a-adically complete valuation ring (a ∈ mV \ {0}) of height 1,K = Frac(V).

Theorem (Raynaud 1972). The Raynaud functorX  Xrig gives rise to the
categorical equivalence

{coherentV-formal
schemes of finite type

}
/ admissible

blow-ups



∼
−→

{coherent rigid
spaces overK

}
.

(Here, ‘coherent’ means ‘quasi-compact and quasi-separated’.)

• Strong analogue with birational geometry.

•More general notion of rigid spaces; e.g.

– rigid henselian spaces, rigid Zariskian spaces
– absolute notion of rigid spaces...
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Birational approa
h
Idea: Enhancing “birational-geometry-like aspect” of rigid geometry by applying
Zariski’s classical approach to birational geometry.

Raynaud’s viewpoint
of rigid geometry

Geometry
of models

+3
Rigid analytic

geometry

Geometry of
formal schemes

+

Zariski’s viewpoint of
birational geometry

Zariski-Riemann
space
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Visualization: Zariski-Riemann spa
e
• Rigid space= patching ofcoherent(= q-cpt & q-sep) objects.
• Coherent rigid spaces have coherentformal models(Raynaud’s Theorem).

 Zariski-Riemann space: for coherentX (in general, by patching),

〈X 〉 = lim
←−−

(all formal models).

− The limit is cofiltered.Admissible blow-upsof a fixed formal model
comprise a cofinal portion of all formal models.
− For coherentX , the topological space〈X 〉 is coherent (= spectral), that is:

• sober;
• ∃ open basis consisting of quasi-compact open subsets;
• quasi-separated; i.e.,U,V: quasi-compact⇒ U ∩ V: quasi-compact;
• quasi-compact.

N.B. Filtered projective limit of coherent topological spaces and quasi-compact
maps is again coherent.
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Visualization: Zariski-Riemann spa
e
• Two structure sheaves

• O int
X

(integral structure sheaf): given by the limit,

• OX ((rigid) structure sheaf) := O int
X

[ 1
a ].

 Zariski-Riemann triple (〈X 〉,O int
X
,OX )

• At least in classical situation, (〈X 〉,O int
X
,OX ) coincides with the

associated adic space. IfX = (SpfA)rig, then

Γ(〈X 〉,OX ) = A[ 1
a ], Γ(〈X 〉,O int

X
) = Aint.
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Visualization: Zariski-Riemann spa
e
• Two structure sheaves

• O int
X

(integral structure sheaf): given by the limit,

• OX ((rigid) structure sheaf) := O int
X

[ 1
a ].

 Zariski-Riemann triple (〈X 〉,O int
X
,OX )

• At least in classical situation, (〈X 〉,O int
X
,OX ) coincides with the

associated adic space. IfX = (SpfA)rig, then

Γ(〈X 〉,OX ) = A[ 1
a ], Γ(〈X 〉,O int

X
) = Aint.

• Separation map sepX : 〈X 〉 −→ [X ].

• Defined by universal mapping property purely in the languageof
topological spaces; universalT1 quotient.

• [X ] (the separated quotient) is homeomorphic to the underlying
topological space of the associated Berkovich space ofX .
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Visualization: Zariski-Riemann spa
e
• Points of〈X 〉 corresponds to valuations (similar to the classical situation).

Example.Analytic curve/ cDVF

generalization

Berkovich

points

Height 2

points

Annulus

Quasi-compact open

subset of a formal model
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Zariski's te
hnique
A kind of inductive argument that has the following general structure:

local argument + birational patching

q-cpt’nessof ZR space


=⇒ desired result

E.g.

• Resolution of singularities (Zariski, Abhyankar)
• Embedding theorem (Nagata)
• (Formal) flattening theorem
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Formal �attening theorem
V: a-adically complete valuation ring,a ∈ mV \ {0}.

Formal flattening theorem (Bosch-Raynaud, Fujiwara). Let f : X → S be a

morphism of finite type coherent formal schemes of finite typeoverV. Then the
following conditions are equivalent:

(1) f rig : Xrig → S rig is flat, that is,〈 f rig〉 : 〈Xrig〉 → 〈S rig〉 is flat as a mapping
of local ringed spaces (with the rigid structure sheaf);

(2) there exists an admissible blow-upS ′ → S such that the strict transform
f ′ : X′ → S ′ is flat.
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Absolute rigid spa
e?
‘Points’ of rigid space = points of ZR-space.

 Valuation rings (of arbitrary height)= point-objects in rigid geometry.

Cf. − Classical algebraic geometry: varieties over a field
− Scheme theory: fields= point objects, varieties= fiber objects
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Absolute rigid spa
e?
‘Points’ of rigid space = points of ZR-space.

 Valuation rings (of arbitrary height)= point-objects in rigid geometry.

Cf. − Classical algebraic geometry: varieties over a field
− Scheme theory: fields= point objects, varieties= fiber objects

 Want to have a nice class of complete adic rings —

• containing Noetherian rings anda-adically complete valuation rings of
arbitrary height;

• stable under topologically of finite type extension and under base change
by topologically of finite type map;

• satisfying the Artin-Rees type condition;
• suitable for geometry, homological algebra, etc. that allows one to

generalize theorems in [EGA,III ] (especially, GFGA theorems).
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I-adi
ally adhesive rings
A: ring, A ⊇ I: finitely generated ideal

May. 15th, 2008, at ICMS. – p.10/20



I-adi
ally adhesive rings
A: ring, A ⊇ I: finitely generated ideal

Definition. A is said to beI-adically adhesive
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A: ring, A ⊇ I: finitely generated ideal

Definition. A is said to beI-adically adhesive
def
⇐⇒ any finitely generatedI-torsion freeA-module is finitely presented.

• A: I-adically adhesive=⇒ A is Noetherian outsideI.
• A: I-adically adhesive=⇒ any finiteA-algebraB is IB-adically adhesive.

Example.V: valuation ring,a ∈ mV \ {0}.

V is a-adically adhesive⇐⇒ V is a-adically separated.
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I-adi
ally adhesive rings
A: ring, A ⊇ I: finitely generated ideal

Definition. A is said to beI-adically adhesive
def
⇐⇒ any finitely generatedI-torsion freeA-module is finitely presented.

• A: I-adically adhesive=⇒ A is Noetherian outsideI.
• A: I-adically adhesive=⇒ any finiteA-algebraB is IB-adically adhesive.

Example.V: valuation ring,a ∈ mV \ {0}.

V is a-adically adhesive⇐⇒ V is a-adically separated.

Definition. A is said to beI-adically universally adhesive
def
⇐⇒ A[X1, . . . , Xn] is I-adically adhesive for anyn.
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First properties
• (Artin-Rees type property) A: I-adically universally adhesive
=⇒ (AR): for any finitely generatedA-moduleM, anyA-submoduleN ⊆ M,

and anyn ≥ 0, there existsm ≥ 0 such that

N ∩ Im M ⊆ InN.

(In particular, the subspace topology onN coincides with theI-adic topology.)

=⇒ A→ Â is flat.

A technically important consequence: if A is I-adically complete andI-adically

universally adhesive, and iff0, . . . , fr ∈ A such that (f0, . . . , fr) = A, then

A −→
r∏

i=0

A〈〈 f −1
i 〉〉

is faithfully flat.
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First properties
• (Structure sheaf coherency)A: I-adically universally adhesive, andI-torsion
free
=⇒ any finitely presentedA-algebra is a coherent ring; in particular, the

structure sheafO of SpecA is coherent as anO-module.

• (Flat descent)A→ B faithfully flat, andB is IB-adically adhesive (resp.
I-adically universally adhesive)
=⇒ A is I-adically adhesive (resp.I-adically universally adhesive).

• (Local criterion of flatness) A→ B: adic map betweenI-adically universally
adhesive rings,M: a finitely generatedB-module. Suppose thatB is I-adically
Zariskian (that is, 1+ IB ⊂ B×). Then the following conditions are equivalent:

(a) M is A-flat;
(b) Mk = M/Ik+1M is flat overAk = A/Ik+1 for anyk ≥ 0.
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I-adi
ally t.u.a. rings
Definition. A is said to beI-adically topologically universally adhesive

def
⇐⇒



• A is I-adically universally adhesive;

• for anyn, theI-adic completion̂A〈〈X1, . . . , Xn〉〉 of A[X1, . . . , Xn] is
againI-adically universally adhesive.
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I-adi
ally t.u.a. rings
Definition. A is said to beI-adically topologically universally adhesive

def
⇐⇒



• A is I-adically universally adhesive;

• for anyn, theI-adic completion̂A〈〈X1, . . . , Xn〉〉 of A[X1, . . . , Xn] is
againI-adically universally adhesive.

Example.Noetherian rings (with arbitrary ideal) are clearly t.u.a.

Theorem (Gabber).

Any a-adically complete valuation ring of arbitrary height isa-adically t.u.a.
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I-adi
ally t.u.a. rings
Theorem. Let A be a ring, andI = (a) a principal ideal. Then the following
conditions are equivalent:

(a) A is a-adically t.u.a.;
(b) A〈〈X1, . . . , Xn〉〉 is a-adically adhesive for anyn ≥ 0.

Proposition. Let A be a ring, andI a finitely generated ideal. Suppose:

(a) Â (the I-adic completion) isI-adically adhesive;

(b) A→ Â is flat;
(c) A is Noetherian outsideI.

ThenA is I-adically adhesive.

N.B. One can construct complete t.u.a. rings that have Berkovich’ generalized
affinoid rings (e.g.K〈〈r−1x〉〉) as their generic fibers.
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Adequate formal s
hemes
Definition. An adic formal schemeX of finite ideal type is said to beadequate if,
for any finite type map SpfA→ X from an affine formal scheme,A is I-adically
t.u.a., whereI is an ideal of definition ofA.

Example.

(1) Locally Noetherian formal schemes.
(2) Formal schemes of finite type over SpfV, whereV is ana-adically complete
valuation ring (of arbitrary height).
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Adequate formal s
hemes
Basic properties.

•Make sense to define‘of finite presentation’map between adequate formal
schemes.

• If X is adequate, andOX is I -torsion free (whereI is an ideal ideal of
definition), then, for anyY → X of finite presentation,OY is coherent as
OY -module.

• Consistent notion of flatness; faithfully flat descent (of the so-calledadically
quasi-coherent sheaves).
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Theorems
Theorem (GFGA Existence Theorem). Let B be I-adically complete t.u.a.,
I-adically topologically universally cohesive (e.g.I-torsion free),f : X → Y =
SpecB proper morphism of algebraic spaces of finite presentation;then

Db
coh(X)

∼
−→ Db

coh(X̂)

exact equivalence of triangulated categories.

Theorem (Finiteness Theorem).Let f : X → Y be a proper of finite presenta-
tion between quasi-compact adequate formal schemes, andY universally cohe-
sive. Then, Rf∗ mapsD∗coh(X) to D∗coh(Y), where∗ =“ ” ,+,−, b.

Cf. Ullrich, Math. Ann. 301
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General rigid spa
e
Definition of rigid spaces:

• Coherent rigid space = an object of the quotient category

{
coherent adequate
formal schemes

}
/ admissible

blow-ups


.

• (General) rigid space = patching of coherent rigid spaces.

• Visualization = Zariski-Riemann triple (X ,O int
X
,OX ).
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GAGA
• B: I-adically t.u.a. ring,D = V(I) ⊆ S = SpecB, U = S \ D.

 GAGA functor

{locally of finite
typeU-schemes

}
−→

{
rigid spaces over
S = (Spf B)rig

}
, X 7−→ Xan

(Ingredient for the construction: Nagata’s embedding theorem)
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GAGA
• B: I-adically t.u.a. ring,D = V(I) ⊆ S = SpecB, U = S \ D.

 GAGA functor

{locally of finite
typeU-schemes

}
−→

{
rigid spaces over
S = (Spf B)rig

}
, X 7−→ Xan

(Ingredient for the construction: Nagata’s embedding theorem)

GAGA Existence Theorem.Let f : X → U be a properU-scheme. Then the
comparison functor

Db
coh(X) −→ Db

coh(X
an)

is an exact equivalence of triangulated categories.
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A theorem
Theorem. Let S be a coherent adequate formal scheme, andX → S a formal
algebraic space of finite type. Then there exists an admissible blow-upX′ → X
such thatX′ is a formal scheme.
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A theorem
Theorem. Let S be a coherent adequate formal scheme, andX → S a formal
algebraic space of finite type. Then there exists an admissible blow-upX′ → X
such thatX′ is a formal scheme.

• This theorem+ Nagata’s embedding theorem for algebraic spaces

 GAGA functor for algebraic spaces (cf. Conrad-Temkin).
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