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Scattering Solutions

(A+qg+ k=0
w — eikx-0 + wouta

Outgoing Sommerfeld Radiation Condition

P(x,0, k) = €0 4 Clx|"2" k"2 X A0/, 0, k) + of|x] "),
where 0/ = x/|x|.

Scattering Transform (Far field pattern)

AO,0, k) = / e Y q(y)y(y, k, 0)dy.

n
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Difraction Tomography

‘ Basic idea: A(0',0, k) ~ q(k(6 — 9/))‘

Many different possibilities to approximate g from A(¢’, 6, k) (Born
approximation)

fixed angle data (0fixed)

Go(k(0' — 0)) = A0, 0, k)

A0, -0, k) = qp(2k0)
Full data.
gs(x) = /Sn_l qo(x)dé
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Basic question. Justification of DT

What information about the actual potential g is contained in the
Born approximations, gy, gg or qp?
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The problem and previous results

Recovery of singularities

Find the best exponents (3, s such that
qge W™ = q—qg e WP

o Fixed angle data: A. Ruiz (2001)

o Backscattering data: Ola, Paivarinta, Serov (2D; 2001), Ruiz ,
V(2D, 3D;2005) J.M. Reyes (2D, 3D;2007) Melin, Lagergren,
Beltita (oddD; 2009)

o Full data: Sommersalo, Paivarinta, Serov (91, 94, 98; 2007).
They treat the case of real potentials in the category of
Lebesgue and Hélder spaces.

Example: If g is real L% with compact support g — gg € CP
for 5 > 0.
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The Theorem (s)

Theorem (Full data, Barcel6, Faraco, Ruiz, V. 2010)

Let g € LP(R") N W*2(R"), p > n/2, a < &, Then
q—qB € W,g’cz, when  — a < e(a).

n=2 e(a) =1
n=3 €(a) = min{1, 3 + 3a}

In general best 3 such that if g € W*"(R"), then
q— qg € WP2(R").
Example g € W*3(R3) = 8 < min{a+1,3a + 2}
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The Theorem (s)

Theorem (Full data, Barcel6, Faraco, Ruiz, V. 2010)

Let g € LP(R") N W*2(R"), p > n/2, a < &, Then
q—qB € W,g’cz, when  — a < e(a).

n=2 e(a) =1
n=3 €(a) = min{1, 3 + 3a}

In general best 3 such that if g € W*"(R"), then
q— qg € WP2(R").
Example g € W*3(R3) = 8 < min{a+1,3a + 2}

n>3 n=2
1 1 1 1 1 1
First It f I tentials but |- — —| < —, [z —=| < =
irst result for complex potentials bu |2 r‘_2n"2 r’_3
gs: High frequency (HF) approximation (adapted for complex

potentials)
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HF aproximation

Direct problem: For g € LP(R"), complex, p > 7, there exists kg
such that ¢(x, 0, k) exists and is unique, for k > ko.

Key: Estimates for Ry (Limiting absorption principles) :
Agmon-Hérmander, Kenig-Ruiz-Sogge, Vega-Ruiz and Born Series.

Complex potentials: Mochizuki, Saito, Isozaki, Davies, Greenleaf,
Uhlmann.
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Neumann-Born series

A©0.0) = [ e q(y)ily. k. Oy

(A+qg+k)p=0  1=e"0 41

(—A — k) (Yout) = g0, Ry(k?) = lim(—A — k? + i)™

e—0

WP = (/ _ R+(k2)(q-)) l(elkXG lkx9+z R+ k2 (q) /kx-0)
j=1

e}

A(0',0.K) = G(k(0'~0))+) / e " q(y)(Re(K)(a - ()Y (*")dy

=1 &

Q1
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Neumann-Born series

A©0.0) = [ e q(y)ily. k. Oy

(A+qg+k)p=0  1=e"0 41

(—A — k) (Yout) = g0, Ry(k?) = lim(—A — k? + i)™

e—0

WP = (/ _ R+(k2)(q-)) l(elkXG lkx9+z R+ k2 (q) /kx-0)
j=1

VA(®',0.k) = xG(k(0'0)) +Z L e R - () (e
Q1 |
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HF approximation Full data

a(x) = / e"EG(£)dE ~ / "X (€)a(E) de.

Change of variable, £ = k(6" — 0), averaging in 6 variable
48(%) = [sn1,(0,00)xsn1 €AW, 0, k)x |6 — 0] k"* dkd' d6

-~

dp

oo
a—qe=> Qs
j=2

Q41,8 = Jor 12 (000)xsn-1xmn € D a(y)x(Re(a-)Y (v)dudy
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HF approximation Full data

a(x) = / e"EG(£)dE ~ / "X (€)a(E) de.

Change of variable, £ = k(6" — 0), averaging in 6 variable
48(%) = [sn1,(0,00)xsn1 €AW, 0, k)x |6 — 0] k"* dkd' d6

-~

dp

oo
a—qe=> Qs
j=2

Q41,8 = Jor 12 (000)xsn-1xmn € D a(y)x(Re(a-)Y (v)dudy

@ j > 2 Averaging estimates of Ruiz (2001) for fixed angle
@ j =2 (Quadratic Term) = special treatment
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(> as a bilinear Fourier multiplier

“m = / =0 =Y g(y) Ry (q() eV dpucy
Sn=1x(0,00)x S"—1xR"
Rk(qeike-))(y) =Gyxf = / Gk(y _ Z)q(Z)eikZdz

) = / e &0 G, (., 2)dp
Sn=1x(0,00)xS"—1

Qea(a)(x) = [ [ Flx=y.x—2)alyale)dyez
= [ e m(enyae)atn)dedn
RrxRA
where,
m C(n) > . _ £i2 _ O
&m) = £||77!<|£| o I G Inl)) O + Qg
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The real part

Has product structure!
Qu(f, ) ~ >y Ri(h(f))Ri(k(f))
l<r<n B<min{fa+1+n(t-1)2(1+a)+n(:—2)} Then,

r

1Q(A: £)llyps < Cllfallwerlollwar 1)

Properties of Riesz potentials and transforms, Generalized Leibniz
Rule, Sobolev embedding..
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The real part

Has product structure!
Qu(f, ) ~ >y Ri(h(f))Ri(k(f))
l<r<n B<min{fa+1+n(t-1)2(1+a)+n(:—2)} Then,

1Q(A, B)llyps < Cllllwarlfllwer 1)

Properties of Riesz potentials and transforms, Generalized Leibniz
Rule, Sobolev embedding..

The imaginary part

iy = _(£1)2 _ |sin (£ 1
ma = /1= (erp)? = I sin (i )1
e Bad news. No product structure. It is singular when &|| £+ 7.
n dimensional.

@ Good news. Rotation invariant, continuous. The singular set is
very regular.
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Proof I: Whitney Decomposition

Decompose the phase space in cones (angular Whitney cones with
respect to the singular set)

Qi jk
—
Ujer(isk) Qik X Qjk -

k(n—
R” x R\ L = U2, 22 ™Y

If (&,m) € Qijk, then Z(&,m) ~ 27K or —27K,

oo 2n2k(n=1)

Z Z Z Tl,qulkan )

= i=1  jer(i;k)
where we define

| HO) s
Tustf. ) = [ [ eemmenTDED g dea

and
— A — A
qi,k - qXQ,',kv qj,k - qXijk'
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Proof 2: The bricks

2D: In Q,‘7k X Qj,k7 either

(f 77)|_§1772 &2 m

| sin (=, — — = ——
1" 1l

IRGICERE

or
& Sm  &m
jsin (&, Ay = f2m _ &me
€17 Im| &l 1€l In|
Moreover, by rotation, we can assume that |‘551|| <27k and
|m| < = k
ol =

Higher dimensions: write

V! e

as an infinite sum of terms with product structure and small L*°

norm.
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Key Proposition

let0<a<f<a+l 1<r<n 1<s<oo. Suppose further
that 8 < min{a+1+n(2 —1),2(1+a)+n(t-2)}

s
—kw
ITsslFo Bl < C N lworliglimer, (@)

where
n=2 w<1/2+1/r
n=3 w < %, p = max{r,r'}.

Note: Other results for r > n involving L.
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Proof 3: Angular Littlewood-Paley Decomposition

kw
13" D" Tiiwldiveo )l s < €27 Zuq,knwar

i jer(i;k)
Let g; x as above & > 0,1 < r < co. Then, for all € >0

1
O llgikllfyer)? < C22ORK|g]lyar,
i

where, for r > 2, A(r) = (n—1)(3
A(r) = (n=1)(; = 3)-

2

—%) and for r < 2,

193(a: liws.s < Cellgllwar2 Yy 24—
k
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Backscattering data

Theorem (Pure derivative recovery, 2D, 3D Ruiz-V, Reyes)

Let g € LP(R") N W*2(R"), p > n/2,a > 0. Then
q — Qback € W/[Z’Czr when ,8 —o< 1/2

Neumann-Born series:

(2K = XAB,~0.0-3_x [ eV q(y)(R-(k)(a- ()Y (e )d
j=1

Qjs1

In 2D (Reyes, 2007) g3 € ijf when 3 — o < 1.
Then, by Sobolev embedding gz € A if 3 < o (Holder regularity)

Holder regularity for the bilinear term in 2D?

In 3D (Ruiz-V, 2005) only g3 € W22 when § — o < 1/2.

loc
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Quadratic (bilinear) Term

S [ M8 i [
Qo)) = pu- [ T e [ atn-93(@doe)

= P(q) +i5(q)
where I'(n) is the sphere centered at /2 and radius |n|/2.

(2005) 2D: If g € W2 with a > 0 and compactly supported, then
S e AN < aand P is continuous.
P is reduced to a Hilbert transform on S?.
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Quadratic (bilinear) Term 2D

Theorem (Barceld, Faraco, Ruiz and V. 2011)

Let g € W2 and such that |x|q(x) € LP for some p < 2. Then
Qx(q) € A8 for any B < a.

e Corollary: For compactly supported q, ¢ — Gpack € N°

@ Useful for inverse scattering in elasticity system (second order
Riesz transforms of the potential involved): limiting absorption
principles by Barcel6, Folch-Gabayet, Pérez-Esteve, Ruiz and
Vilela (2010).

@ (2D) gain in integrability as gain of one derivative

e Main difficulties in the proof: the central singular term in P,
non compactness of the support.
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Quadratic 2D

Estimate for S(g): We consider the spherical term

Q)(n) = |j;| a0 9aOde ). )
n

For any 0 < 8 < « the following a priori estimate holds for any
pe(1,2)
1Q()lIas < Cllalize + llaliye)-
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Estimate of the principal value

—

We split down P(q)(n):

. . N(n) R .
P(q)(n) = Po(n) + > _ Pi(n) + Pas(n),
j=1
where 401 — €)a(©)
50y [ aln—£)a
Pi(n) = /r T dexo).

j=Ti(n) ={6eR?:27772|p| < || = n/2| - In|/2]] <
277 |, €] > |n — €|} and N(n) = log, || and

P =p. [ =080

Poo(n) = Y P déx(n),

for
Moo = Too(n) = {€ € R?: [IE—n/2] = Inl/2|| < 1/4, €] > |n—¢€[}.
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Estimate of P

Using symmetry w.r.t. the singular set I'(n) to get rid of P.V.
Then, by Calderon-Hajlasz estimate
[f(x) — f(y)] < C(M(VF)(x)+ M(VF)(y))lx — y| reduces to

Lemma

We have the a priori estimates

I(F, )l <58y < Cligllyaa(IFll o + 11 Fll2),

for any p' > 2, or

1(F, €)ll13(<.55) < Cligllyaallfll e,

for p' such that 0 < 1 — % < a — 3, where

A

J(F8)n) = / M= ¢T£‘£>>ug<s)r

déx(n),
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Open questions

@ Backscattering 2D: Holder estimates Q3 under decay condition
of g

o Backscattering 3D: Holder estimates in cuadratic and cubic
terms, even compactly supported case (in progress)

@ Backscattering general D: iterative procedure to control the
general term in the series (done when g is more regular by
Lagergren, Beltita and Melin in odd dimension, evolution wave
equation ultrahyperbolic operator)

o Partial sets of data between backscattering and full data.
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