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Intro – Motivating Example

Study: chemo-immunotherapy for ovarian cancer patients

Data:
Monocyte counts yij over time;
patient covariates (xi ), including
treatment dose,

i = 1, . . . , n = 47.

0 5 10 15 20 25 30

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

DAY

Y

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

● ●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

● ●

● ●

●

●

●

● ●

●

● ●

●

●
●

●

●

●

●

●
●

●

● ●

●

●

● ●

●

●
●

●

● ●

●

●

●

●

● ●

●

●

● ●

● ●

●

●

●

● ●

●●

● ●

● ● ●

●

● ●

●

●

●
●

●

●

●

●

●

●
● ●

● ●

●

●

●

●

●
●

●

●

●

● ●
●

●

●

●
●

● ●

●

● ●

● ●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

● ●

●

● ●

●

●

●

●
●

●

●

●

●

●

●

●

● ●

●

● ●

●

●

●

●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

● ●

●

●

●
●

●

●
●

●

●

●

●

●

●

●
●

●
●

● ●

●

●
●

●

● ●

●

●

●
● ●

●

●

●

●

●

●

●

Intro: Motivating Example slide 2 of 17



Intro – Motivating Example

Study: chemo-immunotherapy for ovarian cancer patients

Data:
Monocyte counts yij over time;
patient covariates (xi ), including
treatment dose,

i = 1, . . . , n = 47.

0 5 10 15 20 25 30

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

DAY

Y

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

● ●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

● ●

● ●

●

●

●

● ●

●

● ●

●

●
●

●

●

●

●

●
●

●

● ●

●

●

● ●

●

●
●

●

● ●

●

●

●

●

● ●

●

●

● ●

● ●

●

●

●

● ●

●●

● ●

● ● ●

●

● ●

●

●

●
●

●

●

●

●

●

●
● ●

● ●

●

●

●

●

●
●

●

●

●

● ●
●

●

●

●
●

● ●

●

● ●

● ●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

● ●

●

● ●

●

●

●

●
●

●

●

●

●

●

●

●

● ●

●

● ●

●

●

●

●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

● ●

●

●

●
●

●

●
●

●

●

●

●

●

●

●
●

●
●

● ●

●

●
●

●

● ●

●

●

●
● ●

●

●

●

●

●

●

●

Intro: Motivating Example slide 2 of 17



Prediction: Want to formalize prediction for next patient n + 1:

I Match her with already observed patients, using
clustering

I predict a similar response

Clustering: Cluster patients into subsets of similar responses (easy,
but useless for prediction).
Two patients with similar covariates (dose) should be a priori
more likely to co-cluster (not so easy).

Note: For predictive inference we need a prob model on the
clustering.
Deterministic heuristic clustering algorithms will not do.
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Random Partition Models – Notation

Notation: units (patients) i ∈ S = {1, . . . , n},

Partition ρn = {S1, . . . ,Sk}, with S = S1 ∪ S2 . . . Sk ,
clusters (partitioning subsets) Si ⊂ S ,

Re-parametrization: ρn ↔ (s, k) with si = j iff i ∈ Sj

Random partition: p(ρn)
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Random Partition Models – Data

Responses yn = (y1, . . . , yn);

Covariates xn = (x1, . . . , xn) :
y and x by cluster: : x∗j = {xi ; i ∈ Sj} and y∗j = . . .

Intro: Notation slide 5 of 17



Random Partition Models – Data

Responses yn = (y1, . . . , yn);
Covariates xn = (x1, . . . , xn)

:
y and x by cluster: : x∗j = {xi ; i ∈ Sj} and y∗j = . . .

Intro: Notation slide 5 of 17



Random Partition Models – Data

Responses yn = (y1, . . . , yn);
Covariates xn = (x1, . . . , xn) :
y and x by cluster: : x∗j = {xi ; i ∈ Sj} and y∗j = . . .

Intro: Notation slide 5 of 17



Random Partition Models

Prior p(ρ): PPM, SSM, model-based clustering etc.

Product partition model (PPM): Hartigan (1990 Comm Stat),
Barry and Hartigan (1993 JASA), Crowley (1997 JASA),
Quintana (2006 JSPI)
cohesion functions c(Sj) define similarity of a cluster,

p(ρn) ∝
k∏

j=1

c(Sj).

Sampling model: conditional on partition ρn,

p(yn | ρ, θ) =
k∏

j=1

∏
i∈Sj

p(yi | θj)


with cluster-specific parameters θj

Prior p(θj): conjugate . . .
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Covariate-dependent PPM

Similarity function: define g(x?j ) > 0 to characterize the similarity
of {xi ; i ∈ Sj} with low values for bad clusters.

Covariate-dependent PPMx:

p(ρn | xn) ∝
k∏

j=1

g(x?j ) · c(Sj)

with norm. const. gn(xn) =
∑

ρ

∏k
j=1 g(x?j )c(Sj)

Natural choice:
define g(x?j ) as (auxiliary) exchangeable prob. model q(·):

g(x?j ) ≡
∫ ∏

i∈Sj

q(xi | ξj) q(ξj)dξj
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Covariate-dependent PPM: Desiderata

Symmetry: p(ρn | x?) is invariant w.r.t. permutations of the
indices i = 1, . . . , n, i.e., p(ρn | x?) does not depend on the
order of experiments.

Averaging: g(x?) =
∫

g(x?, x)dx

⇒ Similarity function must be of form

g(x?j ) =

∫ ∏
i∈Sj

q(xi | ξj) q(ξj)dξj
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Covariate-dependent PPM (ctd.)

Similarity function: g(x?j ) =
∫ ∏

i∈Sj
q(xi | ξj) q(ξj)dξj

defaults for common data formats

Continuous covariates: use
q(xi | ξi ) = N(ξj ,V ) and q(ξj) = N(. . .).

Categorical: Multinomial and Dirichlet
Ordinal: multinomial probit model with fixed cutoffs and

(conditionally conjugate) normal prior.
Counts: q(xi | ξj) = Poi(ξj) and q(ξj) = Ga(a, b).
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Alternative Constructions

Mixture models with covariate dependent weights:
yi | xi ∼

∑
πj(xi ; αj) fj(· | θj)

I Defines partition like in model-based clustering.

p(yi | si = j , θ, k) = fj(yi | θj)
Pr(si = j) = πj(xi ; αj)

I fixed size k ; (could be changed of course)
I form of dependence on xi is limited to πj(·; αj).

Hierarchical mixture of experts: Bioshop and Svensén (2003),
Jordan and Jacobs (1994)

I Great for non-linear regression.
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Posterior Inference

I After a model augmentation, computation reduces to a model
w/o covariates.

I In words, simply change the interpetation of g(x∗j ) to consider
xi as r.v.’s

I Model Augmentation:

q(yn, xn, θ, ξ, ρn) =∏
j

∏
i∈Sj

p(yi | θj , xi ) q(xi | ξj)︸ ︷︷ ︸
likelihood for (yi , xi )

p(θj) q(ξj)︸ ︷︷ ︸
indep

c(Sj)︸ ︷︷ ︸
PPM

q(ρn | xn, yn) ∝ p(ρn | xn, yn), under PPMx ⇒
straightforward posterior inference

I Opposite is not true! A model with combined response is not
necessarily interpretable as PPMx.
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q(yn, xn, θ, ξ, ρn) =∏
j

∏
i∈Sj

p(yi | θj , xi ) q(xi | ξj)︸ ︷︷ ︸
likelihood for (yi , xi )

p(θj) q(ξj)︸ ︷︷ ︸
indep

c(Sj)︸ ︷︷ ︸
PPM

q(ρn | xn, yn) ∝ p(ρn | xn, yn), under PPMx ⇒
straightforward posterior inference

I Opposite is not true! A model with combined response is not
necessarily interpretable as PPMx.
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Survival Time Model with Clustering

Treatment: high dose (A) versus low dose (B) chemotherapy

Data: 765 patients randomized to A vs. B.
Response: time until progression or death
Covariates: I Categorical: dose (A vs. B), menopausal status,

estrogen use
I Continuous: age, initial tumor size,
I Count: number of positive lymph nodes

Model: covariate-dependent PPM.
The sampling model is a piecewise exponential model with
cluster-specific parameters θ∗j .

Example: slide 12 of 17



Survival Time Model with Clustering

Treatment: high dose (A) versus low dose (B) chemotherapy
Data: 765 patients randomized to A vs. B.

Response: time until progression or death
Covariates: I Categorical: dose (A vs. B), menopausal status,

estrogen use
I Continuous: age, initial tumor size,
I Count: number of positive lymph nodes

Model: covariate-dependent PPM.
The sampling model is a piecewise exponential model with
cluster-specific parameters θ∗j .

Example: slide 12 of 17



Survival Time Model with Clustering

Treatment: high dose (A) versus low dose (B) chemotherapy
Data: 765 patients randomized to A vs. B.
Response: time until progression or death

Covariates: I Categorical: dose (A vs. B), menopausal status,
estrogen use

I Continuous: age, initial tumor size,
I Count: number of positive lymph nodes

Model: covariate-dependent PPM.
The sampling model is a piecewise exponential model with
cluster-specific parameters θ∗j .

Example: slide 12 of 17



Survival Time Model with Clustering

Treatment: high dose (A) versus low dose (B) chemotherapy
Data: 765 patients randomized to A vs. B.
Response: time until progression or death
Covariates: I Categorical: dose (A vs. B), menopausal status,

estrogen use
I Continuous: age, initial tumor size,
I Count: number of positive lymph nodes

Model: covariate-dependent PPM.
The sampling model is a piecewise exponential model with
cluster-specific parameters θ∗j .

Example: slide 12 of 17



Survival Time Model with Clustering

Treatment: high dose (A) versus low dose (B) chemotherapy
Data: 765 patients randomized to A vs. B.
Response: time until progression or death
Covariates: I Categorical: dose (A vs. B), menopausal status,

estrogen use
I Continuous: age, initial tumor size,
I Count: number of positive lymph nodes

Model: covariate-dependent PPM.
The sampling model is a piecewise exponential model with
cluster-specific parameters θ∗j .

Example: slide 12 of 17



0 20 40 60 80 100 120 140

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

1.
0

LO
HI

0 20 40 60 80 100 120

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

1.
0

DAYS

S

LO
HI

0 20 40 60 80 100 120

0.
00

0
0.

00
5

0.
01

0
0.

01
5

0.
02

0

MONTHS

H
A

Z
A

R
D

a=1

data (KM) S(t) ≡ hazard h(t)
p(yn+1 ≥ t | data)

data estimated survival hazard

Example: slide 13 of 17



0 20 40 60 80 100 120

0.
2

0.
4

0.
6

0.
8

1.
0

MONTHS

S

TS− HI ER+ 
TS+ HI ER+ 
      HI ER+ 
TS− HI     
TS−        
      HI     
TS−    ER+ 
(baseline) 
         ER+ 
TS+    ER+ 

S(t | x) by covariates

Example: slide 14 of 17



Variable Selection

Vanilla: could include indicators for variable selection γj ∈ {0, 1},
j = 1, . . . , k

and

p(ρn | xn)

∝ = cγ

∏
γj=1

g(x?j ) · c(Sj)

Computation: Posterior inference is possible by MCMC

Careful with normalization constant cγ of PPMx prior.
Easy importance sampling to compute cγ/cγ′ for flipping one
indicator γj at a time.
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Variable selection by clustering:
Better, posterior on homogeneity of clusters by covariates
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identify covariates that define homogeneous clusters.
same for interactions.

Trade-off: for n < p clustering is easier than variable selection.
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Summary

Covariate dependent clustering model: proceed as if x were
observed, specifying a prob model q(xi | ξi ) that defines
similarity.

Posterior inference: straightforward
label switching problem: Inference on a specific terms of the

mixture requires resolution of the label switching problem.
Subspace clustering: Hoff (2004 Bayesian Anal) proposes methods

that simultanuously select the variables and carries out the
clustering.
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