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Structured populations with respect to a quantitative trait

Quantitative trait: y belonging to an interval ak.

Unknown: number density (¢, y) > 0 of individuals having the trai.

Thatis: f(t,y) dy is the number of individuals with trait iy, y + dy],



Example of evolution of the population

Assumptions: Evolution based on the processes of births and deathsdingu
selection and competition/cooperation. Birth and deatHaoral with respect to the
trait, except for the term of (logistic) competition.

S = (o) - [ o) 569y ) £t.0)

Typical assumption for competition:is nonnegative and biggest when- 1/'.

Natural question: what is the behavior of this equation when +oc [what are the
stable equilibria]?



Steady solutionsto linear/quadr atic equations

A function of the form
N
) =Y psidy,(y)
71=1
(wherep; > 0,..pn > 0) is a steady solution of eq.

%(t,y) = (a(y) —/b(y,y’)f(tay')dy) 7t y)

If and only if

N
aly) =Y piblyi,y;).  i=1,.,N.
j=1



Linear stability of the steady solutionsto linear/quadr atic equations,

link with adaptive dynamics

Starting from a perturbation of the function of the form
N

Fy) =eds() + > pjdy; ()
j=1

with e > 0 ands # y1, .., y~, the linear stability analysis (that is, when(<?) is
neglected) leads to the “global” condition of linear steapil

N
CL(S) <Zp3 b<87yj)7 S#yla“ayN'
j=1



Linear stability of the steady solutionsto linear/quadratic equations,

corresponding local condition
:ij b(y“yj) ’L:l,,N
/ ob .
a(yl)zzpj al(ylayj) 7’:17"7N7

Y82
a’//(yl) S Zp] W(y'L)y.])? Z — 17 "7N'



An example

1
aly) = A -y, by, z) = 1+ (y — 2)2
Case N =1
By symmetry:
a(0)

ST PP h0,0)

Moreover:
9°b

a”(y1) — plﬁ(?ﬂ?yl) =2(A-1),

so thatf (y) = A d,—o Is linearly stable [for local (and in fact global) perturiosis
which are Dirac masses] if and only(f< A < 1.



An example (2)

Case N =2
By symmetryy, = —y2, p1 = p2; then

_ 13+16A-3V17+32A4
— T :

1
Y1 = Z\/—7+\/17+32A, 01

The statefs(y) = p1 (0y=y, + dy=—y, ) IS linearly stable with respect to local
perturbations ifA € [1, 1*:¥17 ~ 2.13] and linearly stable with respect to global
perturbations ifA € [1, 2].

Case N =3
A steady state of the fornfi(y) = p1 dy=y, + p2 dy=0 + p1 dy—=—y, IS linearly stable
with respect to global perturbations whene (2, 3].
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L argetime behavior for linear/quadratic equations

Equation:
atf(ta y) — 8[f<t7 )](y) f<t7 y)7
with
() =aw) ~ [ dw.v) 1) dy'
Rescaling:
0uf(t,y) =~ slfo(t )W) f-(t, )
Definition:



General result for the large time behavior

Theorem[LD, P.-E. Jabin, S. Mischler, G. RajuWe assume that: ¢ W' (Y),
O :={y;aly) >0} #0,bec W->(Y xY), inf, cyb(y,y’) > 0. Thenif f- is
the unique solution to the rescaled equation wit(0, -) = f.,,, one can find

f e L>(0,T[, M'(Y)) such that (up to a subsequence)

fe—=f L¥(w+]0,T[o(M",Co)(Y))

and
R. — R uniformlyin [0,7] x Y,
where
Re(t.y):= [ self@lw)de,  Rty) = [ slf(e]w)do
and

vt e [0,7]  maxR(ty) = 0.

Supp (f(t,-)) #0, Supp(f(t,)) C{R(t,-) =0} (fora.e.t€[0,T7).



Example

SLf1(y) = aly) — /Y by — o) £() dy/

where

) a € C'(Y) takes its unique maximum at poidtand for some constants, C' > 0,
VyeY, aly)<C, |d(y)|=>Aly

i) b € C'([—2,2]) takes its unique maximum at poidt and for some constants
D,E >0,

VyeyY, bly)>D, |V(y)]<Ely.

i) 20 E < AD.



Then, if% > fin > 0 a.e., the measurggiven by the theorem is

fty) =

As a consequence there is global nonlinear stability ofstate.



L ocal nonlinear stability of evolutionary attractors (1)

We still consider
sUf] = alv) — [ blu—1) 70y

We define an Evolutionary Attractor as a linear combinatibDicac masses

B N
f — Z ﬁj(si‘j
j=1

such that

)



L ocal nonlinear stability of evolutionary attractors (2)

. 1 _ _
diag <<&%x8[zyl 5,50] (:r:z-)> z) DG((zi):) > 0,

where D is the Jacobian matrix of the application

G(r1,x2,..,TN) = <8x8[z pj(?a;j](:m;)>

1=1,...,n

Theorem (G. Raou): If fis an Evolutionary Attractorf;,, € L'(R) is close tof in
M*'(X) andsupp fin = U; B(Z;, \) for A > 0 small enough, then the asymptotic
limit f of f. is f.



Case of local but non global nonlinear stability

Sg(t,)(x) = a(z) — / b(z —y)g(t,y) dy

R

a in black,b in blug andZ (b(- — 1) + b(- + 1)) in green



L ocal but non global nonlinear stability: Numerical ssmulation

T1= 0.1, T2= 0.3 ; time= 30
T

T1= 0.1, T2= 0.3 ; time= 30
T

T T T T T 16 T T




Continuous stable steady states (1)

1 v , 1 _w=yH?
— e 2(T1+T2) : b(y) Y ) —
V2 (Ty + Tv)

whereTy, 15 > 0.

Steady state
F) = e ¥
4= 27TT2 .

Proposition [P.-E. Jabin, G. RaojilThis steady state is globally stable (for initial
data strictly positive), and structurally stable in a weakm.

It is a particular case of a general theorem which uses a lyrapofunction in the case
whenb is a convolution kernel with nonnegative Fourier transform

A case studied byenieys, VolperandAugerwith a “non positive everywhere”
Fourier transform ob, shows thatf (y) := 1 is unstable for(y) := 1.



Continuous stable steady states (2)

There is a negative result for structural stability “in stganorm” byGyllenbergand
MeszenaWhena andb are analytic, they show that if a solutighexists such that

Supp(f) has an accumulation point, then for arbitrary small pesdtidns ofa andb,
it does not admit any steady solutigrsuch thatSupp( f) has an accumulation point.



Perturbations of the parameters of a Gaussian steady state:

numerical smulation

o (y—y1)22

Simulation for7y = 0.1, 7> = 0.3, a Gaussian antl(y, y1) == —==¢ 71,
at timest = 0, 20, 300, 1000, 2 000.




Presence of a small number of large mutations

We consider the equation of selection/competition/maoiati

(-2)0)-do)) )= [ dtws) £ ) e [ mGeaps @) =0

Assumption: b, do, d smooth,b’(0) = dy(0) = 0, and for somd > & > 0,

max max (b"(z), (1 — &) " (z)) — min dy ()

max(b — do) + € max m(-,
L ( 0) yeX || ( y)”Ll(X) H@idHoo < _5<0.

min d

Ve € X, Oid(x,z) =0.

m >0, minm >0,meC' (X xX)NL®(X x X).

X xX



Theorem (A. Calsina, S. Cuadrado, LD, G. RayuFore € (0, ) small enough,
any solutionf© of the equation writes (for som& = O(c /%))

(O 0) 72 0) + O(\/E) + O(ex)

O
2(m(0,0)7)2 ( _ag(0) 92 ) 2
—[a(’)’(O)— ;(00(%)) 82 d(0,0)] d(0,0) a11d<07 O)] —I_ O(\/g) —|_ 0(833) L



Adding the space variable: abstract of a paper about toads

Invasion and the evolution of speed in toads Nature 439, 803 (16
February 2006)

Benjamin L. Phillips, Gregory P. Brown, Jonathan K. Weblgifard Shine

Cane toads (Bufo marinus) are large anurans (weighing ugktp that were
introduced to Australia 70 years ago to control insect pastsgar-cane fields. But
the result has been disastrous because the toads are tdxaghiy invasive.

Here we show that the annual rate of progress of the toadiov&®nt has increased
about fivefold since the toads first arrived; we find that toadis longer legs can not
only move faster and are the first to arrive in new areas, i3otthiat those at the front
have longer legs than toads in older (long-establishedjilptipns.

Over many generations, rates of invasion will be acceldratgng to rapid adaptive
change in the invader, with continual 'spatial selectiarth@ expanding front
favouring traits that increase the toads’ dispersal.



Phenomenato take into account

- Migration (diffusion in thex variable)

- Selection (exponential growth rate depending uppn

- Competition (logistic correction)

- Mutation (linear kernel iny variable)



Modeling by PDE

Equation satisfied by := f(t,z, y):

atf(taxa y) o yAa;f(t,x,y) — f(taxay) |:T(y) o / Rc(yay/) f(taxay/) dy/
y' €

+/ m(y,y') f(t,z,y") dy'.
y’€R

Formal analogy with coagulation/fragmentation/diffusequations:

Ocf(t,z,y)—v(y) Auf(t,z,y) = —aly) f(t,z, y)+/oo a(y) q(y,y') f(t, 2z, y") dy’

_/0 b(y,y’)f(t,x,y’)dy’f(t,x,y)Jr%/0 b(y'sy—y') f(tx,y') f(t,z,y—y) dy'.

Those equations can be callethfinite dimensional (continuous)
reaction-diffusion systems”



Here, we taker € [0, L] andy € R;

r(y) = cst1 — cstay,

m(y,y") = csts exp(—csta (y —y')?),

s
Cly,y') = e .
(v,9") T osto (y —0)°

We add Neumann boundary conditions

Vy € R, Ve f(0,y) = V. f(L,y) =0.

Cf. LD; R. Ferrieres; C.Prevost



Numerical analysis and smulations

Computation thanks to an explicit finite difference scheméXin x and1D iny).

- Necessity to satisfy various CFL conditions
- Expensive because of the kernelgyin

- Programmation ire; post-treatment imatlab; run time~ 10 min.
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Results: diffusion rate of individuals
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Results. phase space distribution of individuals




Confrontation with data; conclusion

- Qualitatively OK

- Robust with respect to change of order of magnitude of patars



Steady states

The steady states of

()AL (ay) = K @) [+ [ K @) f(tay)dy

—f(t,z,y) /O C*(z,y,y) f(t,z,y) dy,

(wherex € 2, v € [0, 1]) are solutions of
1
—Ag f(z,y) = k(z,y) f(z,y) +/ K(z,y,y) [(x,y") dy
0

—f(:v,y)/0 C(z,y,y) flz,y") dy

(with k(z

Y)
C(z,y,y") =

k*(z,y)/v(y), K(z,y,y") = K" (z,y,vy")/v(y), and
“(x

() ()



Existence result

Theorem (A. Arnold, LD, C. Prevogt We assume thdt, /i, C' are continuous and

1
k4, k- >0: Vz e, yel0,1], m—ék(w,y)Jr/ K(z,y,y')dy < K+,
0

HC—7C—+— >0 \VIQJEQ, y7y/€ [071]7 C_ SC(Q?,y,y/)SC_|_

Then there exists a solution i (2,.; M ' ([0, 1])) to

AL f () = Kz, y) flz,y) + / K(z,y.y) f(z,y) dy

—f(:v,y)/0 C(x,y,y) flz,y") dy’

Va € 09, Yy € [0,1], Vaf(z,y) n(x) =0.
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