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Vision

Pattern formation in collective phenomena (flocking, mills etc.) are
interesting properties of recent nonlinear models;

» Need of mathematical tools and techniques for describing
such patterns and their stability.
This work is motivated by this need — for a specific model — and it
introduces some fundamental techniques which might be useful for
other models:

A Kinetic Flocking Model with Diffusion (with R. Duan and G. Toscani),
preprint, 2009



The Cucker and Smale model with noise

Evolution of m particles (e.g. birds) with positions and velocities
(xi, &) = (xi(t),&i(t))at time t in the phase space R” x R™:

dx; = ;dt,

ZU(lxj—x, &)dt + 2/LZU |5 — xi|)dW.

j=1

Here, U denotes the distance potential (communication rate).
Typical example (Cucker-Smale model)

Cn7’y

V) = ey

x € R".

Random noise term: W; = W;(t) are m independent Wiener
processes with values in R", and 1 > 0 is the noise strength.



Mean-field limit

Set .
U=—U
m

for some function Uy and some constant x > 0 and let

m

A x,€) = 3 5(x — x(B)3(E (1),

i=1

Mean-field limit: there is a temporal measure f(t) € M(R?") such
that
Fm) — £(t) in w-M(R?") as m — oo.

and
Oef +&-Vuf + KUy * per - Vef = kU x peVe - (uVef +£F),

with

pf(t,X) :/R" f(t7X7€)d£7 pgf(t,X) = Angf(tax7§)d£'
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Differences with the Cucker and Smale kinetic model

» We assume U is continuous in x with

U(x) = U(lx]) > 0, / U(x)dx = 1.

Rn

» Moreover, the equation

Ocf + & Vuf + U per - Vef = U pr [Ve - (6F) + Aef],
£(0,x,€) = fo(x, &),

contains a diffusive term (in velocity).

» No natural Lyapunov functional is available except when the
potential U is the Dirac delta function; the model reduces to
the classical local nonlinear Fokker-Planck equation.



A stationary pattern

A steady state of
Orf + & Vuf + U per - Vef = U prVe - (Vef +£F),

is the global Maxwellian:

M = M(¢) = exp (—[¢7/2) ,

1
(27T)”/2

» The solution has infinite mass (not physically meaningful,
birds everywhere!), but the model is a good prototype for
stability analysis!



Goal: establish the technology for stability of equilibrium
states

Consider the perturbation u = u(t, x,£) and
f=M+vMu.
Goal: we want to show local stability, that means
u(t) -0, t— oo,

for u(0) small (!), with a controlled (algebraic) rate.
» Result not yet physically relevant;

» Mathematical tools and proof architecture of highest interest
(still strongly bound to the particular structure of the global
Maxwellian);

» Role of noise (diffusion) in stabilizing steady states.



Properties of the perturbation

Then, u satisfies

Oeu+&- Vet U peg, - Veu = Lu+T(u,u),
U(O,X,f) - UO(X7§)7

where ug is in the form of
u = M2(f — M),

and the linear part Lu and the nonlinear part '(u, u) are
respectively given by

1
Lu = Agu—i-Z(Zn—\glz)u—i-U*pgNuf\/ﬁ,

‘=Au

‘=Lppu

1 1
My, u) U*PNU[A§”+Z(2"—|§|2)U]+§U*Pg\/mu'fu-



The main result

Theorem
Let n >3 and N > 2[n/2] +2. Suppose that fy = M ++/Mug > 0,
and ||U0”HN is small enough. Then, the following holds.

(i) The Cauchy problem for u admits a unique global solution
u(t, x, &), satisfying

ue C([0,00); HY(R" x R")), f=M+VMu>0,
and
(), < Clooll, .

(ii) The obtained solution u enjoys the time-decay estimate as
follows. If ||ug||z, is bounded and ||{uo|| is small enough, then it
holds that

n

lu(®)lly, < € (luollig, + lluollz ) (2 +6)7F, £>0.
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Global existence and uniqueness

The tools used for global existence and uniqueness:
» Contraction principle for local existence and uniqueness

» Micro-macro decomposition and reduction of the equations to
macro quantities

v

Micro-macro a priori estimates

v

Energy dissipation method for global stability, existence, and
uniqueness



Contraction principle and local existence and uniqueness

Define the approximate solution sequence (f™(t,x,&))%_, by
solutions to the Cauchy problem of the iterative equations as
follows

Opf ™ 4 & Vo f ™M Uk pegm - Ve

= Ux pmeg . (ngerl + §f’”+1),
Fftl =M+ \/MU'"H,

F™ im0 = fo = M+ vVMuyg,
or equivalently in terms of u™(t, x,&):
8tum+1 + f . querl + U« bu"’ . VgUerl

= Lepu™ ™ 4 T(u™, u™ ) + Au™,
1
u™ =0 = wo,

where m > 0, and u® = 0 is set at the beginning of iteration



Contraction principle and local existence and uniqueness

Define the solution space X(0, T; M) by

v e C([0, T]; HY(R" x R")) :

X(0,T; M) =
( ) sup |[v(t)|lygv <M, M++VMv >0
0<t<T e

Theorem

Let n, N satisfy as before. There are constants T, > 0, ey, My
such that if ug € HV(R" x R") with fy = M + +v/Mug > 0 and
||u0||,_,;\1E < €g, then for each m > 1, u™ is well-defined with

u™ € X(0, To; Mo).

Furthermore, (u™)m>0 is a Cauchy sequence in the Banach space
C([0, T.]; HN=Y(R" x R")), and the corresponding limit function
denoted by u belongs to X(0, T,; My), and u is the unique solution
to the Cauchy problem.



Global existence and uniqueness via energy dissipation

We claim that there are the equivalent energy E(u(t)) ~ ||u(t)||f_l,\,
x.€
and energy dissipation rate D(u(t)) > 0 such that

d
Ig(u(t)) + AD(u(t)) <0,
holds for any 0 < t < T under a priori smallness assumption.

Hence

sup {H )l +A/ D(u ds}<e(uo)<C||uo||HN,

0<t<T

where C is independent of T and wuy.

The global existence and uniqueness of solutions to the Cauchy
problem follows from the above uniform a priori estimate together
with the local existence as well as the continuum argument.



Micro-macro decomposition

u(t,x,&) = Pu+{l — P}u,
Pu={a"+ b E}VM,
' = (VM,u), b= (EVM, ),

where Pu is called the macroscopic component of u while
{I — P}u is called the corresponding microscopic component.



Macro equations
The macro components a¥ and bY satisfy:
9:a" + Vi - b = 0 (balance law of mass),
Obi + 0;a" — (U * bi' — bi') + Uxa"bj' — U« bj'a"
-I-zn:ajA,-j({l — P}u) = 0 (balance law of momentum),
j=1
2:Ai ({1 = P}u) Ji ib! — U bib = Ai(l + 1),

0:A;({1 — P}u) + 0;b) + 9;b/ — U = bi'bj' — U * b} b}’
= Ajj(I + r), i #j (evolution of second-order moments of {I — P}u),

for
I = —€-Vi{l—P}u+Lep{l - Plu,
ro= U*a”LFP{I—P}u—i—%U*b”f{l—P}u—U*b“~V5{I—P}u,

and the moment function A = (Aj(-))axn is

Aj(u) = /Rn(ﬁiﬁj — 1)vVMude.



A priori estimates: micro case

» Zero-order:
1d 2 2, 1 u))2
—— - ~||Tab
5 (O + X1 = PYall? + S| Tab"
< Cll(@", bl zneze ({1 = PYullZ + [ Tab" (1)
+Cll(a", ")l 2 1B IZoe

» Space derivatives:

1d (% (o7 Qg u
s > loru@P+x >0 (108 (= Phulld + I Tads b1

2dt
1<]al<N 1<]al<N

< C[Va(a", b | ( 371162 {1 — Pull? + |vx(au7bu)|iy1>

[a]<N

HCIVeb s S 1102Vt — Phuf?,

1<]a|<N-1



A priori estimates: micro case

» Zero-order:

1d 2 2 1 uy2
E 0 o)+ A~ PYUI + I Tab

< ClI", ) lizruge (Y = PYulll + [ Tab"|[0)
+Cl(a", b")lliz 16|25,

» Space derivatives:

1d o o Qg u
sor 2 losu®IP+x > (95 {1 = Phull} + 1 Taos 511}

1<]al<N 1<]al<N

[a]<N

< C[Va(a", b | ( 371162 {1 — Pull? + |vx(au7bu)||ml>

+C||VXbUHH)’(V—1 Z ||8?V5{| - P}u||27

1<]a|<N-1



A priori estimates: micro case

» Mixed space-velocity derivatives: Let 1 < k < N. It holds that

1d o o
sar 2o oCOQ =Pl +x > (120l {1 - Phull;

8=k [B]=k
la|+]BI<N lal+[B]<N

< ClI(@", bl wy ( Do 10801 = PYull} + [ Vu(a", b”)lixw—l)

[e]+]BI<N

+C ( Y ez {t—Pyull; + IIVx(a“,b”)Ili,XN—k>

lo| <N—k+1

+Cxp<kny Y 10202{1 = P}ul,
1<|8|<k—1
lal+|B|<N



A priori estimates: macro case

There exists a temporal free energy £f..(u(t)) in the form of

Ere(u(®) = 3 5 % AnAif(asaj{l—P}u)aSbjydx

la|<N-1 j i

3 Z/ Ay(02 01 — PYu)dc b'dx
laj<n—1 i YR"

+ > [ 03V o¢bUdx,

laj<n—1 /R

such that
d n u qu
e Shee(u(D)) + AIVR(@", ) [

<C Y (ITadl b + 1107 {1 = PYul®)

lal <N
+CH(3"-,b”)\li/y(HVx(a”:b")Hixw—l + Z 02 {1 — P}ull)
laf <N

holds for t > 0, where A > 0 and C are constants depending only on n.
Moreover, it holds that

[Efee((t))] < Cllu()lliz .



Energy dissipation

We define

£(u(t))
= M)y + e+ K S G 3D as0i(1 - P,

1<SksN  |Bl=k|a|+|BI<N

and
D(u(t)) = ST loaRodn—Prul + > I Tad2 b (1)ly
[ +[B|<N Ja| <N
+H[V(a", b)(8)[F-1-

We have eventually

d
S E(u(®) +2D(u(t) <0,

under a priori smallness assumption.
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Rate of convergence

The tools used for global existence and uniqueness:

> Linearization (spectral analysis + energy dissipation =
hypocoercivity)

» Extension to the fully nonlinear problem



Non-standard hypocoercivity and no exponential decay
expected

Define the projector Py by
Pou = a"vVM, a' = (VM,u).

Notice that it is straightforward to make estimates on A as

/n<Au,u>dx < Cn//RnXRnHlPo}uFdxdg,

where C, = (|£|?, M) depends only on n, and it holds that

- [ (epu o = doll(1 - Poul?,

Since it is not clear whether \g is strictly larger than C, for this
time, then it is nontrivial to get the similar coercivity estimate on
L=Lgp +A.



Non-standard hypocoercivity

However, we have the coercivity inequality
1
- [ uwdx = ol (1= PYul + 5 Tab

where

Pu={a"+b" - }VM.



Linearization

Let us consider the Cauchy problem of the linearized equation with
a nonhomogeneous source:

Otu=Bu+h, t>0xecR",
ult=o0 = up, x € R",

h = h(t,x,§) and up = up(x,&) are given, and the linear operator
B is defined by

B = —¢-Vy+L, L=Lmpr+A.

Formally, the solution to the Cauchy problem can be written as the
Duhamel formula

t
u(t) = eBtug ~|—/ eBE=9)p(s)ds,
0



Linearization
For 1 < g <2and m>0, set the rate index oq,m by

oo_n(1 1y . m
R T 2°
Theorem
Let1<g<2andn>1.

(/')/For any a, o with o < «, and for any uy satisfying 9% up € Liyg and
Oy ug € Zg, one has

165 €% uol| < C(1+ )7 ([15 ol z, + 105 wol)-

(ii) Similarly, for any a, @’ with o' < «, and further technical conditions on h,
one has

t !
< C/ L+t —s) 2o (lv= 205 h(s)l|Z, + lv™ /20 h(s)||*)ds,
0

2

t
o™ / B p(s)ds
0

for t > 0 with m = |a — |, where C is a positive constant depending only on
n,m,q.



Spectral analysis and energy dissipation

There is a free energy functional

@t ) = 35 1+|k‘2 (A0 - Pya), B)
Z 1+|k\2 (Autt1—P12).5)

1 —klﬁk|2 ' (bu’ "’A)

such that

9 I |k|? S22
Hrie Eree(U(t, k)) + 4(1+ ‘k|2)(\3 I”+ [b4]%)
1 —Re U

——h T ) I-P
< TR |bv]” + |2HV Iz + ClI{1 = P}l

1+ \k
holds for t > 0 and k € R". Moreover,
|Ehee (U(t, K))| < Cl[a(t, k)\lfg,

for t > 0 and k € R".



Spectral analysis and energy dissipation

It holds also that
10 . ~ ~ _1/o
55Ut Kz + A - PYal} + (1 — Re U)[b*]* < C|lv™/?h(t, k)llfg,

for any t > 0 and k € R".
There is an energy E1,(4(t, k)) with

llu(t, k)llfg ~ Em(a(t, k)) = M|[u(t, k)l\fg + Re Epee(1(t, k)
such that

D o Ak|?
o MR+ 7

Eu(T(t, k) + A1 - Re U)[6** < C|lv™"/?h(t, iz

by using the Gronwall inequality, it gives

A2, Alk2

Em(a(t, k) < e kP gL (d(k)) + C/ e T U2 k)||L2 ds.



Extension to the fully nonlinear equation

In the nonlinear case one has h = I'(u, u)

t
< C/ (1+t—s)727om(lv= 202 h(s)II3, + v /20 h(s) )% ds,
0

t 2
oy / eBE=9)p(s)ds
0

and the decay rate estimate follows by proper estimates of the
(algebraic) decay of I'(u, u) (again by energy dissipation methods).
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Conclusion

Summary: We presented a modified kinetic
equation inspired by the Cucker and Smale model
with an additional random noise

We studied the stability of the global Maxwellian
and the algebraic rate of convergence
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