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THE KELLER-SEGEL MODEL

% = Ap —div(pVc) in (0, +o0) x R?
Ac = —p in (0, 4+00) x R? (S
p(t=0)=py >0 in R?.
Defining
1
G(Jx|) := o loglx| .
iy
we can rewrite (KS) as
Op

o = Q= dV(pVG xp) in (0,+00) x R?
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THE SUPERCRITICAL CASE

Define the masse as

/Rzp(x,t) dx :/Rzpo(x) dx =:M .

d , M
E/Rz IX[2 p(t, X) dx = 4M (1_5) .

We compute

BLOW-UP CRITERION

If M > 8w and
/ IX[2p0(x) < o0
RZ

then the solutions to (KS) blowup in finite time.
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THE SUB-CRITICAL CASE

THE FREE ENERGY FUNCTIONAL

Foeslel = [ o0ytog o) e+ o [ ptx)toglx —yloty) dcey

If p is a smooth solution to (KS) then

d
S Feeslo®] == [ pIViogp Vel .
RZ
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THE SUB-CRITICAL CASE

THE FREE ENERGY FUNCTIONAL

Foeslel = [ o0ytog o) e+ o [ ptx)toglx —yloty) dcey

If p is a smooth solution to (KS) then

d
S Feeslo®] == [ pIViogp Vel .
RZ

LOGARITHMIC HARDY-LITTLEWOOD-SOBOLEV'S INEQUALITY [CARLEN-LOSS 1992]

Letf € L1 (R?) such that f logf and f log(1 + |x|?) are bounded in L1(R?). If [, f dx = M, then

2
/szlogf i //RZXRZf(x)Iog X —ylf(y) dx dy > —C(M).. (logHLS)

Let A > 0, the minimisers of (logHLS) are the translations of

P (X) oy M#
A . = ()\+|X‘2)2 o

Global existence:

M M .
(1——>/ plog p < Fekslpo] + C(M) o~ < oo ifM < 8.
87 /) Jr2 87
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CLASSICAL RESULTS

KNOWN RESULTS[B., CARRILLO, DOLBEAULT, MASMOUDI, PERTHAME, ...]

Under the assumptions

po>0, po €L (R?), pologpo € L(R?) and [x|?pp € L'(R?) . (H)

@ If M < 8, solutions to (KS) exist globally in time and converge to the self-similar profile.

@ If M = 8, solutions to (KS) exist globally in time and blowup as a Dirac mass of mass 8
centred at the centre of mass in infinite time.

@ If M > 8, solutions to (KS) blowup in finite time.

In the sequel the mass M = 87 and we do not assume |x|?pg € L1(R?).
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A SECONDLYAPUNOV FUNCTIONAL: FOR THECFD EQUATION

THE “CRITICAL” NONLINEAR FOKKER-PLANCK EQUATION

ou 1

— = A (Vu) + —— div(xu t>0, x eR?,

M A (VE) v "
u(0) =up >0 x € R?,

Define

FAST DIFFUSION FUNCTIONAL

'HA[U] = -

It follows that for classical solutions u of (1),

7o) == [ u(x)

The g, are stationary solutions of (KS).
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A SECONDLYAPUNOV FUNCTIONAL: FOR THEPKS SYSTEM 87 CASE

If p is the smooth solution to (KS) we obtain

70l = =8 [ V(R acr [ 2 b= Dl
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A SECONDLYAPUNOV FUNCTIONAL: FOR THEPKS SYSTEM 87 CASE

If p is the smooth solution to (KS) we obtain

d
70l = =8 [ V(R acr [ 2 b= Dl

GAGLIARDO-NIRENBERG-SOBOLEV INEQUALITY, [DEL PINO, DOLBEAULT]

For all functions f in R? with a square integrable distributional gradient V1,

7r/ |f|6dx§/ |Vf|2dx/ If4 dx |
R2 R2 R2

and there is equality if and only if f is a multiple of a translate of ﬁi“ for some A > 0.

DISSIPATION OFH. )

For all solution p to (KS) of mass M = 8,

Al = Dlo(] <0,

and moreover, there is equality if and only p is a translate of 5, for some A > 0.
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CONCENTRATION CONTROL

CONCENTRATION CONTROL FORFpks

Let p be any density with mass 8, with plog p integrable and bounded in L*(R?, log(e + |x|?) dx).
Let C, = 2\~1/483/4, /7. Given 0 < ¢¢ < 8, there exists 0 < v; < 1 depending only &g, such

that if ,
81 —¢ep
ey °r—co

Alol < ( 2C, )

then there exists a finite positive constant Cccr, depending only on A and &g, such that

’71/2 plog, p dx < Fpks[p] + Cccr-
R
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CONCENTRATION CONTROL

Let p be any density with mass 8, with plog p integrable and bounded in L*(R?, log(e + |x|?) dx).
Let C, = 2\~1/483/4, /7. Given 0 < ¢¢ < 8, there exists 0 < v; < 1 depending only &g, such

that if )
871 —¢p
H U

Alol < ( 2C, )

then there exists a finite positive constant Cccr, depending only on A and &g, such that
’71/2 plog, p dx < Fpks[p] + Cccr-
R

CONCENTRATION CONTROL FORD

Let p be a any density in L3/2(R2) with mass 8x. For any v, € (0,4 x), if

Halo] < (2”—52)2 :

then there exist a finite positive constant Cccp, depending only on A and ~-, such that:

% [ 19(H4) 6 < aDle] + Coco -
R
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MAIN THEOREM

Given any density pp with total mass 8= such that there exists A > 0 with
Halpo] < Ci

where C| = (v2/2C3)?. Then there exists p € AC%([0, T], P2(R?)), with p(t) € L1(R?) forall t > 0
being a global-in-time weak solution of (KS). Moreover, the solutions constructed satisfy

Fekslp(t)] < Fekslpo] ,
and

t
Halp®)] + /o Dlp(t)] dt < Ha[po] -

Furthermore,
Jim lp(t) = palliyee) = 0

And the system satisfies the hypercontractivity property i.e. for any t* > 0, the constructed
solution p is bounded in L (t*, oo, LP(R?)), for any p € [1, 00).

Basin on attraction: If A # p then
2

A _
—X —X| pu =400.

- 1
Walpiain) = 5 |

R2

Talagrand’s inequality:
W3(p, ) < 22X Hy[o] -
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© |DEAS OF THE PROOF
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THE CONCENTRATION CONTROLLED INEQUALITY

CONCENTRATION CONTROL BY#H )
For any density p with mass 87 and any 3 > 0. Define Ag = {x : p(x) > B}. There exists C; and

C, such that

C
//; p dx < FI‘FCZ\/'H/\[P]ﬂ
8

with Cy = 647‘(‘/)\ and Cy = CCKLp/\/X.
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THE CONCENTRATION CONTROLLED INEQUALITY

CONCENTRATION CONTROL BYH

For any density p with mass 87 and any 3 > 0. Define Ag = {x : p(x) > B}. There exists C; and

C, such that
C
//; p dx < Fl + Cav/Halpol
8

with Cy = 647‘(‘/)\ and Cy = CCKLp/\/X.

Idea of the proof of the concentration controlled inequality (I): We split the function p is two
parts: Given 8 > 0, define pg(x) = min{p(x) , B8}. For 3 large enough, p — pg is such that:

C, Ci1 8m—egg
—pp < 24 CoVHA < 2+
/RZP PsS g 2V Hxlp] 3

We apply the classical method to p — pg of mass less than 8x.

<8m—¢p.

Idea of the proof of the concentration controlled inequality (Il): Let f := p/4. We split f in two
parts by defining fz := min{f, B/4} and hg :=f —fz. We apply the Gagliardo-Nirenberg-Sobolev
inequality to control hg.
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DISPLACEMENT CONVEXITY OFH ) [u

Push-forward: T transports u onto v and denote T #u = v if

/ CIT ()] du(x) = / () du(x) V¢ e CB(R?).
RZ RZ

WASSERSTEIN DISTANCE

The Wassertsein distance between p and v can be defined by

W) = int =T 00 dut)
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DISPLACEMENT CONVEXITY OFH ) [u

Push-forward: T transports u onto v and denote T #u = v if

/ CIT ()] du(x) = / () du(x) V¢ e CB(R?).
RZ RZ

WASSERSTEIN DISTANCE

The Wassertsein distance between p and v can be defined by

W) = int =T 00 dut)

In the Wasserstein metric the solution to the system (KS) is a gradient flow of the free energy:
pt = —Vw Fpxslp(t)] -

We regularise (KS) with G := ~. * G * ¢, ¥ being a mollifier sequence.

THE JORDAN-KINDERLEHRER-OTTO (JKO) SCHEME

Given a time step 7, we define the solution by the minimising scheme:

W2(p, p%)

2 + Fpslal| -
-

k+1 ;
pr € argmin, ¢y
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DISPLACEMENT CONVEXITY OFH ) [u

DISPLACEMENT CONVEXITY

Let ug and u; be two densities, and let ¢) be such that Vi #ug = u;. Define
2
Pe(x) = (1 — t)% + tep(x) and uy = Vb #ug. Hy is y-displacement convex if forall 0 <t < 1,

(1 — t)Ha[uo] + tHa[us] — Halut] > 4t(1 — t)W3(ug,uy) -
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DISPLACEMENT CONVEXITY OFH ) [u

DISPLACEMENT CONVEXITY

Let ug and u; be two densities, and let ¢) be such that Vi #ug = u;. Define
2
Pe(x) = (1 — t)% + tep(x) and uy = Vb #ug. Hy is y-displacement convex if forall 0 <t < 1,

(1 — t)Ha[uo] + tHa[us] — Halut] > 4t(1 — t)W3(ug,uy) -

The displacement convexity of H  is formally obvious from the fact that

2
Halu] = /RZ (—2\/u(x) + \/gp(zu(x)) dx +C .

where —,/u(x) and |x|?u(x) are displacement convex. Actually, we have to introduce

_ (Vu+ —vﬁx+5)2
sl = [ Ve

which is y4-displacement convex with v5 < 0.
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CONSEQUENCE OF THE DISPLACEMENT CONVEXITY OF[u]

Using

ABOVE THE TANGENT FORMULATION

Haluol < Halw] - 5 / [\/T + V;;g] - (Vp(x) — x) up dx .

we obtain

CONVEXITY ESTIMATES

For solution ot the JKO scheme we have

HALPT] < HALS] — 7 DI + 7 Allyllays

and
HALPET] < HALK] — 7 DI + mv/e Allpllays - @)

where A := 327(2))~Y/2Cps ||1X| Ylla/3-
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CONSEQUENCES OF THE DISPLACEMENT CONVEXITY Of|U]

ONE STEP THEOREM

Let pX satisfy the bound
Halkl <G ©)

Define Q¢ > 0, 7o > 0 by

Q
Qc:=Ci—Halp§] and 70 Allvllass = 7k :

Finally, given Q¢ and 0 < 7 < 79, and also any positive integer k, let ¢ be given by

1/3
2
A3 e A |22 g S0 | g o2
c? V2
If 7 < min(7p, 1) then pk+t1 satisfy the bound (3) and

HAlPE™] < HAlpk] — TDo5] + Qe 2747
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PROOF OF THE ONESTEP THEOREM

Halpl < Halpo] — 7Dlp] + % <C —Q—17Dl[p] + % < C —71D[p] . (4)

By the GNS inequality, D[p] > 0 so that (4) implies that p also satisfies (3). On the other hand,
since H , [p] cannot be negative it implies

Dlp] < %c, . (5)

We can thus apply the concentration controlled inequality:
C 1¢ C
/ ‘V(pl/zl)‘ ax < —D[ |4 Ceeo o 1C1 | Ceon
V2 T 72 72
By the Sobolev inequality, we have for any p € [1, o0)

/ppdx<Cs/ ‘v 1/4)( dx < = CS[C' CCCD},
R2 Y2

o

Now using this bound in (2), we obtain

Halpl — Halpol < —7Dlp] + Ve AC —k\WZ(po, p)-
——
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PROOF OF THE MAIN THEOREM ESTIMATES

Using the one step theorem we have

Ml < HaLE ] + 2 7Dl ®)
Adding them, we deduce for allk € N
Q k k
Halps] < Halpol + Z S —7> D[N < Halpol +Ci — 7> D] )
m=1 m=1

We thus obtain as before, a bound on Zﬁqzl D[p™] and then for any p € [1, c0)

2 k
CORR IR D NS XY
m=1 R?
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PROOF OF THE MAIN THEOREM ENTROPY SOLUTION

LetusfixaT > 0andtake n = T/l with| € N.
We define the piecewise constant interpolant

pr(t) =t foranyte (k7 (k+1)7].

Using the previous estimate there exists a positive constant Cy such that

T a2 T ~\1/4]2
// 7/2(t, %) dx dt+// 9] o dt<cr ®)
0 JR2 0 JR2

As a consequence, there exists p such that for any p € [1, c0)

{mhen = p INLP((0,T)xR?) and {V(5)"*}enw — Vp/* inL2((0,T) x R?)

3/2 T
Iim// 52, x) dx dt:// p3/2(t,x) dx dt,
|—o00 0 JR2

and by lower-semicontinuity

i
// ‘Vpl/4‘ o dt<||m|nf// v () 1/4 ox dt |
0 JRr2 R2

We deduce that
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PROOF OF THE MAIN THEOREM ASYMPTOTICS

Let {tn }n be a non-decrasing diverging sequence and define pn(t) = p(t 4 tn). As

|l < oo,
we deduce N
nnﬁmoo/0 Dipn(t)] dt = 0.

Passing to the limit using the above compactness, there exists p, such that

1 2
/ / (8 IV(p},é“)] - piéz) dxdt =0.
0 R2

As a consequence there exists X such that peo = p5.- Finally, we conclude that X = X is the unique
A such that H y [poo] < 0.
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Thank you for your attention
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