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Geieel dessipien
Loch Ness monster

“a possibility worth looking into depends on the
acoustic-reflective properties of internal waves or regions of shear
instability, in particular the steep-fronted internal surges,
associated in Loch Ness with short internal waves”

(MORTIMER, C. H. The Loch Ness monster-limnology or paralimnology?)
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The physical phenomenon Modelization

Notations

g | (Puidl]

8
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The physical phenomenon Modelization

The internal waves equations

Fluid 1
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The physical phenomenon Modelization

The internal waves equations

Fluid 1
@ Vi = Vx,z¢1
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The physical phenomenon Modelization

The internal waves equations

Fluid 1
e v = Vx, ¥
@ Ax, 1 =0
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The internal waves equations

Fluid 1
e v = Vx, ¥
o Ax, 1 =0
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The physical phenomenon Modelization

The internal waves equations

Fluid 1
o vi = Vx,P;
o Ax, 1 =0
° J,%1,,=0
0 9;P145|Vx 1l = —;Pl—gz-
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The physical phenomenon Modelization

The internal waves equations

Fluid 1 Fluid 2
o v =Vx,P; o vy =Vyx,
° Ax $1=0 o Ax =0
© 9;%1,,=0 ° 0,95, =0
0 0pP1+5|Vx P17 = —pﬂl—gz. 0 0:Pr+3|Vx Pl = _pﬂz_gz_
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The physical phenomenon Modelization

The internal waves equations

Fluid 1 Fluid 2
o v =Vx,P; o vy =Vyx,
o Ax,$1 =0 o Ax =0
© 9;%1,,=0 ° 0,95, =0
0 0pP1+5|Vx P17 = —pﬂl—gz. 0 0:Pr+3|Vx Pl = _pﬂz_gz_

Interface

0 0:¢C —/1+1|V(2P0n®;, j=1,2

@ P is continuous
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Interface equations

Interface (W1 = @1, p0r Y2 =2, )

° atc - 1 + |VC|2an¢1 |interface = 0

° anq>1 ‘interface = an¢2 ‘interface

1+|V 2 8n¢ Q% 2
@ 1 (8,:1/11 +gC+ %‘V¢1|2 - (\/TC;(](-'HVZ);) — ) =—F

14|V C|2(8n®2)+ V(- Vipn)?
° 12 (5t¢2 + 8¢+ 5|Vin* - (\/Tgl(iﬂvi?;) S )

—P.
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Interface equations

Interface (W1 = @1, p0r Y2 =2, )

° atc - 1 + |VC|2an¢1 |interface = 0

° anq)l ‘interface = an¢2 ‘interface

14|V C[2(8pP1)+ V- Vipr)?
°m (aﬂ/}l +8C+ 3V - (\/|72|(§+W1<)‘2) . ) =-P.
1+[VC[2(9nP2)+ V¢ Vio)?
° (5t¢2 + 8¢+ 3Vl - (Wﬁw?m 2 ) =-F
Fluid 1 Fluid 2
Ax %1 =0, Ax P2 =0,
azq>1 ltop — 07 82(1)1 | bottom — 0’
1 |interface = wl ¢2 |interface = \U2
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The Dirichlet-Neumann operator

Definition (Dirichlet-Neumann operator)

G[C] : wl — G[C]Wl = W and)l |interface'
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The Dirichlet-Neumann operator

Definition (Dirichlet-Neumann operator)

G[C] : \yll — G[C]Wl = W and)l |interface'

Ax P =0,
az(bl ltop — 07
¢1 |interface = W]_
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The Dirichlet-Neumann operator

Definition (Dirichlet-Neumann operator)

G[C] : \yll — G[C]Wl = W and)l |interface'

Ax P =0,
az(bl ltop — 07
¢1 |interface = W]_
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The interface operator

Definition (Interface operator)

HIC: Vi s HW: = V(P2 e
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The interface operator

Definition (Interface operator)

HIC] - \l)fl —  HV1 = V(P2 ne)-

/

_ _G[V:

6n¢1 |interface — /1+|VC|2
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The interface operator

Definition (Interface operator)

HIC] - \Ijl —  HV1 = V(P2 ne)-

/ Ax b2 =0,

G[¢(]V:
O = —2 . 0, =0
interface /1+|vc|2 z |bottam )
8n¢2 |interface = 8n¢1 |interface

On
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The interface operator

Definition (Interface operator)

HIC] - \Ijl —  HV1 = V(P2 ne)-

A

— —
Ax P2 =0,

G[¢(]V:
O = —2 . 0, =0
interface /1+|vc|2 z |bottam )
8n¢2 |interface = 8n¢1 |interface

On
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The reduced internal waves equations

The reduced equations (v = p1/p2)
9¢¢ — G[¢]Yr =0,
9e(R[C]v1 — yVih1) + g(1 = 7)V(¢
+3 V([HIC1]> =~V |?) + VN (¢ 91) = 0.
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The reduced internal waves equations

at( — 1+ |VC|28n¢1 linterface — 0

The reduced equations (v = p1/p2)
8tC - G[§]¢1 = 07

O:(H[Cl1 — V1) +g(1 —)V(
+LIV(H[C? — 7|V [?) + VN(C 1) = 0.
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The reduced internal waves equations

The reduced equations (v = p1/p2)
8tC - G[g]wl =0,
Ie(H[CJr — V1) + g(1 —7)V(¢
+3 V(IR = 4IVea[?) + VN(C 1) = 0.

/

V1 [VC2(0n 1)+ V-V )2
01 (8tw1+gc+ %|V¢1I2 - W C2|(§+|v1<?|§) = )

V1 [VC2(0nD2)+V (V)2
pz<3t¢z + 8¢ + L2 — WY C2>|(§+|v2<)|t) . )

= P,
——P.
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Non dimensionalization for one fluid

[. Identify the characteristic lengths:
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Non dimensionalization for one fluid

[. Identify the characteristic lengths:
o Wavelength: A
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Non dimensionalization for one fluid

[. Identify the characteristic lengths:
o Wavelength: A
@ Amplitude: a
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The physical phenomenon Asymptotic regimes

Non dimensionalization for one fluid

[. Identify the characteristic lengths:
o Wavelength: A
o Amplitude: a
@ Depth: d
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The physical phenomenon Asymptotic regimes

Non dimensionalization for one fluid

[. Identify the characteristic lengths:
o Wavelength: A
o Amplitude: a

o Depth: d
Il. Nondimensionalization
oE:%,)N(:§,etc.
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The physical phenomenon Asymptotic regimes

Non dimensionalization for one fluid

[. Identify the characteristic lengths:
o Wavelength: A
o Amplitude: a

o Depth: d
.
[1. Nondimensionalization
c=¢ x=X
o(_a,X_)\,etc. )
[1l. Asymptotic analysis in terms of dimensionless parameters
e Amplitude/nonlinearity parameter ¢ = §
w
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The physical phenomenon Asymptotic regimes

Non dimensionalization for one fluid

[. Identify the characteristic lengths:
o Wavelength: A
o Amplitude: a
o Depth: d

II. Nondimensionalization

o(—QX ,etc.

[1l. Asymptotic analysis in terms of dimensionless parameters
e Amplitude/nonlinearity parameter ¢ =

3
@ Shallowness/dispersive parameter p = d—2
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The physical phenomenon Asymptotic regimes

Asymptotic regimes for one fluid

Definition
@ A shallow water regime corresponds to p < 1

@ A small amplitude regime corresponds to ¢ < 1.

Example

@ The Nonlinear Shallow Water equations (Saint-Venant) is shallow
water and large amplitude

@ Boussinesq, KdV, KP are shallow water and small amplitude

@ Full dispersion models are deep water and small amplitude

Ref: Alvarez-Samaniego and D. L., Large time existence for 3d
water-waves and asymptotics. Invent. math., 171:485-541, 2008.
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Asymptotics for two fluids

. Identify the characteristic lengths:

o Wavelength: A o Amplitude: a

o Depth: di and db

REWI NN (S S TOE RSN An asymptotic description of internal waves

Edinburgh 2008

11/ 22



Asymptotics for two fluids

I. ldentify the characteristic lengths:

e Wavelength: A e Amplitude: a o Depth: di and do

[1. Nondimensionalization J
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Asymptotics for two fluids

I. ldentify the characteristic lengths:

e Wavelength: A e Amplitude: a o Depth: di and do

[1. Nondimensionalization J

[1l. Dimensionless parameters

o Amplitude 1 = dil o Amplitude g, = d%

d2 d2
@ Shallowness p1 = 5. @ Shallowness pi2 = 3.
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Asymptotics for two fluids

I. ldentify the characteristic lengths:

e Wavelength: A e Amplitude: a o Depth: di and do

[1. Nondimensionalization J

[1l. Dimensionless parameters

o Amplitude 1 = dil o Amplitude g, = d%

d2 d2
@ Shallowness p1 = 5. @ Shallowness pi2 = 3.

Example

A model is shallow water / shallow water jf p1 <1 apd e <1

V.
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Nondimensionalized internal wave equations

- - : _d
Dimensionless equations (6 = &)

B¢ — 2 GM[eCln _ o,
L

at(H“";[gcwl — V1) + (1 = 7)V¢
+5 V(IHleclun? = 1|V ) + VA, vn) = 0.

Goal
Systematic derivation of asymptotic models in terms of €1, €2, p1, po2.

Earlier works:

Formal derivation in 1D: BO eqn [Benjamin67], ILW eqn [Joseph77, Kubota et al.78], SW/SW models
([Maltseva89,CamassaChoi99,NguyenDias08]), many models [CraigGuyenneKalish05], etc.

Formal derivation in 2D: many models ([CamassaChoi96]), ...

Full justification in 1D: BO eqn [Ohilguchi, to appear].
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The interface operator Definition

The interface operator H“’5[5C]¢1

Definition (Dimensionless interface operator)

H“OeC: V1 HeO[e¢lwy = V2.
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The interface operator Definition

The interface operator H"’5[5§]¢1

Definition (Dimensionless interface operator)

H“’5[6C]: v Hu,é[gg]\ulz VV,.
|

/

8nq)l |—14ec — o GV

V1+e2| V(|2
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The interface operator Definition

The interface operator H*/[=(]v;

Definition (Dimensionless interface operator)

H“"s[eC]: v Hu,é[gc]\ulz VV,.
|

/ p2 APy + 920, = 0,

_ _GH[v . _
On®1 |—1+ec — \/1+52|VC|2 9: %2 -1 — Ci
9n®2 [—1+ec — On®1 [—1+ec

[REWT NN (S S TOE RSN An asymptotic description of internal waves Edinburgh 2008 13 / 22



The interface operator Definition

The interface operator H*/[=(]v;

Definition (Dimensionless interface operator)

HAle¢]: Vp o HeO[e¢lwy = VW2,
/ N

/ p2 APy + 920, = 0,

_ _GH[v . _
On®1 |—1+ec — \/1+52|VC|2 9: %2 -1 — Ci
9n®2 [—1+ec — On®1 [—1+ec
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The interface operator H*/[=(]v;

Definition (Dimensionless interface operator)

HAle¢]: Vp o HeO[e¢lwy = VW2,
/ N

/ p2 APy + 920, = 0,

_ _GH[v ) _
On®1 |—1+ec — \/1+52|VC|2 9: %2 -1 — ci
In®a |—14ec = In®1 |—1+e¢

e

Vi, Q2[ex(]Vi, 92 =0  —1<2z<0,
8n¢2 |Z=O = lG”[SC]¢1, 8n¢2 |Z=—1 = 07
where V#2 = (\/;T2V,62)T_
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Control of the interface operator

Vi, - @2ea(]Vi,,u= V5, -h —1<z<0,
Ontl,_y =/12V -V +ez-h o, Ot =e,-h__,,

[Vu_|g < =Cst (IInllg +V]g).

Corollary

Estimate on the operator norm of H*4[(] and stability to perturbations.

v
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Control of the interface operator

Vi, - @2ea(]Vi,,u= V5, -h —1<z<0,
Ontl,_y =/12V -V +ez-h o, Ot =e,-h__,,

[Vu_|g < =Cst (IInllg +V]g).

Corollary

Estimate on the operator norm of H*4[(] and stability to perturbations.

v

Proof: Take G*[eC]y = /iuV - Vpn.
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Asymptotic expansion of H*’[z(]: the strategy

Recall that H*?[eC]W; = Vu,_, where

Vi, @2lea(lVi,u=0  —1<z<0,
anUIZ:O = lG/"[SC]wl = \/Ev . VDN7 8nu|2:_1 — 0’
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Asymptotic expansion of H*’[z(]: the strategy

Recall that H*?[eC]W; = Vu,_, where

Vi, @2lea(lVi,u=0  —1<z<0,
anUIZZO = lG/"[SC]wl = \/Ev . VDN7 8nu|2:_1 — 0’

@ Choose small parameter « (e.g. , €, etc.)

[REWT NN (S S TOE SN An asymptotic description of internal waves Edinburgh 2008

15 / 22



Asymptotic expansion of H*’[z(]: the strategy

Recall that H*?[eC]W; = Vu,_, where

Vi, @2lea(lVi,u=0  —1<z<0,
(9nU|2:0 = lG#[&C]wl = \/Ev . VDN7 8nu|2:_1 — 0’

@ Choose small parameter « (e.g. , €, etc.)
e Expand the DN operator: Vpy = Vo + aV4i +a?Vo + ...
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Asymptotic expansion of H*9[(]: the strategy

Recall that H*?[eC]W; = Vu,_, where

Vi, @2lea(lVi,u=0  —1<z<0,
8"“‘2:0 = lG#’[&C]wl = \/Ev . VDN) 8nu|2:_1 — 0’

@ Choose small parameter « (e.g. , €, etc.)
e Expand the DN operator: Vpy = Vo + aV4i +a?Vo + ...
@ Construct upp such that
Vi, @22l VA Jtapp = "V - r - = 1<z <0,

8”uapp |z:0 = V ,U2v : (VO +--+ an_l anl) + Oénez ’ r‘z:()’
8nu3PP lz=—1 — oe; - M

[REWT NN (S S TOE SN An asymptotic description of internal waves Edinburgh 2008

15 / 22



Asymptotic expansion of H*9[(]: the strategy

Recall that H*?[eC]W; = Vu,_, where

Vi, @2lea(lVi,u=0  —1<z<0,
8"“‘2:0 = lG#’[&C]wl = \/Ev . VDN) 8nu|2:_1 — 0’

@ Choose small parameter « (e.g. , €, etc.)

e Expand the DN operator: Vpy = Vo + aV4i +a?Vo + ...

@ Construct upp such that
Vi, @22l VA Jtapp = "V - r - = 1<z <0,
8,,uapp lzmo = \/,LTQV Mo+ + a™ ! Vpo—1) +ae, M,
8,,uapp =1 — a"ez . r|Z:_1,

@ Use proposition with V = Vpy — (Vo +---+a" 1V, 1) and h = a"r.
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Expansion of H*/[(] in the SA/SA case: £1 < 1, &5 < 1
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The interface operator [EEASYIIIEAINNEN ]

Expansion of H*/[(] in the SA/SA case: £1 < 1, &5 < 1
o Defining To,, = “™YHP) and 73 ,[(] = —~V'75,u(¢75,, V"), one has

Von = 7o,uVih1 + e2/p2(—C + T1,,[¢]) V1 + O(lz 3V/12),
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Expansion of H*9[(] in the SA/SA case: ¢; < 1, e, < 1

o Defining Ty, = tanh(“DfHDl) and 71 ,[¢] = =V70,,(¢T0,, V"), one has

Von = 7o,uVih1 + e2/p2(—C + T1,,[¢]) V1 + O(lz 3V/12),

@ We look for uapp = ug + 2uy:
{ A/)L(%ZUO = 0,
Ozuo |,_o = /112V - (T0,, V1), Ozup),__, =0,
— uw(X.2)=&8%

and u; solves a nonhomogeneous Laplace equation.

Proposition (Small Amplitude/Small Amplitude expansion)

H el = — By + e2B(C, Vi) + O(215).
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Expansion of H*9[(] in the sw/sw case: j; < 1, po < 1

We want to construct an approximate solution to

Vi, QP2[ex(]VA ,u=0  —1<z<0,
anu |z:0 = lGM[EC]d}l’ anU |z:—1 = 0
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Expansion of H*9[(] in the sw/sw case: j; < 1, po < 1

We want to construct an approximate solution to

Vi, QP2[ex(]VA ,u=0  —1<z<0,
anu |z:0 = lGM[SC]d}l’ anU |z:—1 = 0

2

o JGH[eCls = 02V - (Vi) + O('5)
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Expansion of H*9[(] in the sw/sw case: j; < 1, po < 1

We want to construct an approximate solution to

Vi, QP2[ex(]VA ,u=0  —1<z<0,
anu |z:0 = lGM[SC]d}l’ anU |z:—1 = 0

o LGr[eClpr = 612V - (Vi) + O(2)
o We seek u = ug + ppur and remark that

1
v&iz Q" [€2C]v§2,z = Eaﬁ + :u2vX,Z ) leX,Za (h2 =1+ EQC)
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Expansion of H*9[(] in the sw/sw case: j; < 1, po < 1

We want to construct an approximate solution to

Vi, QP2[ex(]VA ,u=0  —1<z<0,
anu |z:0 = lGN’[SC]d}l’ anU |z:—1 = 0

o LGr[eClpr = 612V - (Vi) + O(2)
o We seek u = ug + ppur and remark that

1
v&iz Q" [€2C]v§2,z = Eaﬁ + MZVX,Z ) leX,Za (h2 =1+ EQC)

@ At first order

8§uo = 0,
Ozup |,_, =0, Ozup|,__, =0,

which is obviously solved by any up(X, z) = up(X) .
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Expansion of H*9[(] in the sw/sw case: j; < 1, po < 1

@ At next order

8§u1 = —h%AUo,
{ Oy lr—0 = ho (€2VC -Vug 490V - (hlv¢1)), 0z lo—e1 = 0,
and thus )
Z
if the following compatibility condition is satisfied

up = %AUO + z(@zul \z:o)

V- (hVug) = =6V - (h Vi),

with hy =1 —¢e1¢ and h, = 1 4+ &5(.
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The interface operator [EEASYIIIEAINNEN ]

Expansion of H*9[(] in the sw/sw case: j; < 1, po < 1

The compatibility condition

V- (thUo) = -6V (hlvwl)

Lemma
Assume that |e2(|o0 < 1.

@ In dimension d = 1, one has Oyug = —52—;8)4!11.
@ In dimension d = 2, one has
Vo = —6(1 + N(e2¢M)) N (A Viy),

;
where 1 = %.

Corollary

H[e(] = =6(/ + N(e2(N-)) " N(M V) + O(S(1 + p2))-
An asymptotic description of internal waves
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Consistency results

)

B¢ — 2 GM[eCln _
I

at(H“’5[§<1¢1 — V1) + (1 = 7)V¢
+5 V(W leclun = 7|V ) +eVA*(eC 1) = 0.

Dimensionless equations (§ =
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Consistency results

)

B¢ — 2 GM[eCln _
I

at(H“’5[§<1¢1 — V1) + (1 = 7)V¢
+5 V(W leclun = 7|V ) +eVA*(eC 1) = 0.

Dimensionless equations (§ =

@ Rewrite the equations in terms of { and v where
v = H* ey — Vi,
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Consistency results

. . . 4
Dimensionless equations (6 = &)

B¢ — 2 GM[eCln _
I

at(H“"s[gdwl — V1) + (1 = 7)V¢
+5 V(W leclun = 7|V ) +eVA*(eC 1) = 0.

@ Rewrite the equations in terms of { and v where

v = HE [ — y Ve
o Expand Vi1 and H*9[e(]y)q in terms of ¢ and v.
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Consistency results

. . . 4
Dimensionless equations (6 = &)

B¢ — 2 GM[eCln _

at(H“"s[gdwl — V1) + (1 = 7)V¢
+5 V(W leclun = 7|V ) +eVA*(eC 1) = 0.

@ Rewrite the equations in terms of { and v where
v = HE [ — y Ve
o Expand Vi1 and H*9[e(]y)q in terms of ¢ and v.

@ Control the residual
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Consistency results

. . . 4
Dimensionless equations (6 = &)

B¢ — 2 GM[eCln _
I

Or(H*2[CJn =7 Vin) + (1 = 7) V¢
+5 V(W leclun = 7|V ) +eVA*(eC 1) = 0.

Rewrite the equations in terms of ¢ and v where

v = H* ey — Vi,
Expand V1 and H*®[e¢]¢; in terms of ¢ and v.
Control the residual

Do this for all the possible regimes!
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The SW/SW model

The SW/SW model

Theorem

The internal waves equations are consistent with the SW/SW equations

¢+ V- (MR[Cv) =0,

=0,

O + (1= )VC+ 2 (v = yRCIv]* — ARGV [)

where hy =1 —¢e1(, hp =1+ e2( and

R[CJu= &
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The SW/SW model

The SW/SW model
Theorem
The internal waves equations are consistent with the SW/SW equations
9:¢ +V - (mR[¢]v) =0,
€1 2 2
O + (1= 7)VC + 2V (v = y3cIv|* = ARG [*) =0,
where hy =1 —¢e1(, hp =1+ e2( and

R[(Ju= &

The water-waves case: v =0, § = 1.

815( + V- (th) = O,
£ ol A
8tV+VC+ EV|V| = 07

[REWT NN (XSS TOE RSN An asymptotic description of internal waves Edinburgh 2008 21 /22



The SW/SW model

The SW/SW model

Theorem

The internal waves equations are consistent with the SW/SW equations

3¢ + V- (mR[¢Jv) =0,
O + (1= 7)VC + SV (|v = 1ichv[* = 7| RicIv[*) =

where hy =1 —¢e1(, h =1+ e2( and

R = & )
The case d = 1:
8t< + 8 (5h1+’yh2 ) = 07
& ~ ol € (6m)? *’Yhz 2
8tv+(1— )XC+ 8(WV)IO,
V.
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The SW/SW model

The SW/SW model

Theorem

The internal waves equations are consistent with the SW/SW equations
¢+ V- (MR[Cv) =0,
€1 2 2
O + (1= 7)VC + 5V (|v = Rl — 7[RIV ) = o,
where hy =1 —¢e1(, hp =1+ e2( and

R[CJu= &

Other remarks

e Full justification of the SW/SW regime for existing internal-waves

@ Kelvin-Helmoltz instability!!!
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The Boussinesq/Boussinesq model

The internal wave equations are consistent with the B/B systems:

1 2
(1 _ ubA)atC toVvet aﬁv - (Cvg) + paV - Avg =0

e 62
(1—,udA)8tvﬁ+(1—7)V(+§(5 ;V|vﬁ|2 UCAVC = 0,

where vg = (1 — pBA)~tv and

g— 1za)A+99) ~300(v+0) | 1ims
36(y + 0)? ’ 135(v+3)
C:ﬂO(Q, d:ﬂ(l_O(Q)a

(1 >0, 8>0and ap <1).
Remark: The dispersion relation is
(15 — nalkP)(1 — 7 — pclk]?)
(1 + pblk[?)(1 + nd|k|?)
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