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This is a financial markets modelling framework in the shajpa mean-field
stochastic HAM.

Good things: Very simple; it satisfies all the “benchmark” requirements o
stylized market facts including volatility clustering; psychologically plau-
sible; includes EMH as a particular case, so influences &éreint factors of
deviations from EMH can be studied; robust/sis— oo; takes into account
transaction costs. There is also a mean-field mean-fieldove(a nonlinear
RDS).

Points to notice: Not a book-order model; no binary interactions: interatcsio
via sentiment, decisions triggered by price changes; nddmental price; no
different classes of traders; no internal dynamics: dywcardriven by the in-
formation stream.

Bad things: As this is not a binary interaction model, kinetic methodsraz

be obviously applied. As this is not a book-order model, hedichow to apply
MFG theory though this seems more promising. So difficulihdaanything
beyond “econophysics”: simulation and statistics analg$isimulation data.
Lots of parameters that is not clear how to get empirically.
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Introduction

| will suggest a construction for Bak—Sneppen type modelgivallows us to
bring methods oflenumerable Markov chain theaxy bear on the question of
finding bounds and approximating the threshold, as well asatterising the
emerging fitness distribution in these models.

The classical model

The setup for the classical Bak—Sneppen model is a ring sites, that stand
for ecological niches, each occupied by a species. Assabwith each site is

a fitnesse;, € U0, 1].

Figure 1. The Bak—Sneppen setup
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The fithesses evolve according to the following algorithm:

1. Findk,,;n: g, . =min{zg |k=1,... N}.

2. Replacery, . and its two nearest neighbours by random numbers taken
from U0, 1].

3. Go backto 1.
Thus, we start with a distributiop(0) = U|0, 1], apply the algorithm and
generate consecutively (samples of) distributip(is, p(2), and so on.

The main question isvhat is the limiting distribution, p(oco)?
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...Numerically, it looks as if there is a number which we will call,;;, (in
the classical Bak—Sneppen casg; ~ 2/3) andp(oco) = Ul[serit, 1]. Analyt-
ically it is known that the mean ¢f(co) < 1.

The classical Bak—Sneppen model is analytically very cem@nd a number
of simpler models have been developed. Of interest isatheotropic Bak—
Sneppenmodel, which we will call aBS, but there are other models #ratin
a sense limits of the Bak—Sneppen model.

e The discrete Bak—Sneppen maodéhis model has been suggested by
Barbay and Kenyon. Hete, € {0, 1}. The algorithm now is as follows:

1. Pick a site with zero fitness at random, say

2. Replacer; and its two nearest neighbours by 1 with probabitity
and O with probabilityl — p,

3. Go backto 1.
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e The Beta family One question that has been neglected in the Bak—
Sneppen literature is the question whether and how the lfettthe
initial conditions and new fitnesses are sampled fiojn, 1] influences
p(o0). A nice way to investigate this question is to consider a wide
class of probability distributions oj, 1] that includes the uniform dis-
tribution, e.g. the Beta distribution, which has the PDF

1
B(a, B)

Note (a) that this includes both bounded and unbounded anchsyric
and asymmetric densities; the uniform distributionvis= 5 = 1, and

(b) that takinga,, 5 — 0, and keeping the mean constant allows us to
recover the discrete Bak—Sneppen model for eyery
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e n-Random Bak—-Sneppen modefsuseful simple model is the random
Bak—Sneppen (rBS) model, in which fithesses are and all thagds
are inU|0, 1] and instead of changing the nearest neighbours,of ,
we change the fithessesratandomly chosen sites.

e And finally... The anisotropicBak—Sneppen madel

In this model (aBS) , everything is as in the classical Balegpen
model, except that at each step of the algorithm we changitniesses
atxy, . and at its right-hand nearest neighbour

Strategy and a construction

We use aBS a lot, as the computationsXeBS are trivial and for the classical
Bak—Sneppen model quite laborious.

The strategy is as follows: assuming that there is a thrdsheg will make
a construction that will reduce the dynamics of the algaomitfto a countable
Markov chain.
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Construction

Choose some € (0,1). Assume that initially one has a very large number
of fitnesses sampled frofi|s, 1]. Now run the aBS algorithm, and consider the
dynamics ofM},, the number of fithesses in the intery@l s) afterk iterations

of the algorithm. We define

{kSKS t. M, :N}‘
K

Scritzsup{s|| —>OaSK—>oo}.

We would like to define a Markov chain, from which one can refidhe limit
limy_, - M}, when it exists.

The state space of this Markov chain needs to be discussgughoSel we run
the algorithm fork steps and have thdt/, = n. This means that there is a
string ofn indices,iy, ... i, suchthat) < z;, < --- < x; < s. We certainly
have a Markov chain od?, but that is too large a state space. We want a
Markov chain orstrings of indices ultimately of sizeN? in aBS and of size
N3 in BS.
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Suppose we are doing aBS.

Then strings of lengtlh belong in two classes,, if the fitness of right hand-
side neighbour of the site with lowest fitness igdnl] or B,, ifitisin (0, s).
Thus[2,5,9, 3] is aB, string and1, 7,12, 35, 36] is an A5 string.

It is hard to define a Markov chain consistently on the whoteo§strings of
size less or equal t&/ (O(N!)); and a Markov chain cannot be really well-
defined on equivalence classes: the probabilitof, 5] to lead to aB- string
or a Bj string is different from that of2, 4, 6], though both arel; strings. So
the strategy is to average over classes of strings: the ‘feaiiMarkov chain.

The construction can be easily implemented numericallyCle Cs be any
two classes. Given, L times generate real strings, generate integer strings
from them, and set

P(Cy,Cs) = Lhm |a string ofC’; is mappeg by the algorithm int0s |

For BS, we need three classes of strings, 4ay B,, and(,, having, respec-
tively, no, one and two nearest neighbours of the minimunes$rin(0, s).
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Tools from eager Markov chains

Once we have the Markov chain, it becomes clear that one caugh the
dynamics ofM}, using the theory developed for probabilistic lossy commu-
nication channels: think about each fithnesg(ns) as a message, fithesses
in [s, 1] as a reservoir from which messages can come, and the algoath
some disturbance (noise) mechanism that changes the §tdite messages
(N. Bertrand).

Let M be a (discrete time) Markov chain, i.e. a pé&ff,P), whereS is a
(countable) state space af®lis the transition probability matrix. Thus, if
r,t € S, P(r,t) is the probability of moving from to ¢ in one move. If
TCS,Pr,T)=> 0 P(rt).

LetoT be the set of infinite paths il that eventually visif". Define P(r, ¢T")
to be the probability of reaching fromr.

Definition: 7' C S is anattractor for M if Pr(r,oT) = 1forallr € S,
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Now let us restrict ourselves to a class of Markov chainsdhatv a particular
decomposition: suppose thétcan be decomposed inlevels.S;:

S =UienSs, S;NS;=0if i

In other words, for each € S, we can define

level(r) = {j|r €5}
[Note: in our Markov chain of strings formed by the fithnessegd, s), the
level of each string is simply the number of elements in thatg.]

We set -
E(r) =) P(r,S;)-j. (1)
j=0

E(r) is the expected level forto end up in under the dynamics of the Markov
chain. We have

Theorem 1 If £(r) < level(r) — A for some A > 0 and all » € S\.Sp, then
So 1S an attractor for M.
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We illustrate how this theorem gives us a lower bound forghodd in aBS in
BS.

Note thatA,, (for n > 4, say ) strings can create (among othets). 1, B,, 11
strings, whileB,, strings, under the action of the algorithm, can only give ris
to A,/B,, An._1/B,_1 andA,,_5/B,_» and certainly cannot go up a level.
Similarly, in BS aC’,, string cannot go up a level but can go to, sdy, 3.

Thus, to find a crude estimate &f.;; we only need to considet,, strings and
compute the expected level after the algorithm is appliextda such a string.

Doing this, we have
Theorem 2 Inthe case of aBS s, > 1/2 (and for BSs.,.;; > 1/3).

The proof is simple. Let us do the aBS case. Starting withfor anyn (say,
n > 4) we have that the probability of going up a level (eitheidg, , or to
A, 11 is s?, while the probability of going down a level {g — s)2. Hence to
find a lower bound for the threshold, we only need to solve th&gon

1-524+(=1)-(1—5)?=0,
l.e. Scrit > 1/2

[These numbers aexactthreshold values for 1-random BS and 2-random BS,
respectively, as you can prove by random walk methods.]
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This is very far from known results: 0.66702 for BS and 0.784(BS (Gar-
cia and Dickman, 2005). With a bit of imagination we can dadyet The
equilibrium condition, say for BS, is

ZP r(A,n)[2s° +35%(1 — 5) — (1 — 5)”]

+ P(n)r(B,n)[s®> — 3s(1 — 5)% — 2(1 — 5)7]
+ P(n)r(C,n)[—3s*(1 — s) — 65(1 — 5)* —3(1 — 5)°] =0,

whereP(n) is the probability of being at level, and the share of,,, B,, and
C',, strings in the seb,, of n-strings out of N has been denoted by A, n),
r(B,n),andr(C,n) = 1—r(A,n)—r(B,n). Theseis true forevery < s..:.

However, suppose we can charactensd,n), etc. at criticality indepen-
dently. If we could do that, we’'d have an equationsirthat would give us
the values,,;;.

Letus consider the set of allstrings for a fixedV, which we will call 5,,. Set
AF = k), There clearly ared’y; n-strings inS,,. Also,

ICMS Workshop, July 2009 13



Aul = NAGY, [Bul = 2N (n — DAL, [Cul = N(n—1)(n— 2) A3,

A reasonable criticality assumption#yn) = 1/N,
|An|

r(A,n) = S

and similarly for the other fractions. So we are assumin{pumity over levels
and in levels. This is wrong, but gives reasonable approtans.

It is not hard to prove that

1
NIEHOONZ‘ 3

The same is true for other sums, so what we have to solve then is

[25% +35%(1 — 8) — (1 — 8)%] + [s® — 35(1 — 5)% — 2(1 — 5)°] )
+[—35%(1 — 5) — 65(1 —5)* — 3(1 — 5)°] =0,

which collapses t@s — 2 = 0. The equivalent result foraBS4s — 3 = 0 (so
unfortunately neither an upper not a lower bound, but pretge!).
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If instead of the uniform distribution, we use any other milgttion and let
f(s) = P(x < s), then to find such an approximation of the threshold in the
equivalent BS model all we have to do is to solve the equajdr) — 2 = 0.

For example, amazingly for the Beta distribution with= 5 = 1/2 we also
getsq it ~ 3/4.

|s there a better a priori characterisation of criticality?
A coagulation-fragmentation framework

Let us assume that< s..;;. Consider aBS for simplicity.

Suppose the Markov chain d,,, B,,} has reached an equilibrium. Now let
us denote by, b,, the equilibrium probability that the system isone of the
statesA,, or B,,, respectively so that

N

Z(an +b,) =1.

n=0
Then (forn > 2; the cases = 0, 1, 2 need special treatment), we have

2
ay, = %ul + 5(1 — 8)us + (1 — s)%us
2

b, = %vl + 5(1 — 5)vg + (1 — 5)%vs3.
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u [2(;7’_‘12)7»(@,71 4 r(a,n)] (an1 + bo),

vy = [n L 2Dy e L . n)] (a1 + bn)
uy = [% Fr(am) + " Zr(an - 1)] (an + bns1)

by = [r(b, m)+ L bn — 1)] (an + bs1)

vz = 1(b,n)(@n+1 + bpy2).

Here | denoted by(a, n) the (equilibrium) quantity.,, / (a,,+b,,) andr(b, n) =
1 — r(a,n). The logic of these equations is transparent, but they Icakass

if we want to takeV large.
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A possible work-around is as follows: We can create a systedifierence
equations by setting

%@g:%ﬂﬂk—m+su—smﬂk—n+4y—@%4k—n

2 (3)
m@ﬁ:%mﬂk—U+@ﬂ—@ﬁﬂk—n+{1—@%ﬁk—U,
where now
up(k—1) = [2(7;7’:12)74(&771 —1,k—1)+ - i 1r(a,n,k — 1)] X
(@n—1(k =1) +bn(k—1)),
vi(k—1)= [nil + 2(:__12)7“(6,n— Lk—1)+ (nil)r(b,n,k— 1)] X
(an—1(k —1) + bn(k — 1)),

1 —1
us(k—1) = [eqr(a,n,k—l)%—n

—1,k—1
~Lran-1k-1)] x

(an(k = 1) + bps1(k — 1)),
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n—1

va(k—1)=|r(byn,k—1)+ r(b,n—1,k—1)| x

n

(an(k = 1) + bps1(k — 1)),
us(k —1)=r(a,n, k —1)(ans1(k —1) + bpio(k — 1))

v3(k—1)=7rb,n,k—1)(apt1(k—1) + bpia(k —1)).

If solutions converge to anything, we might hope itis theigtary distribution
of our Markov chain. Note that we have to make a commitmentwhan, k)
is if a,, (k) andb,, (k) are both zero.

What does the DDS do

Note that the DDS is defined whether or not there is a statyoaiatribution
{a,,b,}. While it is very difficult tolocate the thresholds...;; humerically
using it, it has two types of behaviour, which we showdet 0.6 ands = 0.8.

ICMS Workshop, July 2009 19



s = 0.6. This is a subcritical case, and one sees that,glk), b,,(k) converge
to a limit, as does the total number of fitnesses less than

M(E) = 3 nlan(k) + ba (k).
n=0

Here whatus (k) andas (k) do:
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s = 0.8. This is a typical supercritical case. More and more fithebs@sor-
rhage into the regior < 0.8. Note the behaviour af,, (k)!
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Such behaviour is typical of many coagulation-fragmeaotaéiquations; in the
supercritical case “mass runs off to infinity”. It would beeresting to pursue
this direction further.
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Remarks

1. Note that we can predict the form pfoo): if p(0) has PDFF,(z) and
p(oc0) has PDFF (), the algorithm implies that

_ 1
fsl Fo(u) du

Foo(x) Fo(z)H (x — s),

whereH (-) is the Heaviside function.

2. Itis true that the Bak-Sneppen model is not a model of angtim socio-
economic sciences. But a similar model, which is, is verydadormulate:

as before, but now let; stand for risk aversion of a fund manager. l.e. she
investsz; of capital in bonds andl — x;) is stocks. At each accountability
period choose a return on stocks which must be a random \arisdy s,
(with positive drift) the return on bonds being constany, saSo the:-th fund
manager earns, (1 — z;) + rz;. If she underperforms relative to the average
earnings in the sector, sack and replace with probahilitf his may explain
the equity premium puzzle.

3. One can also make the rules in BS local: excise and reghacsite: that
minimises local fitness, i.&x; — z;,.1 — z;_1, and its nearest neighbours.
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