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The Two Notions

@ Synchronization is an adjustment of rhythms of oscillating
objects due to their weak interaction.

@ Flocking represents the phenomenon in which
self-propelled individuals using only limited environmental
information and simple rules, organize into an ordered
motion
cf. Law of second thermodynamics is violated, a
concentration phenomena in a phase-variable.
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The Two Notions

Synchronization is an adjustment of rhythms of oscillating
objects due to their weak interaction.

Flocking represents the phenomenon in which
self-propelled individuals using only limited environmental
information and simple rules, organize into an ordered
motion

cf. Law of second thermodynamics is violated, a
concentration phenomena in a phase-variable.

“Birds of a feather flock together.”

by William Turner (1545)
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Related results

Results on Flocking Models

Partial list of previous works on flocking:

@ Biology: Shaw ‘78, Aoki ‘82, Partridge ‘82,
Parish-Viscido-Grunbaum ‘02,

@ Computer Sciences: Reynolds ‘87,

@ Physics: Vicsek et al. ‘95, Toner-Tu ‘98, Levine-Rappel ‘00,

@ Applied analysis: Levine-Rappel ‘00, Topaz-Bertozzi ‘04,
D’Orsogna ‘06, Cucker-Smale’, Shen ‘07, Degond-Motsch
‘07, Carrillo et al. ‘09,

'[EEE Trans. Automat. Control (2007)

Corrado Lattanzio Flocking and synchronization of particle models



Intr ion i i
troductio Notions of flocking and synchronization

Related results

Results on Flocking Models

Partial list of previous works on flocking:

@ Biology: Shaw ‘78, Aoki ‘82, Partridge ‘82,
Parish-Viscido-Grunbaum ‘02,

@ Computer Sciences: Reynolds ‘87,

@ Physics: Vicsek et al. ‘95, Toner-Tu ‘98, Levine-Rappel ‘00,

@ Applied analysis: Levine-Rappel ‘00, Topaz-Bertozzi ‘04,
D’Orsogna ‘06, Cucker-Smale’, Shen ‘07, Degond-Motsch
‘07, Carrillo et al. ‘09,

o _,
dt_h

dvi A
/_NZQMXI xi|)(v; — vi).

'[EEE Trans. Automat. Control (2007)

Corrado Lattanzio Flocking and synchronization of particle models



Intr ion i i
troductio Notions of flocking and synchronization

Related results

Phase Descriptions for Synchronization

Phase descriptions for synchronization: Winfree (1967),
Kuramoto (1975), ...
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From synchronization to flocking Dissipation estimates

Frequency synchronization

Kuramoto’s Phase Model

Consider nonlinear oscillators {x; = ¥~ 1%} rotating along S
with their natural frequency €2; which is randomly drawn from
some probability distribution.

ado; .
=ty Zsm t>0, i=1,---,N,

subject to initial phase 6;(0) = bjo, i=1,---,N.
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Kuramoto’s Phase Model

Consider nonlinear oscillators {x; = ¥~ 1%} rotating along S
with their natural frequency €2; which is randomly drawn from
some probability distribution.

N
do; A . ,
Cﬁ‘:Qi+NjZ1:SIn(9j_9i)’ t>0, /:1,...’N7
subject to initial phase 6;(0) = 0jo, i=1,---,N.
Differentiate to relate Kuramoto’s model to Cucker-Smale
model:
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Kuramoto’s Phase Model

Consider nonlinear oscillators {x; = ¥~ 1%} rotating along S
with their natural frequency €2; which is randomly drawn from
some probability distribution.

di—QJr Zsm t>0, i=1,---,N,
subject to initial phase 0;(0) = 0jp, i=1,---,N.

Differentiate to relate Kuramoto’s model to Cucker-Smale
model:
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Frequency synchronization

Equation for Fluctuations

Then it is easy to see that (4(t)) =
and the fluctuations satisfy

at N
Jj=1
~ N
d(;;I — %ZCOS(AJ'_@I)(&/_UAJI), t>0, | = 1’ ’N

J=1
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Dynamic of Standard Deviations

Denote with oy, o, and oq the standard deviations of ¢;, w; and
Q; respectively:

N

N
1 A 1 R 1 A
05 = N ; 10;1, 02 = N ; i, o8 = N ; Q2.
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Dynamic of Standard Deviations

Denote with oy, o, and oq the standard deviations of ¢;, w; and
Q; respectively:

The dynamic of these quantities is given by

N N

d X . I P

gt > 0P =26 - N > (6 — b)) sin(d; — 6)),
i= i=

1,

d<h ., A S A
EZ‘(A);‘ :—NZCOS(/'—Q,')’wj—w,'|.
i=1
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Dynamic of Standard Deviations

Under the a priori assumption

sup oyp(t) < E,
0<t<T 4

Corrado Lattanzio Flocking and syncl ization of particle models



Kuramoto’s model and Cucker-Smale model
From synchronization to flocking Dissipation estimates
Frequency synchronization

Dynamic of Standard Deviations

Under the a priori assumption

sup og(t) < -,
0<t<T 4

o and o, satisfy the system of differential inequalities

dO‘g do,,
Y <
e g = Acos(2V Noyg)oy,
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Frequency synchronization

Lyapunov Approach

Define Lyapunov functionals?

og(t)
HE o), 0u(D)] = ou(t) & A / cos(2v/Ns)ds.
0(0)

2[Ha—Liu, Commun. Math. Sci. 2009]
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Lyapunov Approach

Define Lyapunov functionals?

og(t)
HE o), 0u(D)] = ou(t) & A / cos(2v/Ns)ds.
0(0)

Under the same a priori assumption, we have
(1) 7= [o0(1), 0w (1)) < HF[09(0), 0, (0)],

oo(t)
(i) aw(t)+)\‘/ o cos(2V/Ns)ds| < ,,(0).

2[Ha—Liu, Commun. Math. Sci. 2009]
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Frequency Synchronization

Theorem (Frequency synchronization)

Suppose the standard deviations of initial configuration o¢(0)
and o,,(0) satisfy

T AT
0) < ——, »(0) < .
O <m0 <i5van

Then we have
At

(i) ow(t) <o,(0)e vz, t=>0.

(i) lim Jwi(t) —wj(t)] =0, 1 <ij<N.

t—o0
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A new multidimensional Cucker-Smale model Flocking estimate for the new model

The Classical Cucker-Smale Model

dx;

at
N

avi A

Ftl =N D (1% = xi)(v; = vi).
=

=V

where 1) is a communication rate.

Corrado Lattanzio

Flocking and sync

ization of particle models



Review of the Cucker-Smale model
Multidimensional mechanical derivation

A new multidimensional Cucker-Smale model Flocking estimate for the new model

The Classical Cucker-Smale Model

dx;

at
N

avi A

Ftl =N D (1% = xi)(v; = vi).
=

=V

where 1) is a communication rate.
@ Cucker-Smale communication rate:
) — 1
G = X)) = sy B2 0.
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The Classical Cucker-Smale Model

@i,

dt — YD

dV,‘

E:NZ@Z) X — xil)(vj — vi).

where 1) is a communication rate.
@ Cucker-Smale communication rate:
Y(|xi — xi|) = W’ s> 0.
@ All-to-all communication: (|x; — x;|) = 1.
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The Classical Cucker-Smale Model

@i,

dt — YD

dV,‘

E:NZ@Z) X — xil)(vj — vi).

where 1) is a communication rate.
@ Cucker-Smale communication rate:
Y(|xi — xi|) = W’ s> 0.
@ All-to-all communication: (|x; — x;|) = 1.

@ Finite-range communication: Visceck’s model ‘95
1/’(‘)(1 - X|) = 1|Xj*X/|§r'
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The Classical Cucker-Smale Model

dx;

at
N

avi A

Ftl =N D (1% = xi)(v; = vi).
=

=V

where 1) is a communication rate.
@ Cucker-Smale communication rate:
V(|xi — Xj|) = W? p > 0.
@ All-to-all communication: (|x; — x;|) = 1.
@ Finite-range communication: Visceck’s model ‘95
1/}(‘)(1 - Xi‘) = 1|Xj*X/|§r'

@ Contact communication: Benedetto-Caglioti-Pulvirenti ‘97
(granular flow modeling) ¥ (|x; — Xj|) = 0(X; — X;).
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A new multidimensional Cucker-Smale model Flocking estimate for the new model

1-d Mechanical Derivation

Connection® between Cucker-Smale and singularly perturbed
oscillator chain system in one dimension:

o _

dt
N

dvi A

57; = Nng’(xj — X)) — V.
j=1

i»

3Ha, Slemrod, J. Dynam. Differential Equations (2009)
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1-d Mechanical Derivation

Connection® between Cucker-Smale and singularly perturbed
oscillator chain system in one dimension:

axi _
dt* Iy
N
avi A
*I_NZ _v.

Differentiate with respect to time to obtain

2 N
7 A -
T‘NZ Xi)(v = Vi) = g

3Ha, Slemrod, J. Dynam. Differential Equations (2009)
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1-d Mechanical Derivation

Connection® between Cucker-Smale and singularly perturbed
oscillator chain system in one dimension:

axi _
dt* Iy
N
avi A
*I_NZ _v.

Differentiate with respect to time to obtain

2 N
7 A -
T‘NZ Xi)(v = Vi) = g

imi -d Cucker-Smale model.
3Ha, Slemrod, J. Dynam. Differential Equations (2009)
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Multi-d Mechanical Derivation

Analogous multidimensional derivation:

o _
dt, I
N
avi A
S = N Vel = xil) — v
j=1
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Multi-d Mechanical Derivation

Analogous multidimensional derivation:

o _
dt, — Y
N
avi A
S = N2 Vel = xil) - i
j=1

Differentiate with respect to time to obtain (rj = |x; — x;|)

2 . !( p.. /! . / .
56211: = %Z [@ (r”)(Vj - V) + <90 ("r,,) S, UU))((XJ' — X;)-
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New Multi-d Model

At the limit ¢ | 0 we obtain a new multidimensional model:
ax;
dt
N
avi A ‘
7; =N > [%(fij)(\/j = Vi) + 2(rp) (X — Xi) - (v; — vi)) (% — Xi)},
j=1

=V,

where rj = |x; — x;| and

¢1(r):¢,£r)20, wg(r):l(m),zld/
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@ Flocking estimate for the new model
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Momentum and Energy Dissipation Estimates

Lemma

The total momentum and energy satisfy
N
d
() 5 ; vi=0
) G Z WP = 3 g —xily - v
1<l,/<N
A
N > ol — xiDIOG = xi) - (v — Vi)
1<ij<N
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Equation for Fluctuations
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Equation for Fluctuations

1 & 1\
(W= [2ox (= 2w K== (0, = vi— (V).
i=1 i=1

Dynamics for the averaged quantities and fluctuations are
completely decoupled:

(v(t)) = (v(0)), {x(1)) = {x(0)) + t(v(0)), and

ax;, _
E: IRl
dvi A & I
E:NZ@M(‘X/_X/D(V/_VI)

=1

AIN
+ N > (1% = X((X = X)) - (4 — W))(X — Xi).
j=1
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Flocking Estimate

Dissipation estimate for the system of fluctuations ~- flocking
estimate for original system
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Flocking Estimate

Dissipation estimate for the system of fluctuations ~~ flocking
estimate for original system

Theorem

Our new multidimensional model admits flocking in
time-asymptotic limit. More precisely, for any solution (x;, v;)
with a finite initial energy for perturbation, we have

(L FOR) < 2SO, 10
i=1 i=1
N

; . _ 1 _ 2\ 2
(I/)Q%’!x/(t)\_1ngnglx,o\+m1(E w(O)R)°%,

i=1

=

provided ¢y > 0, ¢} > 0, lim,_ o+ ¢1(r) = Ry > 0.
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Approximate Flocking for Singularly Perturbed
Mechanical System

Corollary

Let e > 0 be sufficiently small. Then for any small positive time
ty and a given T, > t;, there exists a positive constant C such
that perturbed solution (x:, v) satisfy

177

() [vi(t) = vi(t) <2e+ Ce ', telty, T.].
(if) X5 (t) — X (1)] < 2 + C.
Here (x?(0), v°(0)) is the initial datum corresponding to

unperturbed solution (x°(t), v2(t)), and the constant C
depends only on the initial datum of the unperturbed solution.
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