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Oru —yAu+ f(u) + Vp=g(x), V-u=0,
U(X7 t) = 07X € 897 (1)
u(x,0) = up(x),x € Q

Here Q C R3? is a bounded domain with C? boundary 09,

g = (g1,82,83) is a given function, u = (u1, up, u3) is the fluid
velocity vector p is the pressure and f is a given nonlinearity.
Nonlinear term f € C3 — C3 satisfies the conditions

(F(u)v) v = —K|v[? + k|v [l

|F/(u)] < C(L+ |ul™).

The typical example f(u) = au + |u|""tu.
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Structural Stability

Blow up problem
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Number of papers is devoted to the study of structural stability of
for BF equations: continuous dependence on changes in Brinkman
and Forchheimer coefficients and convergence of solutions of BF
equations to the solution of Forchheimer equation

Oru+ f(u)+Vp=g(x), V-u=0,

as the Brinkman coefficient tends to zero.
Payne and Straughan, 1999

Oru —yAu+ au+ blulu+ Vp = h(x), V-u=0,

IF(E) e
U@l < ———-t——o?
Ul < =5 2

BF equations describe fluid flow in a saturated porous medium.u is
the average fluid velocity, v is Brinkman coefficient, b is the
Forchheimer coefficient.
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Celebi, K. , Ugurlu, 2006
Ot — yAu + au+ blu)"tu+Vp = h(x), V-u=0,

Continuous dependence on parameters in H' sense. Blow-up of
solutions for b > 0.
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Gordeev (1973) ; Likhtarnikov (1979)

Oru — Au+ Ku + ¢(u) + Vp = h(x),
Oep+ V- (D(x)u) =0,

where u is the velocity of the tidal flow and p is the deflection of
the level of the see.

B.A.Kagan Hydrodynamical Models of Tidal Motions in the Sea,
1968
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Celebi, K. , Ugurlu, 2006
Oru — yAu+ au+ blu|u+Vp = h(x), V-u=0,

Continuous dependence on parameters in H' sense. Blow-up of
solutions for b > 0.
Ugurlu (2008), Ouyang and Qin (2008), Wang and Lin (2008)
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Seta, Takegoshi, Kitano, Okui (2006)

Oru —yAu+ au + blulu + (u, V)u+ Vp = h(x)
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Asjusual we set V = {v € C§°(Q)3: (V,v) = 0} and denote by H
and H! = V the closure of V in L2(Q) and H}(Q)

The next Lemma gives the usual energy estimate for BF equations:
Lemmal. Let (u, p) be a sufficiently smooth solution of the
problem . Then

t+1
lu(t)]? +/ Hlu()IZz + lu(s)ITFi] ds <
t
Clluol?e™ + C(1 +[lgl®) (2)

Multiplying the equation by u and using f(u) - u > —C + k|u| ™1
we have

2dtll u(t)[1? + allu(®) | + allu() 5 < C1+ lglf)

The inequality we obtain by using the Gronwall inequality.
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Corollary Let (u, p) be a smooth solution of the problem (1). Then
the following estimate holds:
10 ull 2z, e11,m-2) < QUlluoll2)e™" + Qg ),

where the monotone function Q and the constant C are
independent of t and u.

Oru = Au—Nf(u)+Ng (3)
()l e, e ) < CluO)[f2e™ + C(1 + llglf2)

V.K. Kalantarov Kog University, Istanbul (joint work with S.Zel Global Behavior of Solutions to Brinkman-Forchheimer Equatio



The function v = 9;u solves

v —Av+ f(u)v+Vg=0, V-v=0
v(0) = Aup — I(£(0)) + Ng.

Moreover
[v(0)|| < Q(lluoll2) + llgll .2

and the solution of the problem satisfies

t+1
Iv(®)]1Z: +/t lv(s)lItnds < Q(lluollrz)e™ + QUllgll12)
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Corollary. A regular solution of the problem (1) satisfies:

lu(®)lle + V()2 < QUIuO) )™ + Q(lgll2)  (5)

for some positive constant K and monotone function @
independent of t and up.

Indeed, due to the control of ||v(t)||;2, we may rewrite equation
(1) as an elliptic boundary value problem

Aw(t) = f(w(t)) + Vp(t) = gu(t) := —g + Oru(t)  (6)

and apply the maximal regularity result to that equation. Together
with (?7?) this gives indeed estimate (5) and proves the corollary.
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Lemma 2. If (u, p) is a sufficiently regular solution of the problem
(1) then

1413 _
[Oru(t)ll 2 < 3 Q([luwoll2)e™ + Q(llgll2), t>0.  (7)

Theorem 1.Let (u, p) be a sufficiently regular solution of (1), then

()2 + [lp(0) |42 < Q(lluollH2)e™ " + Q(llgll2), t > 0. (8)
Moreover

1+ 83
t3

luoll2)e™ + Q(llgll2), t > 0.
(9)

lu(®)l[ 2 + [P(E) ][ 12 < Q(
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These estimates allow us to prove the existence and uniqueness of
a solution of the problem (1) as well as to establish the existence
of a global attractor for the associated semigroup.

Definition. A function

u e C([0,00), H) N L2 ([0, 00), HY) N L"1([0, 00), L"T1(Q)) (10)

loc loc

is called a weak solution of (1) if it satisfies (1) in the sense of
distributions, i.e.,

- /R (u(t), Brp(t)) dit =
- / (Vule), V(1)) — (F(u(®)), (1)) + (&, (1)) e

for all ¢ € Cg°(R4 x Q) such that (V, ¢(t)) = 0.
The next lemma establishes the uniqueness of a weak solution.

V.K. Kalantarov Kog University, Istanbul (joint work with S.Zel Global Behavior of Solutions to Brinkman-Forchheimer Equatio



{—Aw+f(w)+Vp:g(x), V-w=0, xeQ (11)

w=0,x€dQ, [p(x)dx=0

Lemma 3. If g € L9(Q2) then the problem (11) has a unique
solution

(w,p) € Fg :={(w,p):we W29(Q) N LHQ), pe WHI(Q)}
and the following estimate holds true
Iwllwee + [lpll755 < C(1+ llglie) (12)

Theorem 2. Let w be an energy solution of the problem (11),
g € L? and the assumptions on f hold. Then w € H?(Q) and

Wl + 1Pl < Q (Il(w. p)llz,) (1 + llgllZ ")

for some increasing function @ and some positive k = k(r).
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Oru—Au+(u-V)u+f(u)+Vp=nh(x), V-u=0, (13)
The assumption r > 3 guarantees that
(u,VIue L*3 c 19 q:=(r+1)" <4/3.

If r >3 and g € L? then for every ug € H the problem (13) has a
unique weak solution u that satisfies the energy estimate (2).
Orv—Av+ (v, V)ur + (2, V)v+Vq = f(u2) — f(u1), (V,v) =0,

d _ _
SR + 20V vl + el + el ) <
ClvIZ +2/((v, Vu)ur, v)].
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Her we have used
(F(tn) = F(u2), 11— ) > —Clluy— || 7o+ o |un| ™+ w7 [v]?)
r—1>2

2|((v, Vu)ur, v)| < 2(|u| - [v], [Vv]) <
IVvlizz + C(Juf?, IvI?) <
IV vliZz + a(lur] ™ + |uz| ™ [v[?) + CllvI[Z.
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KVBF equations

Ot — Au — aldru + (u-V)u + au + blu|""tu+ Vp = h(x),
V.-u=0,
(14)
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