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Motivation

aim: modelling of di�using particles with size exclusion

application:

I human crowds

I swarming

I ion channels

I chemotaxis
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Derivation of Model

one-dimensional hopping model:

~~ ~-�

Probabilities
r(x , t) = P(red particle at position x at time t)
b(x , t) = P(blue particle at position x at time t)
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Derivation of Model

I transition rate:
Π
r/b
+ (x , t) =

P(jump of r/b from position x to x + h in (t, t + ∆t))·
1

∆t
· P(x + h is empty)

I probability that a red particle is located at position x at time
t + ∆t:
r(x , t + ∆t) = r(x , t)(1− Π+(x , t)− Π−(x , t))
+r(x + h, t)Π−(x + h, t) + r(x − h, t)Π+(x − h, t)
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Derivation of Model

Resulting Model
∂r
∂t = ∂

∂x ((1−m) ∂r∂x + r ∂m∂x − µr r(1−m)∂V∂x )
∂b
∂t = ∂

∂x (D((1−m)∂b∂x + b ∂m∂x + µbb(1−m)∂V∂x ))

mass density m(x,t) = r(x , t) + b(x , t),

di�usion coe�cient D,

potential V(x) (e.g. prefered walking direction),

scaled mobility constants µr , µb
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Multidimensional Model
∂tr = ∇ · ((1−m)∇r + r∇m − µr r(1−m)∇V )
∂tb = ∇ · (D((1−m)∇b + b∇m + µbb(1−m)∇V ))

we apply von-Neumann boundary conditions on all boundaries:

((1−m)∇r + r∇m − µr r(1−m)∇V ) · n = 0

((1−m)∇b + b∇m + µbb(1−m)∇V ) · n = 0
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Problems in the Analysis

System of equations

∂tr = ∇ · ((1−m)∇r + r∇m − µr r(1−m)∇V )
∂tb = ∇ · (D((1−m)∇b + b∇m + µbb(1−m)∇V ))

nonlinear cross di�usion ⇒ few literature available

I existence and uniqueness of a solution?

I no a-priori estimates

I no maximum principle (only 0 ≤ r , b,m ≤ 1)
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Entropy

Entropy

E (r , b) =∫
(r log (r) + blog (b) + (1−m) log (1−m)− µr rV + µbbV ) dx

I behaviour in time?

I ∂E
∂t = −

∫
r(1−m)|∇ξ1|2 + Db(1−m)|∇ξ2|2dx

ξ1 = ξ1(r , b,V ) ξ2 = ξ2(r , b,V )

I E is decreasing during the process

I E is minimal in equilibrium state
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Minima of Entropy

E =∫
(r log (r) + blog (b) + (1−m) log (1−m)− µr rV + µbbV ) dx

Lagrange Functional

L(r , b, λr , λb) = E (r , b) + λr (
∫
r −mr ) + λb(

∫
b −mb)

mr : mass of red particles mb: mass of blue particles

∂L
∂r = ∂E

∂r + λr=0
∂L
∂b = ∂E

∂b + λb=0 ⇒ equilibrium solutions

I m ≡ 1⇒ req = k1 exp(µrV ), beq = k2 exp(−µbV )

I b ≡ 0⇒ rt = ∇ · (∇r − r(1− r)∇V )⇒ req = k1 exp(µrV )
k1 exp(µrV )+1
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Solutions for Equilibrium

∂tr = ∇ · ((1−m)∇r + r∇m − µr r(1−m)∇V )
∂tb = ∇ · (D((1−m)∇b + b∇m + µbb(1−m)∇V ))

Equilibrium Solutions

req(x , t) = k1exp(µrV (x))
k1exp(µrV (x))+k2exp(−µbV (x))+1

beq(x , t) = k2exp(−µbV (x))
k1exp(µrV (x))+k2exp(−µbV (x))+1

I k1 and k2 are constants that can be determined from total
mass, k1 = exp(−λr ), k2 = exp(−λb)
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Special Case V (x) = 0

system of equations with V(x) = 0:

∂tr = ∇ · ((1−m)∇r + r∇m)

∂tb = ∇ · (D((1−m)∇b + b∇m))

equilibrium solutions: constants n̄, p̄

First Order Linearization
∂ut = (1− p̄)∆u + n̄∆v

∂vt = D((1− n̄)∆v + p̄∆u)

for w = u + αv , we obtain the heat equation

∂tw = k∆w k ≥ 0

⇒ stability around equilibria
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Special Case V (x) = 0

∂tr = ∇ · ((1−m)∇r + r∇m)
∂tb = ∇ · (D((1−m)∇b + b∇m))

Transformation
u = F (r , b) = G

(
1−r−b

(r−b−α)α

)
α = D−1

D+1

we can show that u satis�es a maximum-principle.
special cases:
D = 0: u = G ((1− r − b)(r − b − 1))
D = 1: u = G (1−m)
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Transformation to Slotboom-Variables

∂tr = ∇ · ((1−m)∇r + r∇m − µr r(1−m)∇V )
∂tb = ∇ · (D((1−m)∇b + b∇m + µbb(1−m)∇V ))

The system is not easy to solve. Hence we try to transform the
variables to obtain a simpli�ed system. In classical semiconductor
theory, the variables after the transformation are called
'Slotboom-Variables'.

I transformation function F1(r , b) = log r − log(1−m)

I transformation u = F−11 (F1(r , b)− µrV )
v = F−12 (F2(r , b) + µbV )
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Open Questions

I existence for the general case?

I uniqueness?

I longtime behaviour for the general case?
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