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e Introduction: (cross-diffusion) population model
e Existence of global-in-time solutions
e Long-time behavior of solutions

e Other cross-diffusion models in biology



Introduction

Population dynamics

Classical Lotka-Volterra equations: (Volterra 1929)
O = filur,ug), ©=1,2 ’ 3
-

-

fi(ur, ug) = (a; — biuy — cjug)u;

e u; population densities .

o f;(u1,us) describes birth-death
processes

e Interest: analyze long-time behavior

Two scenarios: one of the species dies out or
(uq(t), u2(t)) converges to stable steady state:

(u* u*) _ a1Cy — A9Cq blaz — 52&1
b2 blc2 — b261 7 5102 — b2€1




Introduction

Lotka-Volterra diffusion system: (Lou, Mimura, Ni etc.)
Oru; — d;Au; = fi(ug, uz) = (a; — bjuy — cjug)u;
SetA:al/ag, B:bl/bg, :Cl/CQ

Three scenarios:

e A>max{B,C} or A <min{B,C}:
one of the species dies out, convergence to steady states
s1 = (a1/b1,0), so = (0,as/co,0) resp.

e Weak competition B > A > (C: ast — oo,

(ur(t), us(t)) — (5, ) = (

e Strong competition B < A < (' s; locally stable,
(w3, us) unstable

a1Cy — Ayl 51&2 — 52611
9
blCz — 5201 5102 — bQCl



Introduction

Lotka-Volterra cross-diffusion system:
(Shigesada, Kawasaki, Teramoto 1979)

Oyu; — div J; = fi(ug, us),

i=1,2

Vu;-v =0 on 0,

o V(u?): self-diffusion

o V(ujuz): cross-diffusion

e ¢(x): environmental
potential

Figure: steady states
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Introduction

Lotka-Volterra cross-diffusion system:
(Shigesada, Kawasaki, Teramoto 1979)

ﬁtui — div Jz — fi(ul, UQ), 1 = 1, 2
Ji = a;Vu; + @-V(u?) + 7V (urug) — diu; Vo
Vui-v=0 ondQ, wui-,0)=uy inQ CR
Previous results:
e Nonconstant steady state exists if «; “small”
(Lou/Ni 1996)

e Local existence of solutions (Amann 1990)

e Global existence if v = 0 and 2-D (Lou/Ni/Wu 1998)
e Global existence if a1 = as and 1-D (Kim 1984) or
if 8G; > i, 71 = 72, and 2-D (Yagi 1993)

Objective: Global existence without restrictions, t — oc



Introduction

Mathematical analysis
(%ui — div Jz — fi(ul, UQ), 1 = 1, 2
Ji = a;Vu; + BV (u]) + 7V (urug) — diu; Vo

Difficulties:
e No maximum principle: how to derive a priori estimates?

e How to prove nonnegativity of u;?
e Diffusion matrix generally not symmetric positive def.:

O — div (A(uw)Vu) = f(u), u= (’“1)

(%
Alu) = a1 + 201U + YU Y1U1
Yol i + 20211 + Youy

Main idea: introduce u; = e
Advantage: gives automatically nonnegativity of w;



Existence of global solutions

ransformed problem:

0 (Cun) - aiv (Bw) V) = fw). w= ()

€
(g + 201e"1 + vy1e"2) et eV
B =
e (g + 2022 4 9e™1)e™2
e New diffusion matrix symmetric positive definite
e Problem “symmetrizable” iff there exists an entropy

H = |, hdx with density h (Kawashima/Shuzita 1988)
e New variables: w; = 0h/0u;, entropy:

H = / hdxr = /(ul(log u; — 1) + us(logug — 1))dx
0 0

e Relation to thermodynamics: u; intensive variables,
w; extensive variables



Existence of global solutions

0 (Cen) — v (B) V) = ), w= ()

e wo

(a1 + 201e"1 + vy1e"2) et eV
b = wi1tw w w w
el T2 (g 4 2022 4 ~9e™1)e2
e Entropy—entropy dissipation inequality:

H = / ui(logu; — 1) + ug(logug — 1))dx

Z | oV + 51Va)da

+ 2\/7172/ 'V J/uius|*dz < const.

e A priori estimates: u; € L>(0,T; L' (Q)) N L*(0,T; H'(Q))



Existence of global solutions

(’9tu7; — div Jz — f@'(ul, UQ), 1 = 1, 2

Ji = a;Vu; + 3V (ui) + vV (uiug) — diu; Ve
Theorem 1: (Galiano/Garzén/A.J. 2003)
e One-dimensional, mixed Dirichlet-Neumann boundary

o' >0, oy, B; >0, f;: Lotka-Volterra fct., ug; € L>(Q)
= 3 nonnegative weak solution (u1,us) € L*(0,T; H(Q))

|deas of Proof:
o New entropy estimate: o = 2min{a1, o}, u; = evi

H, = Z/Uz logu; — 1 derozZ/ — log u;)d

. Entropy—entropy dissipation mequahty (u; = ™)
2

H 2
203 Srwial? + al(Vaw)o? + Biluigf? ) dz < ©
— Ja\ 4




Existence of global solutions

(’9tuz- — div Jz — f@'(ul, UQ), 1 = 1, 2

Ji = aVu; + BV () + 7V (uug) — diu; Vo
Theorem 2: (Chen/A.J. 2004)
e Multi-dimensional, homogeneous Neumann boundary
eT >0, 3 >0, fi: Lotka-Volterra, ug; € L'log L'(Q)
= 3 nonnegative weak solution u; € L*(0,T; H(Q))
ldeas of proof:
e Local existence: finite differences for cross-diffusion term

D" (xpuiusD"(log(uius))), xn cut-off close to AN
e Show semi-discrete entropy—entropy production inequality

dH
Z/ (Bi|Vui)? + Cuyus| D" log(uqus)|?)dz < C



Existence of global solutions

9

dH

dt Z:/Q(ﬂi‘vui’2 Culu?’Dh 10%(“1@)\2)6&3 < C
i=1

ldeas of proof:
e Problem: log(ujus) only defined if u; > 0
e Solution: consider log((u; + d)(ud + §)) with
u = max{0,u;}, § >0
e Two more approximations: time-discrete problem 7 > 0,

bounded coefficients v > 0
e Global existence: Leray-Schauder fixed point and
approximation parameters 7,0,v,h — 0



Existence of global solutions

(’9tuz- — div Jz — f@'(ul, UQ), 1 = 1, 2
Theorem 3: (Chen/A.J. 2006)
e Multi-dimensional, homogeneous Neumann boundary

eT >0, 3 >0, fi: Lotka-Volterra, ug; € L'log L'(Q)
= 3 nonnegative weak solution u; € L?(0,T; W!'4/3(Q))

ldeas of proof:

e Since ) = 0 allowed, we have only \/u; € H*(Q)
from entropy estimates

e Diffusion matrix not uniform elliptic: add cAw;

e Time discretization 7, Galerkin method N, Leray-Schauder,
limits N — 00, 7— 0, —0



Existence of global solutions

Oru; — Aeu; —ugug) =0, 1=1,2, ¢ >0

Theorem 4: (Chen/A.J. 2009, work in progress)

e Multi-dimensional, homogeneous Neumann boundary
e 7' > 0, no self-diffusion, ug; smooth

= 3 positive weak solution u; € L*(0,T; H'(Q))

ldeas of proof:
® u; — Uy smooth since Oy(u; — ug) — eA(uy — ug) =0
e Approximation:

+ T i
] uy tug +n)Vu; : w; +n)V(up—u

Opu; — el — div (VLI gy (LT )
+y(uy +ug +n) +y(ui +ug +n)

e Standard a priori estimates and maximum principle:
|(u; —m)~[[7. < Cny i=1,2
— Positive lower bound only in the limit n — 0

e Perform limit n, v — 0



Long-time behavior of solutions

(’9tuz- — div Jz — f@'(ul, UQ), 1 = 1, 2

Theorem: (Lou/Ni 1996)

e Diffusion or self-diffusion large = only constant
steady states (no segregation)

e \Weak competition case and if self-diffusion or
cross-diffusion weaker than diffusion =- only constant
steady states

e Weak or strong competition case and one cross-diffusion
term “large” = exists nonconstant steady state

Question: v = O(7) “large” = do exist nonconstant
steady states?



Long-time behavior of solutions

Owu; — div J; = fi(ula uz) — (az‘ — bjug — C¢U2)Uz‘
Question: v; = O(72) “large” = exist nonconstant

steady states?
Partial answer: No, if inter-specific competition vanishes

Hooy (g, us) = i /ﬂ U <log (%) ~ 1) d
U; = (meas(2)) ™! / w;dx

Q
T heorem: (Chen/A.J. 2006)

If b2 — C1 = O then, W|th )\ — min{a17 042},
Hya(ui(t), ua(t)) < Hra(ui(0), us(0))e

and there exist only constant steady states



Other cross-diffusion systems

Other examples of cross-diffusion in biology
Keller-Segel model of chemotaxis:
om — div (eVn —nx(n)VS) =0
S — AS —oVn=rn,S), r(nS)=n-—=S5
e Variables: density of cells n, chemoattractant S
e 0 = 0: finite-time blow up possible

e 6 > 0: interpret (n, S) as approximate Keller-Segel solutions
e Cross diffusion 0Vn allows for new estimate:

1
a (n(logn 1)1 SQ>dm+/ (4|V/n|*+|VS]?)dz < C(5)

e Hope for global existence of solutions for any 9 > 0
(work in progress), may be useful for numerical approx.




Other cross-diffusion systems

umor-growth model: (Jackson/Byrne 2002)
Oc — ((1 = e)(c)y — c(m”(1 + 96));,;):6 = R,
Oym — ((1 —m)(m*(1 + 0c)), — m(cz)g,;)aj = R,
e Variables: volume fractions of tumor cells ¢ and of
extra-cellular matrix (ECM) m
e Consumption-production rates R., R,,
e O > 0 measures strength of ECM pressure increase

due to tumor cell pressure
e Entropy estimate for 6 = O:

E = / (c(logec — 1) + m(logm — 1))dx

8T (0= 0P ) <

e Existence of global solutions: work in progress



Summary

Population cross-diffusion model:

e Global existence of weak solutions
e Nonexistence of nonconstant steady states for arbitrarily

large cross-diffusion (no inter-specific competition)

Entropy variable method:
e Existence of entropy (Lyapunov functional) equivalent to

“symmetrizing” variable transformation (entropy variables)
= symm. pos. definite diffusion matrix & a priori estimates
= global existence and long-time behavior of solutions

e Physical entropy h(u) = u(logu — 1)
= entropy variable w = logu
= allows for proof of nonnegativity of solutions

— Seems to be applicable to other cross-diffusion in biology



