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Background

Non-local Fokker-Planck type equation

p individual/particle density, mass |, p = 1 conserved
Orp = 0x(p Ozlalp) + W p+ V])

“smooth”, even interaction potential W (z) = W(—x)

V' external potential, a “diffusion” 2

® [nelastic material

#® (swarming, flocking) collective behaviour (attractive,
repulsive/attractive)

® chemotaxis

- |

names in audience: Bertozzi, Blanchet, Carrillo
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Non-local interaction equations

Non-local interaction equation

-

measure solutions, mass |, p = 1 conserved
Op = 0 (p O |W x p+ V1)

“smooth”, even interaction potential W (z) = W(—xz)?

1D: consider u(z) pseudo-inverse of the distribution function
u(z) = inf {:E ceR; [T pdx> z}, for z € 0, 1]

e / W (u(C) — u(2)) d¢ + V' (u(2))

%[Burger, Di Francesco], [Carrillo, Di Francesco, Figalli, Laurent, Slepcev]
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Non-local interaction equations

Actin filaments with or without cross-linking proteins

-

8-Br-cGMP

| ! -
4[Kang, Perthame, Primi, Stevens, Velazquez]
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A non-local repulsion-aggregation mode
A double-well repulsion-aggregation potential, V=0 T

double-well: local max at x = 0 and local min at x = 2x

B:=—W"0) >0, a:= W"2xy) > 0.

o |



A non-local repulsion-aggregation mode

Conservation of (the centre of) mass, V =0 T

d
pm dz—//W’ ) dédz =10,

Conservation of (the centre of) mass fo Uin(2) dz

1 1
/ u(z,t)dz:/ Uin(2) dz = 0 t>0,
0 0




A non-local repulsion-aggregation mode
Steady states T

e.g. trivial solution u(z) =0 < p = d

Family of monotone increasing two-valued steady states

B { —2(1 — Zo)ilf() z < Zy,
u(z,29) =

2201130 z > 2.

ﬁ(% Zo) = 20 5—2(1—20)950 + (1 — Zo) 52sz0

mass distribution parameter z; € (0, 1)

o |
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A non-local repulsion-aggregation mode

Numerics towards two-valued states T
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1

mass conserving scheme for d,u(z) = [, W/(u(¢) — u(z)) d¢
. ! -



A non-local repulsion-aggregation mode

Non-uniqgueness of two-valued states T
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LNevertheIess, both should be stable.



A non-local repulsion-aggregation mode

Linearised nonlocal operator T

Consider mass preserving perturbations v(z): fol v(z)dz = 0.

Mo(z) — (a+8) [[Po(z)dz z < z,

Mo(z)+ (a+ ) [Po(z)dz 2> z.

F'(u(z20))(v(2)) = {

where \; and )\, denote

A =200 — (1 — 29, Ao = (1 — 29)8 — zpx .

A1 and )\, are convex combinations of 5 and —a.
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A non-local repulsion-aggregation mode
ﬁLinear stability: Ansatz  v(z2) = eMy(2) T

Eigenproblem Ap = F'(u(zy))(p) with fol p(z)dz =0

)=+(oz+ﬁ)fozogp(z)dz 2 < 20,
)z—(oz+ﬁ)fozogp(z)dz z> 2.

—
>~ >
U
| |
XN
PNDS
N W

A # X # Ag: Then, ¢ Is piecewise constant and

1—2p
— =, 2z < 2z
A=—a <0, v(z){ 2 " ’

v, 2> 20 .

Stability w.r.t. “local shifts” due to confinement
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A non-local repulsion-aggregation mode
ﬁLinear stability: Ansatz  v(z2) = eMy(2) T

Eigenproblem Ap = F'(u(zy))(p) with fol p(z)dz =0

(M =N p(2) = +Ha+P0) [P p(2)dz 2 < 2,
A= N p(z) =—(a+0) [[°p(z)dz 2> 2.

. r1/2 _
00—« o(2) = < v(2): ), vdz =0 z<%,

v (2) - f11/2v,,adz =0 z> 3.

\

Stability w.r.t. “local smoothing” provided repulsion is
Lcontrolled by aggregation. J
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A non-local repulsion-aggregation mode
ﬁLinear stability: Ansatz  v(z2) = eMy(2) T

Eigenproblem Ap = F'(u(zy))(p) with fol p(z)dz =0

)=+(oz+ﬁ)fozogp(z)dz 2 < 20,
)z—(oz+ﬁ)fozogp(z)dz z> 2.

—
>~ >
U
| |
XN
PNDS
N W

similar A\; = X or Ay = A, 2 # & (symmetry zp — (1 — 2p))

Summary: Given § — « < 0 there exists an open interval of
parameters z, with linearly stable steady states u(z) :

Er__lé%g{)\i(zo)} <0 Vzo € (1 —25,25), 25 := P > 5

o |
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Non-local repulsion-aggregation

Three-valued states
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Non-local repulsion-aggregation

Three-valued states
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Non-local repulsion-aggregation

Three-valued states
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Non-local repulsion-aggregation

Non-uniqgueness of two-valued states

-

-1
—————————————




Non-local interaction equation

Structure of steady states

-

#® ¥V analytic = the steady states are “discrete” sums of
Diracs p = ) .y Pi0u,

® W € C? = accumulating Diracs have no spectral gap
A sum of Diracs p = >, p;ida,, pi > 0 is steady state iff
(pj) € Ker (W'(u; —w))),

Proof:
Oyt = fol W' (u(t,§) —ult,z)) d§ = >, p;W' (u; — u;) on z € I,

o |
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Non-local interaction equation

Three Dirac steady states for double-well

-

A positive, normalised vector of masses

(=W us —ug), Wiug —uq), =W'(us — uy))
(P1, P2, 3) = —W'(uz — ug) + W (us — uy) — W'(ug — uq)

solves

[ W' (uz — us) \ [ \

W' (uz — u1) X1 P2
\ _W/(U2 — Ul) ) \ P3 )

for the double-well if and only if choose (u;) such that

=0,

0 < ug—up,uz —uy < xp and us — u; > 4

o |
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L ocal stability analysis
rLinear stability steady state p=>"."_, p;0a,

# linear stability under small “local shifts” provided

ZpJW” —u;) >0, Vi=1,...,n

# linearly stable under “local smoothing“ of the w;, if the
matrix

M = diag (W (u; —u;))-(p;)) — (piW" (u; — w;))

has a positive spectrum on the hyperspace

{(w) : 3 w; = 0}
| N
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L ocal stability analysis

L ocal stability without exchange of mass T

A steady-state p = > ", pidg,
stable w.r.t. “local shifts and smoothing” is locally stable

[u(0) — e = JJu(t) — e < Ce W llem)t

T
Proof: Consider the vector w := (Hvuoo,fhv, : --flnv) , then

d —W"(u; —u;)-(p;) O(1) )
W= ( ) Y ) w + O(Jjw]|%),

LStabiIity In higher dimensions via atomisation, see [CDFLS] J
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A non-local repulsion-aggregation mode

rBifurcation for zp > 2 T

Formal expansionife := A\ < 1

u(z) = u(z, zg + €a) + cv(z), /0 v(z)dz =0.

W"(0) =0, denote W" (2xy) = 7, 2§ := 20 + €a

e |—(a+p) [P vdz] + O(e?) z < z§
el(B—a)v+ (a+p) [Pvdz] +O(e?) =z > =

O(e) : / vdz = eV and v(z) =¢ev(2), 2> 25,
0

o |



A non-local repulsion-aggregation mode

rBifurcation for zp > 2 T

Integrate over (0, z5) and (z¢, 1)

fy 1 - ZO 0 2
: - d L]
V S /o v=dz + O(e)

Reinsert

{52 (1+22)v— 3(1 — 20) Ju? 4 112 ’"Ofo dz}—l—O ) 2 <2

2[1-220, ~  21-22 202 c
et | = tav — 32 [T dZi|—|—O(€) Z >z

o |
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A non-local repulsion-aggregation mode

rBifurcation for zp > 2 T

v can assume at most two different values for z < z.

v = ==y, 0< 2 <

v(z) = “1
Vy 21 <2< 2

for a constant v, # 0 and [ vdz = 0.

2 zZotaa zyg— 2 2 Zo+ ax 21

o :_;(1—20)20 221 — 20 2= v (1 — 20)20221 — 20

Y 20(20 — 21) 2

v V =

20 21 200 21

o |
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A non-local repulsion-aggregation mode
Three-valued steady states T

Take two steps heights 0 < uq, us < 2z and u; + ug > 2,
denote W' (uy) = g3, W (uy + uz) = —go, and W' (uy) = g;.

Then, there are values 0 < z1,25 < 1 and z; + z, < 1 and

)
Uy 0<z2< 2,

ﬂ(Z,U1,U2):< Uy + U 21 < z<z1+ 29,

| U+ U+ ug 1t <z<l1,

IS a steady state with zero mass.
up = 2x9 OF uy = 2x¢ yield the two-valued steady states

o |
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A non-local repulsion-aggregation mode
Linear stability T

Denote
W”(O) — hl, W”(ul) = hg, W”(u1 -+ UQ) — hg, W”(Ug) — h4
Linearised non-local operator F’(u)(v)

M v(z) — Iy Ozlv—h2f21+22v—h3f1 vz €(0,2)

21 21+22

Ao U(2) — ho Ozlv—h1f21+220—h4f1 v oz € (21,21 + 22)

Z1 Z1+22

A3 v(2) — hs Ozlv—h4le+z2v—h1f1 v 2z € (21 + 29, 1)

Z1 Z1+22

where

(M (o hs ) [ )

o | =1 by b ha |- 2 .
= \ X ) \hs hy b ) \1—2—2 ) .
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A non-local repulsion-aggregation mode
ﬁLinear stability: ansatz  v(z) = eMp(2) T

Eigenproblem Ap = F'(u(zy))(p) with fol p(z)dz =0

(A = N v(2) = (he — hs) [ vdz — (hoa — h3) [P vdz =0
(A2 = N v(2) = (ha — ha) [ vdz — (b — ha) [P 0dz =0
(A3 = N v(2) = (hg — h1) [ vdz = (ha = h1) [2TP 0dz =0



A non-local repulsion-aggregation mode
ﬁLinear stability: ansatz  v(z) = eMp(2) T

Eigenproblem Ap = F'(u(zy))(p) with fol p(z)dz =0

1) A £ X\, 1 =1,2,3: vis piecewise constant. Eigenvalues

T T2
= —4+4/——A
11,2 9 \/4 ;

T = (hg + hg)Zl —+ (hg + h4)22 —+ (hg + h4)23 ,
A = hgthl + h2h422 + h3h42’3

ps = hsgzy + hyze + hizs,

(in)stability of 1, 5 3 Is not obvious.

o |
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A non-local repulsion-aggregation mode
ﬁLinear stability: ansatz  v(z) = eMp(2) T

Eigenproblem Ap = F'(u(zy))(p) with fol p(z)dz =0

DN+ N, i=1,2,3:
Relating back to two-valued steady states
Uo = 22 such that g1 = 0= 2z

pH1p — —Q, M2:6(1_Z2)_&'Z?7

with only i, satisfying vezs + v3(1 — 25) = 0

o |
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A non-local repulsion-aggregation mode
ﬁLinear stability: ansatz  v(z) = eMp(2) T

Eigenproblem Ap = F'(u(zy))(p) with fol p(z)dz =0
2) A =X and A # )\;, 7 =2,3

21 21122
(hl — hg) / vdz = (hg — hg) / vdz
0 z1

while v is piecewise constant on (zq, z; + 22) and (z; + 29, 1).

( vi(z) z€(0,z)

v=1K Uy 2 € (21,21 + 22)

| V3 2z € (21 + 2, 1)



A non-local repulsion-aggregation mode
ﬁLinear stability: ansatz  v(z) = eMp(2) T

Eigenproblem Ap = F'(u(zy))(p) with fol p(z)dz =0

2) Signs of the eigenvalues \; not obvious.
Relating back: uy = 229 with z; = 0and h; = and hy = —«

)\1 — hQZQ—I—hg(l—ZQ) , )\2 — 522—@(1—22) , )\3 — 0422—5(1—22) ,

A1 IS spurious since z; = 0.

o |
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A non-local repulsion-aggregation mode
ﬁLinear stability: ansatz  v(z) = eMp(2) T

Eigenproblem Ap = F'(u(zy))(p) with fol p(z)dz =0
For small perturbations uy — 229 = -0 < 0

2
Ay = fzy —afl — 2) + (hzg — W"(220)(1 — 22) + %)5 +0(5%)

At bifurcation z, = -

a+3
(a2 — W 20) 1
— — T

"y Yat+ B g

has sign depending on W

o |
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Singular repulsion

An explicit example

-

formal: local repulsion — Dirac = quadratic diffusion

Singular repulsive potential W (z) = z° — |z

Steady state: p=1I;_1 1

N |—=
N =

0=W'xp= /R2(a: —y)dp(y) — / sign(z — y)dp(y)

R

:2x—/x dp(y)+/moodp(y):2x+1—2/$ dp(y)

o |
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Singular repulsion

An explicit example

-

evenly smoothed modulus |z|. on the interval (—¢,¢) fore > 0
W.x) = 2°—|z|l., Wl(x)=2x—sign_(z), W/(z)=2-26.(0)
where we assume

1
sign_(0) =0 and sign_(+e) = +1 0:(0) ~ .

o |
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Singular repulsion

An explicit example

Construct stable steady states with n Dirac masses:
u = Z?:l UZ’]I]Z. with ’[z‘ = D and maxi{(uiﬂ — UZ)} > £

0= ijW;(uj —u;) = —2u; + ij — ij
j=1

1< 71>1
using >_7; p; =1land > 0 ujp; =0
Obtain multitude of steady states

_hEhe o2
2 n

(Ui+1 — Uz)

LStabmty m; — Z?:l ijé/(Uj — uz) =2 — % >0=¢e> % J
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Singular repulsion

Weak limit T
calculate u; = -1+ 2 — —landu,=1-2 —-lasp <1
for n — .
n noopuit
[ ewrdnte) =Y etp=3" [ pw)da
R 1=1 1=1 uz_%

o |
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Non-local interaction equations

Conclusions

-

#® double-well does NOT imply that only two Dirac steady
state are stable

# singular repuslision of interaction potential at O acts like
diffusion

THANK YOUI!

o |
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