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Goals

1 Maximum likelihood estimation, or
1" Competitive with maximum likelihood
estimation when #obs. is large

2 Good scaling (performance vs. computational cost)
as #obs. increases

(3) Process data on-the-fly (no storage)



Latent Data Model Observations Y;, missing data X;
(Curved) Exponential Family Model

po(ze, yr) = exp ((s(ze, yr), ¥ (0)) — A(0))

with respect to some measure!

Explicit Complete-Data ML

S 0(9) = arg max (S,¢(0)) — A(9)

is available in closed-form

[ID Data (Y;) is an iid. process with marginal 7
(not necessarily equal to fy,)

! fs denotes the marginal in y;



The k-th EM lteration (From n Observations)

E-Step
1 n
Sn,k = — ZE9k 1 [S(Xt7Y;f)| Y;f]
t=1
E-Step ~
O, =0 (Sn,k)

Can be fully reparameterised in the domain of sufficient statistics

1 n
Snk = - ZEé(Sn,k—l) [s(Xt, Y1) Vi
t=1



The Limiting EM Recursion

By letting n tend to infinity, one obtains the two equivalent
updates:

Sufficient Statistics Update
S = En (Egs, ) [5(X0, Y0)| Y]
Parameter Update

O, = é{ETr (Eak_l [S(X()’}/(J)' Yb])}

Using usual EM arguments, these updates?® are such that

The Kullback-Leibler divergence D(|fg, ) is monotonically
decreasing with k

Stationary points of the mapping are such that
VoD(m|fg) =0

2Used in [C et al., 2008] for adaptive importance sampling



Batch EM Is Not Efficient for Large Data Records

see also (Neal & Hinton, 1999)
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m We try to locate the solutions of

Br (Bags) [5(Xo, Y0)| ¥o]) — § =0

m Viewing Egg) [$(Xy, Yn)| Yy as a noisy observation of
E, (Eg(s) [s(Xo, Y0)| YO]), this is exactly the usual Stochastic
Approximation (or Robbins-Monro) setup:

Sp=Sp—1+ Tn (Eé(Sn_l) [S(Xn; Yn)| Yn] - Sn—l)

where (7y,) is a sequence of decreasing positive stepsizes



Online EM Algorithm

Stochastic E-Step
Sn = (1 - ’Yn)Sn—l A ’YnE0n71 [S(Xnyyn)’ Yn]

M Step B
O, = 0(Sy)



Analysis

(C & Moulines, 2009)

Under Y=, v =00, ., 72 < oo (and other appropriate
assumptions)

m The estimate 6, converges to one of the roots of
VoD(m|fg) =0

m The algorithm is asymptotically equivalent to
en - Hn—l + angl(en—l)ve log f@n_l (Yn)

where I.() = —E, (Eg [Vg log fg(X0)|Y0])
m For a well specified model (7 = fy,) and under
Polyak-Ruppert averaging3 6,, is Fisher efficient

30, = 1/(n —no) > 1 O, with v =n7% and a € (1/2,1)



lllustration of Polyak-Ruppert Averaging
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Related Works

(Titterington, 1984) Proposes a gradient algorithm
en - en—l + 'YnI_l(en—l)VH IOg f0n_1 (Yn)

It is asymptotically equivalent to the algorithm
(previously described) for flat models (¢ = 1)

(Neal & Hinton, 1999) Describe the algorithm with v, = 1/n
(equivalent up to first batch tour only)

(Sato, 2000; Sato & Ishii, 2000) Describe the algorithm and
provide some analysis in the flat model case and for
mixtures of Gaussian



How Does This Work in Practice?

Fine But don't use v, = 1/n

Simulations in (C & Moulines, 2009) using mixtures 1
of regression PP S
E
Large Scale Experiments on Real Data in (Liang & ost [+
Klein, 2009), where the use of osef] H
mini-batch blocking was found useful: 2 ol
m Apply the proposed algorithm o] | |
considering 0.7H
Yik+1s Ymk42 - - Ym(k-l—l) as one
observation T

052 lB 32128

ini ing i ; : 1000
Mini-batch blocking is useful in dealing samples x
with mixture-like models with

infrequent components



The Good

The Bad

Easy

Can be used for ML estimation from a batch of
observations (analysis correct for random scans)
Robust wrt. to stepsize selection (note that scale
is fixed due to the use of convex combinations)
Handles parameter constraints nicely (only
requires that S be closed under convex
combinations with expected sufficient statistics)
Compatible with use of Monte Carlo draws from
X,,|Y,, rather than computation of

Eg,_, [8(Xn, Yn)| Yn]

Needs that § be available
Not optimal for short (say, less than 1000
observations) data records



Why Working in S Rather Than in ©7

Our original motivation was the Direction Of Arrival (DOA) model

used in array processing, which is somewhat related to probabilistic
PCA

m (X;,Y}) are jointly Gaussian with covariance matrix

I'(a,w,v) = ca(w)a'(w) + vl
M-Step

§(5)|w = argn(ljn {r{rxligllog IT' (v, w, v)| + trace (I‘(a,w,v)_IS)}



Extension to Hidden Markov Models

)

Po(@e, yelwe-1) = exp ((s(wi—1, w1, 41), P(0)) — A(0))

When (X¢,Y;) is assumed
to follow an HMM, the
law of the process is fully
determined by

p@(xtayt|xt—l)

)

We assume as previously that

wrt. to some measure



The Limiting EM Algorithm for HMMs

The EM update from n observations is now

1 n
Sk == Bas, ) [5(Xe-1, X0, Yi)| Vi)
t=1

Assuming (Y;) to be strictly stationary with distribution 7 and
(strong) forgetting properties on the model py (C, 2009), the
limiting EM recursion becomes

Sk = Ex (Eggs, ) [s(X1, X0, ¥0)| V-]



The Smoothing Dilemma

How to get (approximate) noisy observations of
Eﬂ‘ (E9 [S(th X07 }/0)| ono:oo])

without storing whole trajectories?

A natural idea is to consider computable
m limited-memory approximations Eg [s(X:—1, X¢, Y2)| Yi—i:t+d]
m fixed-lag smoothing approximations
Eg [s(Xi—1, Xt, Yo)| Yooort+d]
but the corresponding limiting mappings
Ex (Eg [s(X-1, X0, Y0)| Yi-1:t44)) OF
Ex (Eg [s(X_1, X0, Y0)| Y_cc:t+4]) may have different convergence
behaviour and spurious stationary points



Our Proposal

(C, 2009)

Use the recursive smoothing trick of (Zeitouni & Dembo, 1988),
(Elliot et al., 1995):

E9 [S(Xt—].;XtalftN YV].:TL?X'VL - :E] —
> B [s(Xi1, X0, V)| Vi 1, X1 = 2]
w/
Py (Xn—l - x/‘ Yip-1,Xn = :L')
for t <n —1 (assuming discrete X)
The resulting algorithm appears to work well in practice; it

generalises the algorithm of (Mongillo & Denéve, 2008) but can no
more be analysed using standard stochastic approximation theory



Online EM Algorithm for HMMs

Compute, for z € X,

0n(o) Ywex bn1(@)g,_ (2 2)gs (7, Yn)
n\T) = 5
Zm/,z”eXQ Pn—1 (x/)Qén_l(xl, x”)gén_l('x”7 Yn)

/)n Z { ’”5 7 ds }/” <1 - ’\/71)/}7271 <¥l7/)}

z'eX
Dn 1("17/)(]()” l;l"ﬁ

S ey Onet (=z")gy (2", )

Update the parameter according to

zeX
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