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moving frame

Ap = 0 z3 < n(X)

Vo — 0 asx3 — —o0

Boundary conditions on x3 = n(X)

D
Vxn-(u+Vye) — -~ =0
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u-VXg0+( 2 +pun =20
_ 9L
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Basic solution: (flat free surface)



Bi-periodic functions

lattice I of periods: A; € R2 j=1,2
[ ={ A =miA1 +moA: m; € 7}
lattice [’ of wave vectors: K; € R2 j=1,2

M= {K =mKi+npKp :nj € Z, \jK;=2md;}

n bi-periodic in X € R?

n(X)= Y ugetX
Kerl’



[’ generated by K7, Ko € R?

[ generated by A1, A» € R?

‘E1=0.5, T, =1, g, =0.1, e, ."£1=0.5




Basic formulation

Dirichlet-Neumann linear operator G,

1/2d
G = (14 (V%) iy

n normal exterior to €2, and ¢ solution of the Dirich-
let problem

Ap = 0, x3<n(X)

@ Y, x3=n(X)
Vo — 0as 3 — —o0.

Basic formulation: > 0,u € S

F(U,p,u) =0, F=(F,F)
U= (%77)» Y = @(Xﬂ?(X))

fl(Ua My u) - - gn(lp) —u- vna
(Vi)
2

(V- (Vi +u)}?

7:2(U7M7U) = :u-Vy+ un+
1
2(1+ (Vn)?)

U € H™(R?/I) =: HJ*(R?/T) x H™(R?/T)
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Linearized system at the origin

GOy —u-vnp = 0, GO =(-n)/2
u-Vp+pun = 0
Dispersion relation:
plK| — (K -u)* =0
Assume the following solution of the dispersion equa-
tion
u = ug=(1,0),
K1 = (1,71), T1=tan6;
Ky = )\(1, —7‘2), To = tan 6-

Then 71,72 and A are linked:

. 1 A2
Iu p— CcoOSs 1:—:—
‘ |K1| K2
0
\ — cos 61
cos 6-

For A = 1 the lattice I is a diamond pattern



Kernel of the linearized operator

linearized operator (acts on U = (v, 1))

EO B ( up - \Y% He >

Non resonant assumption:

+ K41 and *Ko are the only solutions in I' of the
dispersion equation for u = ug, 4 = p, :

NC|K| - (K ' u0)2 =0

4-dim kernel:
CKl _

CKQ T



Formal Asymptotic expansion

0 = LoU+ LU+ Lo(w,U) +
+No(U,U) + N3(U, U, U) + ..

U:(¢7n)7 FL:,LL—,LLC, W =1u-—ug
Equivariance under symmetries:
Ty shiftX|—>X—|—V,V€R2
So : So(¢,n)(X) = (—¢,n)(=X)
Formal Lyapunov-Schmidt method
U = W+V, W e kerLy
W = Alg, + BCk, + Ak, + BCk,
1st step: solve formally w.r. to V
< 1 N
V = =Ly No(W, W)+O(||WIP+ (|l +|w ) [W]])
small divisor problem in the denominator of /361:
el K| — (K -ug)?, K € N\{+K;,+K,}
2nd step: obtain 2 complex " bifurcation equations”

Ady (i, w, |AP%,|B]) = 0
B¢2(ﬁ7w7|A|27|B|2) = 0



Asymptotic expansion of non-symmetric 3-
dim waves

U=(,n)= >  APAIB"B*Upgrs
p+q+r+s>1
A = €1€iK1'V, B = 626iK2‘V

v arbitrary in R? ~ horizontal shift X — X +v

\% 0 = v odd, n even in X

U1000 = Ckys U0010 = CKys Upgrs = Ugpsr

2 2 | 2\2

p—pe = a1t + ages + O(e] + &)
)2

u—uy = w=(wi,wn), w1=—72+--

wy = P1ef + Boes + O(ef + €3)°

aj, 3; known functions of 71 and 72



1="3 % 10= 1301 C1rg0=h



Existence region

Conditions on (71, 72,£%,€3): for (m,n) € Z%\{0}
Im + pn| > - s
(Im] + In|)*+
c

(Im] + [n[)°F1/2

v(m + pn) — |n|| >

p =X+ p1e1 + poes + R(e)

V="V¢+ 1/18% -+ 1/2&‘% + V(e)




Existence problem

FU,un) =0
Approximate solution (with % odd, 1 even in X):
Ue e, : truncated expan. at order V.
e = le1] + [e2]

f(U51a€27/1’61,62) — €N+1Q€

Perturbation:

U="Us,e, +e"W, N>3,

d _
(b(Wa 51752) gf € Nf(U51752 +€NW’ 'u51752)

S(W,e1,62) =0, D(0,e1,€2) = Qep e

Adapt Nash-Moser theorem (based on Newton iter-
ation method)

OwP(Wp, e1,e2){Wpt1(e1,€2) — Wp(e1,€2)}
— _¢(Wp(5la 52)7 €1, 52)

Wo(e1,e2) =0;

O (W, e1,e2) linear integro-differential operator
of second order, periodic coefficients.



Inversion of the Differential of ¢

U= (y,n) = U51,52—|—5NW being given, Ug, ¢, :truncated
expan. at order N, (with ¥ odd, n even in X), solve
w.r. to d¢ € HdeZ(RZ/F) the linear equation

~T* (2T(56)) + Gn(68) = h € Hiyg(R2/T)

J = V-V(), V=Vi+u —bVy

a = V-Vb+yu
1

— 1+ vnz{vn ) (U-O —+ V¢)}

On=01+6Gy+6_1

G;  pseudodifferential operators of order j. For
(¥;m) =0, and p = pc

(e 1(021)% + (— )2} (5¢) = h




1st step: find a diffeomorphism of the torus X €&
R?/T — Y € (R/277Z)?

Y = (K1 X, Ko X+u(X))+(1, p)v(K1-X, Ko X +u(X))
such that

G16 — T T B(X) =

= k(Y)(I+Q-1)[Lo,c + AD1 4 B: + £_1]o(Y)
where ¢(X(Y)) = ¢(Y)
Loe = VDY + (—A)Y2, Dy = Oy; + pOy,

L(k) = —v(k1+ pk2)® +
{ao(k1 + pko)? + 2bg(kq1 + pka)ky + k3 }1/2

20 and ‘B. pseudodiff operators of order 0
£_1 of order -1



e p : rotation number of the field V' on RZ/F

V. Vxu = pK1-V—-Ky -V,
where u [ — periodic

p=A+ p15% + ,025% + h.o.t.

|dentify powers of €1, €5 for obtaining the formal
expansion of (p, u(X))

e Diophantine condition on p
c

|+ [n])i+o

=>restriction on A\ + ple% + pzeg to a set of
positive measure, asymptotically of full measure
as [e] — 0O

(m,n) € Z*\{0}

im + pn| >
(Im

e Solve in v € R and v(Y') 2m— periodic and odd
in (y1,y2), an equation of the form (linear small
divisor problem)

1+ Oy v + pOy,v = 1/1/2f
f : known, even, periodic in Y

V= UV,+ 1/16% -+ 1/26‘% + h.o.t.



2nd step: invert 2075 — x[ where » = O(|€|2)

Diophantine condition for (m,n) € Z\{0}

cletF

2 1/2
|V(m—|—pn) {T(man)} +%| > (|m| n |n|)5—|—1/27

where

T(m,n) = ag(m + pn)? + 2bg(m + pn)n + n?

=>restriction on I/C—|—V1€%—|—V2€% to a set of positive
measure, asymptotically of full measure as || — 0

then

for f € Hjjdl N {ker 20’0}L

_1 c(s)
||(£0,6 — ) f||H§dd < |€|2—+[3||f||H§;d1

(loss of 1 degree of regularity)



Descent method

Find bounded operators € and € such that

(£0,e+AcD1+B:)(1+Q)u = (1+€)(Lo,c—3)utSu

§ bounded operator of order -1, » = O(g% 1+ 5%)
scalar

General algebraic procedure, based on properties of
pseudodifferential operators of 0 order - sort of " av-

eraging’ .

Inverting

20,5 + AcD1 + B + L£_q

then reduces to invert

Lo, — 7+ Z:—1

£_1 : smoothing reminder. Then we obtain

C

Coc—x+ L 1)1 < :
|(o.c 1) ||£(H§jdlvH§dd) - €%€%|€|2+6







