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# Background
o The model
» Equilibrium, phase transition.

#® Results:
» Review of previous stablility/instability results ik

» Stability and instability in a large finite interval with
perodic boundary conditions.

Joint works with Yan Guo and Rossana Marra



Ouf' +v-Vauf + FU2-Vof' =B(f', /1) +B([, f?),
O f? +v-Vaf?+ F2[f']-Vof?=B(f% )+ B(f*, ),
1 = fredand 2 = fPve probability distribution functions on

the phase spade x R?; in this talkQQ = R or 7;, = (—L, L]
with periodic b.c.

Self-consistent forceB™[f?], F2[f1]:
Filfi)(z,t) = —V, /Q iUl —)) [ dofie ), iz

R3
Collisions:v' = v —wlw - (v —vy)], V., = v +wlw- (v —1v4)].

B(f.g) = /d/ ldwrv )l (09— F0)g(0.)



Model introduced by Bastea and Lebowitz (1997).
System ofN; redand N, bluehard spheres.
Interactions:

# elastic collisions (color blind);

# |ong range Kac-type repulsive force between red and blue
particles with a two body potential(|x|).

No short times validity proof.

Vlasov-Fokker-Plank: replace collisions with a thermathbat
given temperature.
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The functionalF&" is non increasing for any > 0.

Entropy-energy competition.
# Jsmall: entropy dominates. Disordered state.
#® [ large: energy dominates. Segregated states.

Note that in VB case, the relevant value/f= g(FE) at
equilibrium is fixed by theonserved total energy, as discussed
In [Carlen, Carvalho, R.E., Lebowitz, Marnagnlinearity 16,
1075-1105 (2003)].



Equilibrium solutions 5 = éffﬁ[ifg;ﬂ

fH(=z,v) = pr(z)pp(v), f(@,v) = pa(z)p(v),
B~ 1n p1(2) —I—/ do'U(|z — 2'|)p2(2) = Ch,

Q)
ﬁ_llnpg(x)—I—/de’U(]x—x’])pl(x’):Cg.

Euler-Lagrange equations for thgatial free energy functional

Falpt, p2] = B~ /d:vm z)In p1(x) + p2(z) In po ()]

[ do [ U (a—a' ) (@)pale’) = Ffloras, pansl



Homogeneous minimizers: minimizers of the local free eperg

o(p1,p2) = B [p11np1 + paln pa] + p1p2

Indeed,

Falp1, ps] = / 4z o(p1(z), p2(z))
“/ i / a2'U(|z — ') (01 () — p1 (")) (p2(x) — pa(a’)).

By rearrangement arguments (ecreasing) the non local term
IS non negative on minimizers, so minimizers are spatially
homogeneous as much as they can.



P1 — P2
P

Setp = p1 + p2;m =

) 1
e(p1,p2) = B~ pInp+ 2p* + p fp(m)

m2

folm) = ="+ (p8) ™"
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Graph of m — f,(m) for p8 > 2.



The critical points forf have to solve

1
m = tanh(§p5m).

If 3p8 > 1, there ism > 0 an the E-L equation is solved by
m = 0 andm = +m
Setp® := 3p(1 £ m).



eRPA. . — 0. Miminizer of ¢: p; = ps (Mixed phase).

EER

# Minimizer: p; = p™, po = p~, (red rich phaskg

# Minimizer: p; = p—, p2 = pT, (blue rich phasg

Note: the minimizing total density is always unique.



Conservation of masses—=- Minimizers with the constraints
—1 d ( ) = 1.2
’Ql Q IOZ () Y

n; given by the initial conditions.
If p~ <n; < pT,¢=1,2 non homogeneous minimizers arise:
Regionsblue richandred richseparated by interfaces.

AssumeX) ad-dimensional torus of sizé.
From rearrangement arguments (usthghonotone), fotl.

sufficiently large, the minimizers a symmetric monotone With
values close tp™ andp™~ in regions separated by a

small interface [Carlen, Carvalho, R.E., Lebowitz, Marra,
Nonlinearity 16, 1075-1105 (2003)].



) =R, limy oo p1 = pT,  limgyg00 p2 = p&

[Carlen, Carvalho, R.E., Lebowitz, Marra;, ARM#&4,
823-847 (2009)]



Question: Are the equilibrium states stable w.r.t. pewtidns
of the initial conditions in the time evolution?

Expected answer: Minimizers are stable, maximizers are
unstable.

Results: Cas@ = R;

# V-B evolution: stability of the minimizers, instability dhe
maximizer.



Theorem [R. E., Guo, Marra, CMR96,1-33 (2010)]:.p = 2.
® (3 < 1: The unique equilibrium ( f1, f2) = (1, 18) is stable.

o 5>1:
# the homogeneous equilibrium states

(f1,f2) = (0T g, p~1p) and (f1, f2) = (0~ pg, o™ 11g)
are stable;

» the equilibrium (1, f2) = (p*(z)ug, p*(x)ug) is stable
w.r.t. symmetric perturbations;
» the homogeneous equilibrium ( f1, f2) = (ug, pug) is
unstable.
Here stability and instability are ih> (R x R?) and in
HY(R x R?) for h; = (v/M;)~(f; — M;). Symmetric perturbation
meanshi (z,v) = ha(—z, Rv), whereRv = (—vz, vy, ;).




#® No convergence to the equilibrium is stated.

# In order to have phase transitior{force not small.

Treating the force terms as perturbations does not work.

Strategy based on entropy-energy argumebtsestimates
promoted tal>° by analysis of the characteristics. Crucial
step:spectral gagor the second derivative of the free

energy. _
#® The instablility is based on the construction of a

perturbation arguments and persistence of the gorwing
mode at non linear level.




Givenp = (p1, p2), define the operatot on L*(R) x L*(R):

w, Au) = 2 F o+ su)
u, Aup = =5 F(p+su)|,_q .

Whenevelp is a minimizer for the excess free energyis non
negative. LetP be the projector on the null space 4f
Lemma. [CCELM] There is > 0 such that

(u, Au) > §][(1 — P)ul||*.

If p = (p1, p2), then the null space of A is {c(p}, p}), ¢ € R}.
The null space of the analog dfis trivial if p = (p™,p~) or
p=(p~,pT) (cases > 1)orp = (1,1) (cases < 1).



Theorem: Let w(v) = (X + |v]?)7, with ¥ sufficiently large and

v > 3.1 lwg(0) |l + /F(g(0)) < & for § sufficiently small, then
there is 1y > such that

Jwh(To) o < 5 wh(0)loo + Cx, /FTRO)).

The stability follows by iteration on the time interval.



1) Without collisions there Is a growing mode.
2) Collisions do not destroy the growing mode.
The linearization of the equation for the perturbation is:

Oig + Lg =0,
'Notation : . = :5; ¢ first component of the velocity = (¢, ¢),

(Lg)i = £0egi — BF(\V/1giv1)E/ 1 — aLig,

o = 1andLig = % (B(/Hgi.20) + Bl /i1 + 2)))

Seek for a growing mode of the form

gl(t 2 S C) = € elkm (£7<)7 gQ(t L f C) — € te—lkx (_£7<)




Theorem. Assume (3 > 1. There exist constants kg > 0,6 > 0,
C' > 0, ¢ > 0 and a family of initial Zk—Z—periodic data

£2(0) = p + /1g? (0) > 0, with g°(0) satisfying

[Vz£9° ()12 + wg® (0) | = < €3,
for § sufficiently small, but the solution ¢°(¢) satisfies

sup [lwg® ()|~ > ¢ sup [g°(t)]|z2 = cf > 0.
0<t<T? 0<t<T?

imeis 79 — 1 12
Here the escape time is 7° = —— In 5,



# Finite volume,1d torus(with Y. Guo and R. Marra)

Stability of the non constant minimizer “double front”)
A

-

® Operatord on L*(7z,), 71, the 1-d torus of size2L. The
derivative of the front is in the null space df
What is the null space? There is still a spectral gap?



Letw = (w1, w2) be a centered front on the circle.

1 2
(u, Au) = —d—F(w+su

2 ds? )‘s:O )

(u, Au) > 8[|(1 = P)ull*.
‘P projector on the null space of.

(Au); = it + BU xug, (Au)y = bl + 6U *uy.

w1 w2



/)

as anegative eigenvaluaBy the
which means

equationsdw’ = 0,

Definew = (Jw}|, —|w}|). By using above equations,

o w' w!
(@, A0) = [ 1w g0 s ) + ) (142
Tz w1 w2

= BU * [wi])

L 0
=25 | [ wfU s bl +ug)+ [ whtx (i +u) | <0
0 —L




Perturbingw with the negative eigenvector expands the bump.

A

ldea: themass constrairkills the negative eigenvalue.



Spectral gap true faanti-symmetriqby reflection) functions.

Problem on the circle fosymmetricfunctions reduced to the
case of Neumann boundary conditions @n L|:

A




Ulz,z") = Ulz,2') 4+ U(z, Ryr’) + U(z, Rp.x')
Ry reflection around zero anéd; reflection around..

A <0 minimum eigenvalue,

corresponding eigenvector.



We need spectral gap for functions in the hyperplane

H={h: [ hi=07}i=12
We expect to prove spectral gap for functions in the orthagon
toe:

(u, Au) > 8(u,u), if (u,é) = 0.

If the anglea betweere and A is not too small we get the
spectral gap:

€ 4

\
H



Decomposé, € H asae + bu with 4 orthogonal tce

(h, AR) = a®Xp, + b2(4, Ad)
a? = cos? o, b2 = sin® . With sin a = ﬁ fOL e.

If ¢ decays fast enougil ~ 7. Az iS negative
Competition  (h, Ah) > —|\r| + <6

If \; decays faster tha}j we can prove spectral gap farlarge
(h, Ah) > d(h, h) for anyh € H.
G. Manzi (2007)



Analysis of the spectrum usingarkov chains Generalize
method by De Masi, Olivieri, Presutti (1998), Ising case.

#® exponential bounds on the minimum eigenvalge
—cre < \p < coe

#® exponential bound on the minimum eigenfunctéon
—ce M=ol < ¢(z) < 0

#® spectral gapn a suitable weighted ., for functionsu in
the orthogonal t@é. Implies spectral gap ihs-norm.



OperatorS (Su); = w;U *uj, i+#j,i=1,2

(u, Au) = Z /7‘ drwiu;(Au); = (v, u) + (u, Su)

(u, S*u) = Z/T wiw; U * (w;U * u;) = (u, Tuw)

Negative eigenvalue fof means eigenvalue fa greater than
1. We study the operators

A

Tih = w U * (waU * h),

A

Toh = wol * (w1U * h).



A

Mz, 2" :wl(x)/dzf](a:—z)wg(z)U(z—x’).

For \;, > 0 andé(x) positive, define the Markov kernel

M (x,z")é(x)
Noé(x)

By using the theory of the Markov kernels one gets the reduire
bounds.

Hence the front does exist and the corresponding operab@s
the required spectral gap in the relevant functional spéte.
denote it again by(x) = (p1(x), p2(x)).

K(z,z') =



Given the equilibrium stateV/y, Ma) = (p1us, p2145), let

g = (91, 92) with g; = fz\/_ﬁM?’ be the deviation from the

equilibrium. Define:

H(g) = iﬁ;[&dfv/dv [fz' log fi — M; 108;Mz},

€(9) Zﬁ;/ dx/dvggi\m

T

v [ detlle =) (pp @)~ m@)ate)

Pl = fdvfi(ajav)'



The free energy functional is

F(g) =H(g) + BE(g),

The free energy functional does not increase:
F(g(t)) < F(g(0)) foranyt > 0.

Quadratic approximation Theredse (01, 1) s.t. with
fz — O‘zfz — Oy Mz; 0TS (07 1):
fi

/ d:z:[Rde( ;J%F

+3 d:v/ dyU(|z — yl)(pg. (¢, 2) — p1(x))(pp(ty) — p2(y)).
TL TL




Lemma. Ifu; = py, — p; s.t. P(u1,u2) = 0, then there are ¢ > 0
and x sufficiently small so that

(filt) — M;)*
¢ Z /71 dx /]1%3 dv{ M L1 50— i <wiy

i=1,2 ¢

+ | fi(t) — Mil{fi(t)Mi>/@Mi}} < F(g(0)).

Remark: It is crucial that the initial perturbation srthogonato
the null space ofA. This is ensured by theymmetry condition



Theorem : Assume p = 2 and L sufficiently large. Then.
® [ < 1: The unique equilibrium (f1, f2) = (ug, pug) is stable.
® 5>1:

» the homogeneous equilibrium states

(f1, f2) = (P pg, p~pg) and (f1, fo) = (0~ pg, p* 1g)
are stable;

» the equilibrium (f1, f2) = (p"(z) g, p*(z)pg) is stable
w.r.t. symmetric perturbations;

» the homogeneous equilibrium (f1, f2) = (ug, pg) is
unstable.

Stability in L>° (77, x R3) and H!(T;, x R3)



OnR we did not state any approach to equilibrium and rate for
the V-B case. On the circle we have such a statement in
Lo(T;, x R3) with a suitable weight.

Theorem : Suppose that the masses and energy of the perturbation h
vanish at time ¢ = 0 and the perturbation is small in the sense of the
previous theorem. Then there is A > 0 such that, forany ¢t > 0

exp|AL]||g(6) || (7o xr3) < Cllg(0)[| 1y(72 xr2)-
The proof is based on the study of the linearized equation

019i + wik0x(Apg)i + £0:9i — (U x w;)0eGi = (Lg)i,
gi = pgV' M + Gi.



Main steps:

# Establish an.»-bound fore*g(t) under the linearized
evolution

# Bound the nonlinear term using tlig -bound on the
perturbation established in the stability theorem:

Essential for the study of the linearized equation are tieetsal
gaps forL and A and the following



Lemma If ¢ = (g1, g2) is solution to the linearized equation, there is a
constant K s.t.

1 1
/ 4| Pg(s)|” < K / ds)|(1 = P)g(s)|>
0 0

Equation forh(t) = e*Mg(t):

~

Othi + wif0y(App)i + E0zhi — (U x w)dech; = (Lh); + Ahy,

The termAPh; is controlled in term of\(1 — P)h; using the
Lemma and a time iteration, the partl — P)h; by the spectral
gap if X is sufficiently small.



The energy bound is established by using the norm

ILFII1P = og, Aps) + 1

This norm turns out to be equivalent to the usligdnorm
because of the spectral gap férand the symmetry properties
that ensures the orthogonality @f to w’, whose span is the null
of A.
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