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Rotating compressible fluid

∂t% + divx(%u) = 0

∂t(%u) + divx(%u⊗ u) +
1

ε
(g × %u) +

1

ε2
∇xp(%) = divxS

S = µ(∇xu +∇t
xu−

2

3
divxuI), µ > 0, g = [0, 0, 1]
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Boundary conditions

Ω = R2 × [0, 1]

u · n = u3|∂Ω = 0, [Sn]× n = [S2,3,−S1,3, 0]|∂Ω = 0
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Ill-prepared initial data

%ε(0, ·) = % + εr0,ε, {r0,ε}ε>0 bounded in L2 ∩ L∞(Ω)

uε(0, ·) = u0,ε, {u0,ε}ε>0 bounded in L2 ∩ L∞(Ω; R3)

Eduard Feireisl Institute of Mathematics, Academy of Sciences of the Czech Republic, Prague

A singular limit for rotating fluids



Compressible Navier-Stokes system with a Coriolis force Convergence Uniform bounds Strong convergence of the velocity field

Asymptotic limit

Suppose

p(%) ≈ %γ , γ > 3/2

r0,ε → r0 weakly in L2(Ω)

u0,ε → U0 weakly in L2(Ω; R3)

Then

rε ≡
%ε − %

ε
→ r weakly-(*) in L∞(0,T ; L2 ⊕ Lγ(Ω))

uε → U weakly in L2(0,T ;W 1,2(Ω; R3)

and strongly in L2((0,T )× K ;R3) for any compact K ⊂ Ω
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Moreover

g×U+
p′(%)

%
∇x r = 0, r = r(x1, x2), u = [Uh, 0], Uh = Uh(x1, x2)

∂t

(
∆hr −

1

p′(%)
r
)

+∇⊥x r · ∇h(∆hr) =
µ

%
∆2

hr

r(0, ·) = r̃ , −∆h r̃ +
1

p′(%)
r̃ = %

∫ 1

0
curlhU0,h dx3 +

∫ 1

0
r0dx3
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Related results

Incompressible case:
J.-Y.Chemin, B.Desjardins, I.Gallagher, E.Grenier: Basic of
mathematical geophysiscs, Oxford University Press 2006

Compressible case:
D.Bresch, B.Desjardins, D.Gérard-Varet: Rotating dluis in a
cylinder, Disc. Cont. Dynamical Syst. 11 (2004), pages
1133-1176
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Energy inequality

∫
Ω

(
1

2
%|u|2 +

1

ε2
E (%, %)

)
(τ, ·) dx +

∫ τ

0

∫
Ω

S : ∇xu dx dt

≤
∫

Ω

(
1

2
%0,ε|u0,ε|2 +

1

ε2
E (%0,ε, %)

)
dx

E (%, %) = H(%)− H ′(%)(%− %)− H(%)

H(%) = %

∫ %

1

p(z)

z2
dz
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Acoustic equation

p′(%) = 1

ε∂trε + divxVε = 0

ε∂tVε +
(
g × Vε +∇x rε

)
= εfε

rε =
%ε − %

ε
, Vε = %εuε

fε = divxSε−divx(%εuε⊗uε)−
1

ε2
∇x

(
p(%ε)−p′(%)(%ε−%)−p(%)

)
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Spectral analysis

Spectral analysis

B
[

r
V

]
=

[
divxV

g × V +∇x r

]
Dispersion relation (in Fourier variables)

λ2 = −µ

µ =
1 + |ξ|2 + k2 ±

√
(1 + |ξ|2 + k2)2 − 4k2

2

Ker[B = {[r ,V | r = r(x1, x2)

∇h · Vh = 0, ∇hr = [V2,−V1]}
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Spectral analysis

Variation-of-constants formula

[
rε
Vε

]
(t)

= exp
(
−B t

ε

) [
r0,ε

V0,ε

]
+

∫ T

0
exp

(
−B t − s

ε

) [
0
fε

]
ds
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RAGE theorem

RAGE theorem

Theorem

Let H be a Hilbert space, A : D(A) ⊂ H → H a self-adjoint
operator, C : H → H a compact operator, and Pc the orthogonal
projection onto Hc , where

H = Hc ⊕ clH
{

span{w ∈ H | w an eigenvector of A}
}

.

Then∥∥∥∥1

τ

∫ τ

0
exp(−itA)CPc exp(itA) dt

∥∥∥∥
L(H)

→ 0 for τ →∞.
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RAGE theorem

C non-negative selfadjoint:

1

T

∫ T

0

〈
exp

(
−i

t

ε
A

)
C exp

(
i
t

ε
A

)
PcX ,Y

〉
H

dt ≤ h(ε)‖X‖H‖Y ‖H

Y = PcX

1

T

∫ T

0

∥∥∥√C exp
(
i
t

ε
A

)
PcX

∥∥∥2

H
dt ≤ h(ε)‖X‖2

H

h(ε) → 0 as ε → 0
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RAGE theorem

1

T 2

∥∥∥∥√CPc

∫ t

0
exp

(
i
t − s

ε
A

)
X (s) ds

∥∥∥∥2

L2(0,T ;H)

≤ 1

T

∫ T

0

∫ T

0

∥∥∥∥√C exp

(
i
t − s

ε
A

)
PcX (s)

∥∥∥∥2

H

dt ds

≤ h(ε)

∫ T

0

∥∥∥exp
(
−i

s

ε
A

)
X (s)

∥∥∥2

H
ds = h(ε)

∫ T

0
‖X (s)‖2 ds
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RAGE theorem

Apply RAGE theorem to:

A = iB, C = PM ◦ χ

PM : L2(Ω)× L2(Ω; R3) → HM

HM = {[r ,V] | r̃(ξh, k) = 0, Ṽ(ξh, k) = 0

for |ξh|+ |k| > M}

r̃ , Ṽ denote the Fourier transform
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