TESTING THE ORDER OF FINITE MIXTURE
MODELS BY EM-TEST

Jiahua Chen
Canada Research Chair, Tier |

Department of Statistics
University of British Columbia

Joint work with Pengfei Li

Mixture estimation and applications
Edinburgh, UK

Jiahua Chen Testing the order of finite mixture models by EM-test



OUTLINE

O ReviEw

@ Existing results and their limitations

© EM-TEST

o Test statistic
© SOME THEORY
@ Limiting distribution

@ Hints for the proof

© SIMULATION
@ simulation

Jiahua Chen Testing the order of finite mixture models by EM-test



Review
©00000000000000

FINITE MIXTURE MODELS: DEFINITION

o Let {f(x;0):60 € ©} be a parametric distribution family.

e ©: parameter space for 6.

® Then, f(x; W) = >"1" | apf(x;04): density function of a finite
mixture model.

o m: order of the mixture model.
o 0p: the parameter of the hth sub-population.
@ «yp: the proportion of the hth sub-population in the mixture.
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FINITE MIXTURE MODELS: DEFINITION

@ One may put all parameters into a mixing distribution:
o W(0) =35y anl(0n < 0).
W(#) is a distribution on © with m support points.

©

o Each observation X is a random outcome from a subpopulation
f(x; 6p) so that 6 itself is a random outcome from W(9).

©

Since h is unknown, X is also an incomplete observation.
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TESTING THE ORDER

o Consider the hypothesis test problem on the order m.
@ The order m has many possible practical implications:

@ Cluster analysis: it is the number of clusters contained in the
data.

@ Linkage analysis: m > 1 is an indication of the presence of a
subpopulation with linkage.

o Statistical finance: m represents the number of regimes needed
for proper modeling.

@ Reoder and Lindsay (1997): m = 2,3 gives information on
whether the mode of inheritance is recessive or dominant.
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THE SIMPLEST CASE: «a1f(x;61) + axf(x; 62)

@ Suppose we have an iid sample Xi,..., X,.

@ The log-likelihood function of the mixing distribution is given
by

/,,(Ozl, o, 61, 92) = Z Iog{al f(X,'; (91) + azf(X,'; 92)}.

@ Testing Hy : m =1 against H, : m = 2 can be done through
the likelihood ratio statistic:

Rn = 2{sup In(a1, a,01,602) — sup l(a1, 2,6, 6)}.

Reject Hp if R, is larger than some threshold value.
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THE SIMPLEST CASE: «a1f(x;61) + axf(x; 62)

@ Suppose we have an iid sample Xi,..., X,.

@ The log-likelihood function of the mixing distribution is given
by

/,,(Ozl, o, 61, 92) = Z Iog{al f(X,'; (91) + azf(X,'; 92)}.

@ Testing Hy : m =1 against H, : m = 2 can be done through
the likelihood ratio statistic:

Rn = 2{sup In(a1, a,01,602) — sup l(a1, 2,6, 6)}.

Reject Hp if R, is larger than some threshold value.

@ The challenge is, however, to find the proper threshold value.
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LIKELIHOOD RATIO TEST FOR REGULAR MODELS

@ For regular models, R, has an asymptotic chisquare
distribution under the null model.

@ Hence, the threshold value can be taken as some quantiles of
the chisquare distribution to ensure the test has at least an
asymptotically correct size.
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FINITE MIXTURE MODEL IS NOT REGULAR

@ Even the simplest finite mixture model,
a1f(x;01) + aaf(x; 62), is not regular:

@ When a3 =0, any 6; value parameterizes the same
distribution. This is the loss of identifiability ( type I).

@ When 6; = 65, any (a1, ap) parameterize the same
distribution. This is the loss of identifiability ( type II).

@ The null model is not an interior point in the set of alternative
models.
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SOME EXISTING RESULTS

@ For (1 —«a)N(0,1) +aN(6,1), Hartigan (1985) found that

R, — 00 as n — oo.

@ Bickel and Chernoff (1993) and Liu and Shao (2004) showed
that this R, goes to infinite at rate loglog n.

@ Ghosh and Sen (1985) considered the model
a1 f(X; 01) + CM2f(X; 02)

Under restriction that © is compact, and |1 — 6,| > ¢ > 0.
R, has a limit in the form of Gaussian process.
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REMEDY THROUGH A RESTRICTION ON MIXING

PROPORTION

@ Chen and Cheng (1995) and Lemdani and Pons(1999)
considered the same model

(%1 f(X; 01) + Oé2f(X; 02)

@ They placed a condition min(ay,a2) > € > 0, in addition to
© is compact.

@ Under these restrictions, R, has 0.5Xg +0.5x2 limiting
distribution.
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BREAKTHROUGHS FOR A FEW SIMPLE CASES

@ Straightforward result is also possible under two-component
model a1 f(x; 01) + aaf(x; 62):
@ Chernoff and Lander (1995) obtained limiting distributions for
R, when f(x; 8) is binomial, mostly chisquare mixtures.

@ Chen and Chen (2001) and many others under restriction that
© is compact, worked out the limiting distribution of Ry,
Gaussian process based.

@ Chen and Chen (2005) found the limiting distribution of R,
when f(x;0) = N(6,02) with 02 being a structure parameter,
Gaussian process with a spike.

@ Progress for more general cases will be presented later.
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EXISTING RESULTS ON NON-LIKELIHOOD-BASED

METHODS

@ One may avoid much of the trouble of the likelihood ratio test
through other approaches.

@ Neyman and Scott (1966) designed a C(«) test which is a
generalized score test.

@ C(«) test can be regarded as a test for over-dispersion which
is also studied in biostatistics (e.g. Dean and Lawless, 1989).

@ Lindsay (1989) discussed moment based approaches. The
result is applicable to general order, when f belongs to an
exponential family.
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THE RESEARCH IN THIS AREA IS ABUNDANT

@ There are many books published on finite mixture models:
o Titterington, Makov and Teicher (1995),
@ Mclachlan and Peel (2000),
@ Lindsay (1995) and so on.
@ Semi or Non-parametric mixture models have drawn a lot
attention recently. For instance,
@ Cruz-Medina and Hettmansperger (2004, JRSSC),
@ Hunter, Wang and Hettmansperger (2007, AOS),
¢ Hall and Zhou (2003, AOS).
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TESTING THE ORDER OF THE MIXTURE MODEL IN

GENERAL

@ Dacunha-Castelle and Gassiat (1999) worked out the limiting
distribution of the likelihood ratio test under general model
set-ups;

Yet
@ the limiting distribution must be characterized by supermum of
the squared and truncated Gaussian process;
@ the result is obtained under the restriction that © is compact;
o the result excludes some important distribution families such
as exponential distribution.
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EXISTING RESULT RELATED TO ORDER OF THE

MIXTURE MODEL

@ Reoder (1994) and Lindsay and Reoder (1997) developed a
graphic method.

@ They noticed that the density ratio changes signs m times.

@ The graph of the density ratio obtained by some
nonparametric estimator reveals some order information.
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EXISTING RESULT RELATED TO ORDER OF THE

MIXTURE MODEL

@ Reoder (1994) and Lindsay and Reoder (1997) developed a
graphic method.

@ They noticed that the density ratio changes signs m times.
@ The graph of the density ratio obtained by some
nonparametric estimator reveals some order information.

o Clearly, the method does not quantify the evidence of the
order.
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EXISTING RESULT RELATED TO ORDER OF THE

MIXTURE MODEL

@ Chen, Chen and Kalbfleisch(2001, 2004, JRSSB) developed a
modified likelihood ratio test.

@ More discussions on this approach will be given later.

@ The method does not work for Hy : m = mg against m > myg
when mg > 2.
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REVIEW SUMMARY

@ In spite of abundant research, testing Hy : m = mq for general
mo remains a challenging problem.

@ The result of Dacunha-Castelle and Gassiat (1999) is hard to
implement;

o Graphic methods do not provide quantitative assessments;
o MLRT does not work for mg > 2.

@ There are rooms to new methods for testing Hy : m = mg.
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EM-TEST FOR HOMOGENEITY (mg = 1)

@ Li, Chen and Marriot (2009) and Chen and Li (2009)
introduced EM-test for m = mg = 1 against m > myq.

@ The method has some distinct advantages compared to most
existing methods:

@ The test statistic has simple limiting distributions under
one-parameter mixture models, and under normal mixture
models.

@ The result holds without requiring (a) © is compact; nor (b)
Eo[f(x;0)/f(x; 0)]* < oo.
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EM-TEST FOR HOMOGENEITY (mg = 1)

@ Li, Chen and Marriot (2009) and Chen and Li (2009)
introduced EM-test for m = mg = 1 against m > myq.

@ The method has some distinct advantages compared to most
existing methods:

@ The test statistic has simple limiting distributions under
one-parameter mixture models, and under normal mixture
models.

@ The result holds without requiring (a) © is compact; nor (b)
Eo[f(x;0)/f(x; 0)]* < oo.

@ In the latest development, we applied EM-test to test m = mg
for one-dim 6.
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EM-TEST FOR GENERAL ORDER m = my

@ We now present an EM-test for
Ho : m = mg versus Hy : m > myg

where myg is an arbitrarily given positive integer.

@ Caution: although the result is neat, the preparation is long
and tedious.
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EM-TEST: HYPOTHESES

TESTING PROBLEM

Given a random sample Xi, ..., X, from f(x; V),
we wish to test Hy : m = mqg versus Hy : m > mg

where myg is any given positive integer.

Jiahua Chen Testing the order of finite mixture models by EM-test



EM-test
000®00000000

EM-TEST: INITIALIZATION

Compute the MLE of W, WUy under Hp:
mo
Vo = donl(Bon < 6)
h=1

with fo1 < fo2 < -+ < fom,.-
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EM-TEST: MOTIVATION

° \JAJO is the best representation of the population by mg
subpopulations.

@ If the order of the population is m > myg, replacing each
subpopulation by two should improve the fit.

@ The degree of improvement provides evidence for > mg
sub-populations.
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EM-TEST: GRAPHIC ILLUSTRATION

@ Divide © into mg intervals (/;s) with the cut-off points being

Nh = (éOh+éOh+1)/2: h=1,...,mp—1

Oor Bo2
L 4 ~ @
I Cut off point 7 L
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EM-TEST: INITIALIZATION

@ For some By = (Bo1, - - -, Bom,)” With Bop € (0,0.5], we create
a class of mixing distributions of order 2myq:

Qam, (Bo) = {Zah{ﬂom O < 0)+(1—Bon)! (Or2 < 0)} : O, Oro € I |-
h=1

o Iy, are determined by W, B is pre-chosen.
o only (ap, 0p1,0pn2) are free parameters.

011 o1 012 021 O 2

Cut off point m;

I
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EM-TEST: STEP 1 (CONSTRAINED MAXIMIZATION)

@ Define a modified log-likelihood function on Q2,,(30)

pla(V) = I,(V) + XO: p(Bon)
h=1

where
@ [,(W): log-likelihood function.

@ p(-) is a penalty function that is maximized at 0.5 with the
maximum value 0.
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EM-TEST: STEP 1 CONTINUED

@ For each 3, we compute

\U(l)(ﬁo) = argmax{pl,(V) : ¥ € Qom,(8o)}
where the maximization is with respect to (ap, Op1,0p2).

@ Define the test statistic

MED (Bg) = 2{pla(WD(By)) — In(Wo)}.

o M{(3,) reflects how much the likelihood has improved when
each subpopulation is split into two.
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EM-TEST: STEP 2 (EM-ITERATION)

o Starting from W(1)(3,), we use EM-iteration to update the
value of W for pre-given times.

o In further iterations, (ap, On1, On2, Br) are all updated without
constraints.
o Thatis, WK (3,) for k > 1 are not confined in Qam,(B,)-

@ Denote the updated values by W(5)(3,).

@ Define the test statistic

MYV (Bo) = 2{pla (W) (Bo)) — 1n(Wo)}.
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EM-TEST: STEP 3 (MULTIPLE CHOICES OF ()

@ Let B be a finite set of numbers from (0, 0.5]. For instance,
let B = {0.1,0.3,0.5}.

@ Create B™ by direct product.
@ Use each point in B™ as a choice of By = (So1,-- -, Bomy)"-

e Compute MK (,30) for each B, € B™.
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FINAL STEP

@ Define the EM-test statistic, for a pre-specified K, as

EMS) = max{ M) (3,) : B, € B™}.
)

@ Reject the null hypothesis when EM,SK exceeds some critical

value.
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FINAL STEP

@ Define the EM-test statistic, for a pre-specified K, as

EMS) = max{ M) (3,) : B, € B™}.

)

@ Reject the null hypothesis when EM,SK exceeds some critical

value.

@ The key issue is: the limiting distribution of this statistic.
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EM-TEST: LIMITING DISTRIBUTION (1)

THEOREM 1

Under some regularity conditions on f(x; ) and p(/3), and assume
0.5 € B,

mo

EM{O — sup(2vTw — v Qv) = Z anxs
V=0 h=0

for some a, > 0 and thio ap =1, under Vg and fixed K.

@ w=(wi,...,Wn,)": a 0-mean multivariate normal random
vector with correlation matrix Q = (wj;).

o v={(v1,...,Vm)" and {v>0} ={v; >0,...,vp, >0}
@ The weights (ag, ..., am,) depend on Q.

@ ) can be calculated based on W or \TJO.

o
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EM-TEST: LIMITING DISTRIBUTION (2)

THEOREM 1 (CONTINUED)

In particular,
@ when mg =1, ag = a; = 0.5;

© when mg =2, a9 = (7 — arccoswi2)/(27), a1 = 0.5, and
ag + a» =0.5;

@ when mg =3, ag+ a» = a; + a3 =0.5 and

ap = (27 — arccoswip — arccoswiz — arccos wp3)/(47),
a; = (37 — arccoswin.3 — arccos wiz.o — arccos wos.1)/(4m),
where

(wij — wikwjk)

w,-j;k = o
VA —eB)@ - )

o
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EM-TEST: LIMITING DISTRIBUTION (2)

THEOREM 1 (CONTINUED)

The regularity conditions DO NOT include
@ O is compact;
o Eo[f(X;V)/f(X;Vo)]? < 0.

This is in sharp comparison over most existing methods.
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EM-TEST: TUNING PARAMETERS

TUNING PARAMETER VALUES
@ Initial-value set for Gop: B = {0.1,0.3,0.5};

@ |teration number K: 2 or 3;

@ Penalty function on 8: p(8) = Clog(1 — |1 — 24]).
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EM-TEST: TUNING PARAMETERS

CHOICE OF C

@ Any C > 0 suffices for asymptotic consideration, its value has
some influence on the precision of the test.

@ Based on carefully designed computer experiments, we
developed some simple data dependent empirical formulas for

C.
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EM-TEST: TUNING PARAMETERS

@ For Poisson, Binomial and Normal Mixture models, we

recommend
0.5exp(5 — 10.6wip — 123/n) 5.
c 1+ exp(5 — 10.6wiz — 123/n) 0
"] 0.5exp(3.3 = 5.5wi2 — 5.5wp3 — 165/n) 3
1+ exp(3.3 — 5.5w1s — 55wz — 165/n)
(1)
@ For exponential mixture models, we recommend
exp(2.3 — 8.5w12) _ .

0 =
1+ exp(2.3 — 8.5w
c_ Pl ) @
exp(2.2 — 5.9&)12 — 5.9W23) m 3
0 = 9.

1+ exp(2.2 —5.9w1s — 5.9W23)
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THE EM-IDEA IS DEVELOPED FROM EXISTING

METHODS

@ If we severely restrict the alternative model
H, @ aqf(x;01) + aaf(x; 62),

to those with a; = 0.3, then R, has 0.5x? + 0.5x3 limiting
distribution.

@ This result does not require compact ©, nor
Eo{f(X; W)/f(X;Vp)}? < c0.
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THE EM-IDEA IS DEVELOPED FROM EXISTING

METHODS

@ If we severely restrict the alternative model
H, @ aqf(x;01) + aaf(x; 62),

to those with a; = 0.3, then R, has 0.5x? + 0.5x3 limiting
distribution.

@ This result does not require compact ©, nor
Eo{f(X; W)/f(X;Vp)}? < c0.

@ All aforementioned challenges disappear, though we may not
like the restriction.

Jiahua Chen Testing the order of finite mixture models by EM-test



Some theory
0®000

THE EM-IDEA IS DEVELOPED FROM EXISTING

METHODS

o If we slightly relax the previous restriction on
H, @ aqf(x;01) + aaf(x; 62),

to those with 0.3 < a7 < 0.7, then R, still has 0.5)& + 0-5x5
limiting distribution.

@ We may still dislike the restriction, yet this is practically what
Chen and Cheng (1995) and Lemdami and Pons(1999) did.
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THE EM-IDEA IS DEVELOPED FROM EXISTING

METHODS

@ We may replace the previous restriction by adding a penalty
term Clog{4a(l — )} to the log-likelihood.

@ The modified likelihood ratio statistic still has 0.5x% + 0.5x3

limiting distribution, though some additional conditions on
f(x; 0) are needed.
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THE EM-IDEA IS DEVELOPED FROM EXISTING

METHODS

@ We may replace the previous restriction by adding a penalty
term Clog{4a(l — )} to the log-likelihood.

@ The modified likelihood ratio statistic still has 0.5x% + 0.5x3

limiting distribution, though some additional conditions on
f(x; 0) are needed.

@ The common truth is: put a restriction on « explicitly or
implicitly.
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THE TRUTH BEHIND THE EM-IDEA

@ Start with pre-chosen a-values (called 3 now);
@ Overcome the shortcoming caused by fixed « via EM-iteration;

@ Limit the number of EM-iterations to retain simple limiting
behavior;

@ Enhance the performance with multiple initial Bg-values.
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ADVANTAGES OF THE EM-TEST

@ Simple limiting distributions for general Hy : m = myg;
@ Least restrictive on © and f(x;6);

@ Better match between the limiting distribution and the finite
sample distribution.

@ High efficiency (supported by simulation results).
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SIMULATION STUDY: GOAL

We wish to demonstrate that

@ the limiting distribution approximates the sample distribution
of the EM-test well.

@ the EM-test is efficient at detecting alternative models.
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POISSON MIXTURES AGAINST Hy: m =2

TABLE: 1. Parameters in Poisson mixture models.

Model Probability Support

N1 05 05 312
N2 0.75 0.25 312
N3 05 05 315
N4 0.75 0.25 315
N5 05 05 3 18
N6 0.75 0.25 318
Al 02 04 04 1 3 9
A2 04 02 04 15 9
A3 02 04 04 1 3 12
A4 04 02 04 3 7 12
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POISSON MIXTURES AGAINST m = 2

TABLE: 2. Type | errors (%) of the EM-test and the MLRT under
Poisson mixture models against Hy : m = 2 (n = 200)

LevelModel EM® EM$ MLRT Model EMP EM$ MLRT
10%| N1 103 104 114 N2 98 99 110
5% | NI 51 51 62 N2 50 51 64
1% Nl 11 11 14 N2 15 15 13
10%| N3 95 96 128 N4 98 99 127
5% | N3 50 50 69 N4 51 51 6.8
1% N3 10 10 15 N4 11 11 16
10%| N5 10.1 102 143 N6 99 100 133
5% | N5 53 53 81 N6 51 51 7.8
1% | N5 12 12 20 N6 14 14 18
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POISSON MIXTURES AGAINST mgy = 2

TABLE: 3. Powers (%) of the EM-test and the MLRT under Poisson
mixture models against Hy : m = 2 at the 5% level

Model EMP EMS MLRT Model EM EM® MLRT
n— 100

Al 318 319 334 A2 299 301 308

A3 416 417 460 A4 213 214 209
n = 200

Al 550 550 545 A2 502 503 47.8

A3 696 69.6 713 A4 350 351 348
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SIMULATION CONCLUSIONS

@ The type | errors of the EM-test are close to the nominal
levels.

@ The asymptotic distribution is a good approximation to the
sample distribution of the EM-test.

@ The type | errors of the MLRT are somehow larger than the
nominal levels, especially when two support points are far
away from each other.

@ Under almost all alternative models, the power of the MLRT
is slightly higher than the EM-test.

@ This is probably because the Type | errors of the MLRT are
also slightly higher than those of the EM-test.
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SUMMARY

@ Designed an easy-to-implement EM-test for testing the order
of a finite mixture.
@ Easy to calculate the statistics.
@ Easy to calculate the p-values for the statistics based on the
limiting distribution.
o Widely applicable (without the two restrictive conditions for
the MLRT).

@ R package for testing m = 1,2, 3 under Binomial, Normal,
Poisson and Exponential mixture models, is available.
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Thank you

Questions are welcome

Jiahua Chen Testing the order of finite mixture models by EM-test



	Review
	Existing results and their limitations

	EM-test
	Test statistic

	Some theory
	Limiting distribution
	Hints for the proof

	Simulation
	simulation


