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Liquid crystals-a prototypical complex fluid

Complex fluids: Basic laws

@ Conservation of mass:
V-u=0 (1)
where u is a vector valued function expressing the velocity of the fluid at a
point in space.
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Liquid crystals-a prototypical complex fluid

Complex fluids: Basic laws

@ Conservation of mass:
V-u=0 (1)
where u is a vector valued function expressing the velocity of the fluid at a
point in space.

@ The balance of momentum is

0
p(afltl—i-(u-V)u):V-T—Vp (2)
where p is the density, T is the stress tensor and p is an isotropic pressure.
@ The stress tensor T represents the forces which the material develops in

response to being deformed.
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Liquid crystals-a prototypical complex fluid

Complex fluids: Basic laws

@ Conservation of mass:
V-u=0 (1)
where u is a vector valued function expressing the velocity of the fluid at a
point in space.

@ The balance of momentum is

p(%—i—(u-V)u):V-T—Vp (2)

where p is the density, T is the stress tensor and p is an isotropic pressure.

@ The stress tensor T represents the forces which the material develops in
response to being deformed.

@ We need a constitutive relation relating T to the motion of the fluid.

@ The constitutive law for the classical Newtonian fluid is

. Oxford
T=v(Vu+(Vu)") Centre for
where v is the viscosity. In this case the system (1), (2) becomes the Nonlinear
celebrated Navier-Stokes system of equations. POE
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Liquid crystals-a prototypical complex fluid

The additional stress tensor and energy dissipation

@ In the case of non-Newtonian fluids containing suspensions of liquid
crystal molecules the stress has an additional component
representing forces due to the liquid crystal molecules.

@ On the other hand one should have an equation for the liquid
crystals, showing how the flow affects the orientation and
distribution of the molecules.
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Liquid crystals-a prototypical complex fluid

The additional stress tensor and energy dissipation

@ In the case of non-Newtonian fluids containing suspensions of liquid
crystal molecules the stress has an additional component
representing forces due to the liquid crystal molecules.

@ On the other hand one should have an equation for the liquid
crystals, showing how the flow affects the orientation and
distribution of the molecules.

@ The additional stress tensor encodes the coupling between the flow
and the molecules.

@ The form of the additional stress tensor is directly related to energy
dissipation. More precisely the “content” of the stress tensor should
be such that the total energy of the fluid

1
2
EW) = 5 [ luxoP o+ 0 O
~—~— R ~—— C ;
total energy e free energy of the molecules entre for
kinetic energy of the flow Nonlinear
POE

decreases in time.
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Nematic liquid crystals: Q-tensor system and Navier-Stokes

The equations

The flow equations:
°

where we have the symmetric part of the additional stress tensor:

r=—¢ <Q+§Id) H—5H<Q+%/d)
tr(QZ)ld)
3

126(Q + %Id)QH —L (VQ@ Vo +

and an antisymmetric part o = QH — HQ where

tr(Q )

H=LAQ — aQ + b[Q?> — —=21d] — cQtx(Q?)

@ The equation for the liquid crystal molecules, represented by functions with
values in the space of Q-tensors (i.e. symmetric and traceless d X d matrices):

Oxford
Centre for

et 1 Nonlinear
S(Vu, Q) = (6D +Q)(Q + —/d) +(Q+ —/d)(gD Q) = 26(Q + S Id)tr(QVuRYE
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Nematic liquid crystals: Q-tensor system and Navier-Stokes

Energy dissipation and weak solutions-apriori bounds |

@ The total energy

def

lef L 2 4 2 _é 3 €. 202
E(t) /RJ‘VQ' +20(Q) - (@) + S1(@?) o

free energy of the liquid crystal molecules

+ 1/ |02 (£, x) dx
2 ]Rd
N

kinetic energy of the flow

is decreasing % E(t) < 0.

@ Simple proof: multiply the first equation in the system to the right by
—H, take the trace, integrate over R? and by parts and sum with the

second equation multiplied by v and integrated over RY and by parts. Oxford
@ In the process maximal derivatives are cancelled and you observe suprizingCentre for
non-trivial cancellations Nonlinear
POE
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Liquid crystals-a prototypical complex fluid Nematic liquid crystals: Q-tensor system and Navier-Stokes Coarsening and statistical dynamics

Energy dissipation and weak solutions-apriori bounds Il

iE(t) = —1// |Vul® dx
R
2
—r/ (LAQ —aQ + b[Q* - ( )ld] cQtr(Q2)> dx <0
Rd
@ Note that this does not readily provide LP norm estimates.

Proposition

For d = 2,3 there exists a weak solution (Q, u) of the coupled system, with
restriction ¢ > 0, subject to initial conditions

Q(0,x) = Q(x) € H'(RY), u(0,x) = (x) € L*(RY),V -7 =0 in D'(RY) (3) lord

tre f
The solution (@, u) is such that Q € Li2(Ry; HY) N L% (Ry; H?) and :I::e;r
ue LIOC(R+; L2) N L/OC(R+' ) :

)
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Nematic liquid crystals: Q-tensor system and Navier-Stokes

Some other types of complex fluids

@ Oldroyd-B:

Otu+ uVu—vAu+Vp=puV-p
Orp + uVp +ap+ pQ2 — Qp — b(Dp + pD) = p2D

@ The formal energy estimate is:

1d
5 gz Wllu@ll2 + palle()ll 2) + v Vu(t)ll,2 + apallp(t)ll 2
< 1BID(t) o lo(t)l 2
@ Smoluchowski Navier-Stokes systems

% 4+v-Vv—vAv+Vp V-r in Qx(0,T)

%+va+vg.(Wf)_Agf = 0 in Qx(0,T)
Vv = 0 in Qx(0,T),
where o - Oxford
T,j =y (m)f(t,x, mydm+ [y [y (my, ma)f (¢, x, m1)f(t, x, m2)dm and Centre for
= caa vj. Nonlinear

® The energy E(t) = % [ou [u(t,x)[2 dx + [pa [y, f log f dx dm decreases in time. POE
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Nematic liquid crystals: Q-tensor system and Navier-Stokes

Regularity difficulties: the maximal derivatives and “the

co-rotational parameter”

@ Recall the system:

(0 +u-V)Q — ( +Qu)(Q + 31d) + (Q + 31d)( — Q(u))
- =TH

Bt + uVu = vAug + Vp+ V- (QH— HQ)

+ —LV-(VQOVQ+ 5tr(Q@?))
V.-u=0

with H = LAQ — aQ + b[Q? — @) 1] — cQux(Q?).
@ Worse than Navier-Stokes
Oxford
Centre for
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Nematic liquid crystals: Q-tensor system and Navier-Stokes

Regularity difficulties: the maximal derivatives and “the

co-rotational parameter”

@ Recall the system:
(0 +u-V)Q — (£D(1) + Q(u))(Q + 31d) +(Q + 31d) (<D (u) — ()
- =TH

Bt + uVu = vAug + Vp+ V- (QH— HQ)

+ —LV-(VQOVQ+ 5tr(Q@?))
V.-u=0

with H = LAQ — aQ + b[Q? — @) 1] — cQux(Q?).

@ Worse than Navier-Stokes

@ Where's the difficulty? Oxford
. o Centre for
@ If £ = 0 maximal derivatives only )
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Regularity difficulties: the maximal derivatives and “the

co-rotational parameter”

@ Recall the system:
(0 +u-V)Q — (£D(1) + Q(u))(Q + 31d) +(Q + 31d) (<D (u) — ()
- =TH

Bt + uVu = vAug + Vp+ V- (QH— HQ)

+ —LV-(VQOVQ+ 5tr(Q@?))
V.-u=0

with H = LAQ — aQ + b[Q? — @) 1] — cQux(Q?).

@ Worse than Navier-Stokes

@ Where's the difficulty? Oxford
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@ If £ = 0 maximal derivatives only )
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@ If £ # 0 maximal derivatives+high power of Q POE
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Nematic liquid crystals: Q-tensor system and Navier-Stokes

Regularity difficulties: the maximal derivatives and “the

co-rotational parameter”

@ Recall the system:
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@ Worse than Navier-Stokes

@ Where's the difficulty? Oxford
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@ If £ = 0 maximal derivatives only )
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Nematic liquid crystals: Q-tensor system and Navier-Stokes

Energy dissipation revisited |

@ Cancellations that appear in the energy dissipation destroy some high
derivatives...
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Liquid crystals-a prototypical complex fluid Nematic liquid crystals: Q-tensor system and Navier-Stokes Coarsening and statistical dynamics

Energy dissipation revisited |

@ Cancellations that appear in the energy dissipation destroy some high
derivatives...

@ The cancellation lemma:
Lemma

For any symmetric matrices Q', Q € RY¥X¢ and Q,5 = %(uaﬂ — ug,o) € RI*d
(decaying fast enough at infinity so that we can integrate by parts, in the formula
below, without boundary terms) we have:

/Rd r((2Q' — @)AQ) dx — /Rd 95(Qluy ARy 5 — AQuy @ 5)tte dx = 0
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Liquid crystals-a prototypical complex fluid Nematic liquid crystals: Q-tensor system and Navier-Stokes Coarsening and statistical dynamics

Energy dissipation revisited |

@ Cancellations that appear in the energy dissipation destroy some high
derivatives...

@ The cancellation lemma:
Lemma

For any symmetric matrices Q', Q € RY¥X¢ and Q,5 = %(uaﬂ — ug,o) € RI*d
(decaying fast enough at infinity so that we can integrate by parts, in the formula
below, without boundary terms) we have:

/Rd r((2Q' — @)AQ) dx — /Rd 95(Qluy ARy 5 — AQuy @ 5)tte dx = 0

@ Idea: differentiate the equations and to the highest derivatives the equations will
keep the same structure (as the initial system) plus lower-order derivatives
perturbation; thus we can use the high-derivatives cancellations available for the Qxford
initial system to avoid the maximal derivatives Centre for

@ Unlike in previous approaches (in complex fluids) we do not estimate the two  Nonlinear
equations separately but always together. POE
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Nematic liquid crystals: Q-tensor system and Navier-Stokes

Energy dissipation revisited |l

o Littlewood-Paley language: take take x € D(B(0, 1)) such that
x =1on B(0,1/2) and let ¢(&) = x(£/2) — x(§)- Define

Dqu=F Y p(279)Fu), Squ=F (x(279)Fu)

@ Then we have in the sense of distributions u = Sou + .o Qg
@ Bony's paraproduct decomposition:

Aq(ab) = Sq_laAqb + z\q’—q\ﬁS[Aqa Sq/_la]Aq/b

g —qi<5(Sq' 18 = S5q-18) B Dy + Lqr5q-584(Sq' 1260 )

@ In our case, the equation in @ becomes:

DeDgu — vADGu = AgVp + LV - (Sq_1QAGAQ — AgAQS, 1Q)

Oxford
1
—Ag(uVu) — LV - Ay <VQ OV - gtr(VQ O] VQ)) Centre for

Nonlinear
+ perturbative (lower derivatives) terms pyg
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Nematic liquid crystals: Q-tensor system and Navier-Stokes

The rate of increase of the high norms- the Brezis-Gallouet

trick and beyond

o Let y(t) = [[u(t)]|Z + IVQ(t)| 2. An estimate of the form

y'(t) < f(t)y(t) log(1 + y(t))
and f(t) < Ce' would give y(t) < ce.
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Nematic liquid crystals: Q-tensor system and Navier-Stokes

The rate of increase of the high norms- the Brezis-Gallouet

trick and beyond

o Let y(t) = [[u(t)]|Z + IVQ(t)| 2. An estimate of the form

y'(t) < f(t)y(t) log(1 + y(t))
and f(t) < Ce' would give y(t) < ce.

@ Where does the logarithm come from? Brezis-Gallouet trick-logarithmic
embedding!

lulliqeay < llulln (1 +In(e + ullinee)) ~ F(£)In(1 +y)

@ This works in the co-rotational case £ = 0 after “peeling out” the
maximal derivatives.

o If turns out that we can obtain an estimate of the form:
, Oxford
Y (1) < FE () (14 CologL+y()A+In(L +1ny)) 2
Nonlinear
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Nematic liquid crystals: Q-tensor system and Navier-Stokes

The rate of increase of the high norms- the Brezis-Gallouet

trick and beyond
o Let y(t) = [[u(t)]|Z + IVQ(t)| 2. An estimate of the form

y'(t) < F(t)y(t) log(1 + y(t))
and f(t) < Ce* would give y(t) < Ce* .
@ Where does the logarithm come from? Brezis-Gallouet trick-logarithmic
embedding!

lulliqeay < llulln (1 +In(e + ullinee)) ~ F(£)In(1 +y)

@ This works in the co-rotational case £ = 0 after “peeling out” the
maximal derivatives.

o If turns out that we can obtain an estimate of the form:
, Oxford
Y (1) < FE () (14 CologL+y()A+In(L +1ny)) 2
Nonlinear

@ One logarithm is produced through through the logarithmic embedding. PJE
But the “double logarithm”?

Arghir Zarnescu University of Oxford

Coupled Navier-Stokes and Q-tensor System



Nematic liquid crystals: Q-tensor system and Navier-Stokes

The rate of increase of the high norms- the Brezis-Gallouet

trick and beyond
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Y (1) < FE () (14 CologL+y()A+In(L +1ny)) 2
Nonlinear
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Liquid crystals-a prototypical complex fluid Nematic liquid crystals: Q-tensor system and Navier-Stokes Coarsening and statistical dynamics

The regularity result, in 2D

Theorem

Let s >0 and (@, T) € H*t1(R?) x H5(R?). There exists a global a
solution (Q(t, x), u(t,x)) of the coupled system, with restriction ¢ > 0,
subject to initial conditions

Q(0,x) = C_)(x), u(0,x) = o(x)
and Q € L2 (Ry; H"2(R2)) N L2 (R4 ; H*+(R?)),

loc

u€ L2 (Ry; HSTH(R?) N LS (Ry; H). Moreover, we have:
ot
= e
LIV Qt, Meqaey + 1, By < €+ 1Rmponsy + Tlrey)
_ (4) ord
where the constant C depends only on Q. 1, a,b,c, I and L. If§ =0 e for
the increase in time of the norms above can be made to be only doubly

' Minear
exponential. :
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Nematic liquid crystals: Q-tensor system and Navier-Stokes

The difference between & = 0 (co-rotational) and & # 0

@ Recall the system:

(@ +u-V)Q— ( +Qu))(Q+ F1d) + (Q+ 11d)( — Q(u))
—2¢(Q + 3d)tr(QVu) =TH

Oty + uVu=vAua +Vp+V- (QHf HQ)

+ - LV (VQO VR + 3tr(Q?)
V-u=0

with H = LAQ — aQ + b[Q? — "@) 1] — cQux(Q?).
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Nematic liquid crystals: Q-tensor system and Navier-Stokes

A technical trick-how the “double logarithm” appears |

@ We want to obtain y’ + ¥ [ Vul|?s + TL1AQII%s < yln(e+y)(1+\n (e+|n(e+y>)> withy = [[ull%s + 17 QII1%s-
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Nematic liquid crystals: Q-tensor system and Navier-Stokes

A technical trick-how the “double logarithm” appears |

@ Wewant toobtain y’ + ¥ [ Vul|s + L 18QI12s < yln(e+y)(1+\n (e+|n(e+y>)> with y = [|ul|%s + [V QlI%s

@ Attempt to estimate
def
T X ISy VR ull 211Qll o 1884Q11 2
lq’—aql<5
(Z ~ Ag( worst term) so we want to estimate 22057 ~ y)
@ We have
I1Z] < > I1Sqr _1 V@RI 2 lIRlILo A rull 2 1AAgQRII2 (5)
la’ —q|<5 Le Li=e

@ Using the interpolation inequality

1
1l 2p < CfoII 21V fll o P

€ [1, 2], we obtain:

1—
IZI<c 3 15Vl 5 e 1aqully “1aqValfs agaQl .
Le

la’ —ql<5
where C > 0 is constant independent of ¢ € (0, ).
("] Using Young's inequality we obtain:
Oxford
1zi<c 3 ((Isgvall 2 llQllgeo ) T=5 Aqull?y + — HAunan LB HAqAQH ) Centre for
|9l <o t Nonlingar
<272 (c(Isgval 2 10000 ) T2 fuliZe + Il - HAQIIHs) POE
Le
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hnical trick -how the “double logarithm” appears |l

Arghir Zarnescu

We have obtained:

2
v < (Ivell 2 lQlijeo) T=¢ y(1) ®
Le

On the other hand using again the interpolation inequality

1 _1
gl 2p < CvAllgll 5 1Vell 5 7

we get:
2 1 2e 1
1, -—— 1, 1
1— — — 2 — 2 2
Ivel'y® < (2)T-=ivelT==jaell, < (=) T a+Iveli)iacli,
Le € € N———
Alre)

where for the last inequality we assumed 0 < & < % Then (6) becomes:

e N
Y10 < e+ A)IaQI [+ Aoyt + o)) T (=) 1%y
€

Observing that the constants in the interpolation inequality do not depend on the space LP that we work with and denoting
def

N "= In(e + y) we choose
<% armmt Oxford
1
and observing that [N(1 + In AT RN < CN(1 + In V) for some constant C independent of N, the last inequality becomes CENtre for
Nonlinear
#/(0) < €+ F)* 18013 w(e)n (o + () (1-+nle + n(e(t) + ) POE
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Nematic liquid crystals: Q-tensor system and Navier-Stokes

Current and future work

@ Uniqueness of weak solutions
@ Asymptotic behaviour

@ Non-newtonian effects
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Nematic liquid crystals: Q-tensor system and Navier-Stokes

Current and future work

@ Uniqueness of weak solutions
@ Asymptotic behaviour

@ Non-newtonian effects

Challenging open problems

@ The optimal rate of increase of high norms: one, two, three
exponentials? No exponential, polynomial growth?
@ Are there regimes where the system is “better” than 3D
Navier-Stokes?
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Coarsening and statistical dynamics

Statistical aspects of coarsening

Arghir Zarnescu

The quenching from the isotropic into the nematic occurs through the creation of nematically ordered islands into the ambient
isotropic fluid.

A scaling phenomenon: the pattern of domains at a later time looks statistically similar to that at an earlier time, up to a
time-dependent change of scale.

(Tr[Q(x, t)Q(x, t)])

C(r, 1)

where the brackets (, ) denote an average over x € RY and over the initial conditions.

The statistical scaling hypothesis states that for late enough times the correlation function C(r, t) will assume a scaling form:
r
C(ryt) ~ F(—) (8)
L(t)

where L(t) is the time-dependent length scale of the nematic domains.

C.Denniston, E.Orlanding, J.M. Yeomans, Phys. Rev. E, 64 (2001)
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Coarsening and statistical dynamics

Statistical solutions and the correlation function

@ The simplest gradient flow of the energy
Jra SIVQP + 2tr(Q%) — 2tr(Q%) + £tr°(Q%) dx

§ij ..
0Qj = AQj+a°Q;j+ b (Q,-,Q,j - ?tr((f)) —2Qutr(@%),i,j=1,2,3

@ Consider an averaging measure (o on the infinite-dimensional functional
space of initial datas, let us call it H. If
Probability that Qo € A = uo(A), for a Borel set A C H then one can
rigorously define the time-dependent family of measures
1e(A) E 1o({S(t, Qo) € A}) = po(S(t) "L A)(where S(t, Q) is the
solution with initial data Qo at time t) and study the evolution of these

measures.

@ We define then C(r, t): o
C(r t) déf fH (fR3 Tr [Q(X + I’)Q(X)] dx) dNt(Q) :\:lentlrefor
; S (Jos Tr[Q(x) Q(x)] dx) dpue(Q) Poo; inear
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Coarsening and statistical dynamics

The controversy about the behaviour of L(t)

@ Heuristic arguments suggest that any length scale in the system should grow with a power law in time, more precisely
1

L(t) ~ t2 ast — oo (R. E. Blundell and A. J. Bray, Phys. Rev. E 49, 4925 (1994))
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The

Coarsening and statistical dynamics

Arghir Zarnescu

controversy about the behaviour of L(t)

Heuristic arguments suggest that any length scale in the system should grow with a power law in time, more precisely
1
L(t) ~ t2 ast — oo (R. E. Blundell and A. J. Bray, Phys. Rev. E 49, 4925 (1994))

An examination of the configuration of the order parameter in experiment or simulation clearly shows that the late stage ordering
proceeds by defects moving to annihilate.

Considerable controversy exists as to whether the ordering violates dynamical scaling (M. Zapotocky, P. M. Goldbart, and N
Goldenfeld, Phys. Rev. E 51, 1216 (1995).)

A problem arose due to early calculations which showed that the friction coefficient diverges logarithmically with system size (H.
Imura and K. Okano, Phys. Lett. 42A, 403 (1973)).

1
Simulations of tensor models of liquid crystals reinforced this view when they failed to measure the t 2 behavior and, in fact,

found exponents that appeared to be decreasing away from 1/2 at late times. (M. Zapotocky, P. M. Goldbart, and N. Goldenfeld,
Phys. Rev. E 51, 1216 (1995); J.-I. Fukuda, Eur. Phys. J. B 1, 173 (1998).)
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The

Coarsening and statistical dynamics
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controversy about the behaviour of L(t)

Heuristic arguments suggest that any length scale in the system should grow with a power law in time, more precisely
1
L(t) ~ t2 ast — oo (R. E. Blundell and A. J. Bray, Phys. Rev. E 49, 4925 (1994))

An examination of the configuration of the order parameter in experiment or simulation clearly shows that the late stage ordering
proceeds by defects moving to annihilate.

Considerable controversy exists as to whether the ordering violates dynamical scaling (M. Zapotocky, P. M. Goldbart, and N
Goldenfeld, Phys. Rev. E 51, 1216 (1995).)

A problem arose due to early calculations which showed that the friction coefficient diverges logarithmically with system size (H.
Imura and K. Okano, Phys. Lett. 42A, 403 (1973)).

1
Simulations of tensor models of liquid crystals reinforced this view when they failed to measure the t 2 behavior and, in fact,
found exponents that appeared to be decreasing away from 1/2 at late times. (M. Zapotocky, P. M. Goldbart, and N. Goldenfeld,
Phys. Rev. E 51, 1216 (1995); J.-I. Fukuda, Eur. Phys. J. B 1, 173 (1998).)

1
Experiments by Pargellis and co-workers found behavior consistent with the t 2 power law (A. N. Pargellis, S. Green, and B.

Yurke, Phys. Rev. E 49, 4250 (1994).)
1
More recent numerical studies recover the t 2 power law (C. Denniston,E. Orlandini and J. M. Yeomans Phys. Rev. E 64, O f d
021701 (2001)). XIor
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Coarsening and statistical dynamics

The evolutionary equation: just a bistable gradient

@ High dimensional (in the domain and target space) version of:
Opu = ugw — F'(u), u(t,x): Ry X R — R

@ Choosing a suitable initial data, our system reduces to the scalar equation above.

F(w)
N\ // \ /
\ / \\ /
/
u / N s= 0 s/
7 ]
\/
nemmatic Lo
o Shallow quenching regime Deep quenching regime
e equation is: ut = uxx — au + bu® — c“u” with a > 0 in the shallow quenching and a < 0 in the deep quenching
@ Th fon is: up bu? 3 with 0'in the shall hing and 0in the d hi
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Coupled Na

The evolutionary equation: just a bistable gradient

@ High dimensional (in the domain and target space) version of:

@ Choosing a suitable initial data, our system

@ The equation is: up

@ We continue referring just to the shallow quenching regime!

Otu = uxx — F/(u),

(t,x) : R xR — R

reduces to the scalar equation above.
F(w)
\ / \
N\ / N\
/ \ /
1 A s= [0 s+
N/ p——— 7
N/ N/
J ./
nematic L
o Shallow quenching regime Deep quenching regime

Coarsening and statistical dynamics

xx — au+ bu? — c2u3 with 2 > 0 in the shallow quenching and a < 0 in the deep quenching

Stokes and Q-tensor System

@ (A Zlatos, JAMS, 19 (2006)) For initial data u(0, x) = X[0,L] We have that there exists Ly > 0 so that
@ IfL < Lg u(t,x) — 0 uniformly on compacts

If L = Lo u(t, x) — U uniformly on compacts, with U a stationary solution
If L > Lg u(t, x) — 1 uniformly on compacts
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Coarsening and statistical dynamics

Statistical solutions as averages of individual solutions and
the individual behaviour |

o
/D6 [y (Jgs Tri@Lx + D@ ox) o o
Colr, t) = L — () (9)
T (Jgs Tr1Q)QW)] o) do 9 (n)
J
where s9(M (M) _ 1
j=1"j

@ Understanding the behaviour of individual solution helps to understand the statistical solutions. But it might not be necessary..

@ For small enough initial data we have a representation

_ 1«2
e 4(t+1)
Qjj(t, x) = Aij(Q)ieazt et 1))3/2 + wi(t, x)
where wij decays faster than the first term.
2 Oxford
@ Letcs(r,n) % S (J3 TrlQ0+nQ0) ) 9o @ ICs(r, €)= e BED || oo gy = (1) as t — o0

Ji1 (Jp3 TR &) dd (1) () Centre for
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Coarsening and statistical dynamics

Statistical solutions as averages of individual solutions and

the individual behaviour |

Arghir Zarnescu

J .
/00" i (Jga T 106+ 1AW ) 5 ()
Cn(r,t) = L C(r, 1) 9)
T (Jg3 Tr1QQ()] dx) do 9 (n)
’j
where s9(M (M) _ 1
J=1"]
Understanding the behaviour of individual solution helps to understand the statistical solutions. But it might not be necessary..
For small enough initial data we have a representation
|x|2
e 4(t+1)
Qji(t, x) = Aj(Q) —5——————= + w;j(t, x)
v Pt am(e +1))3/2 Y
where wij decays faster than the first term.
2
Tr[Q(x-+r)Q(x)] dx) d& Q T Oxford
Let Cs(r, 1) % S (J3 TrlQ0+1Q0] ) dBg(e)( ) Then ICs(rt) — e B | oo (g = o) as t — oo
Ji1 (Jp3 TR &) dd (1) () Centre for
Nonlinear

Thus for small initial data, L() ~ t 2, but this scaling only captures the underlying brownian motion.
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Coarsening and statistical dynamics

Statistical solutions as averages of individual solutions and

the individual behaviour Il

Arghir Zarnescu

Let us denote wy : R — [0, 1] the one dimensional travelling wave connecting 0 at — oo with 1 at -+oo. Then wp satisfies the
ODE:
w +ew§ + f(wg) = 0 9

for some constant ¢ > 0 together with the conditions at infinity limy —, oo wg(y) = 0, Iimy*>7Oo wo(y) = 1.

If ug () is spherically symmetric with [|ug(x) — wg(|x| — R)|lx < e then the solution u(x, t) is spherically symmetric and

2 log t
[luCx, £) — wo(lx] — et + —logt +L)lIx < C—
c t

hence u(t ~ .
u(t, x) XEt—% log t

Then Cs(r, t) ~ P(£)ast — oo (where P is a third order polynomial).
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Coarsening and statistical dynamics

Statistical solutions as averages of individual solutions and

the individual behaviour Il

Arghir Zarnescu

Let us denote wy : R — [0, 1] the one dimensional travelling wave connecting 0 at — oo with 1 at -+oo. Then wp satisfies the
ODE:

w +ew§ + f(wg) = 0 9
for some constant ¢ > 0 together with the conditions at infinity limy —, oo wg(y) = 0, limy, oo wo(y) = 1.
If ug(x) is spherically symmetric with [|ug(x) — wo(|x| — R)|lx < & then the solution u(x, ) is spherically symmetric and

2 log t
[luCx, £) — wo(lx] — et + —logt +L)lIx < C—
c t

hy t ~ .
ence u(t, x) XEtf% log t
Then Cs(r, t) ~ P(£) as t — oo (where P is a third order polynomial).

Thus for some large enough initial data L(t) ~ t as t — oo

t*{172} scaling  tscaling t scaling
| |
0 Lo
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Coarsening and statistical dynamics

Statistical solutions as averages of individual solutions and

the individual behaviour Il

Arghir Zarnescu

Let us denote wy : R — [0, 1] the one dimensional travelling wave connecting 0 at — oo with 1 at -+oo. Then wp satisfies the
ODE:

w +ew§ + f(wg) = 0 (9)
for some constant ¢ > 0 together with the conditions at infinity limy —, oo wg(y) = 0, limy_ — oo wo(y) = 1.
If ug(x) is spherically symmetric with [|ug(x) — wo(|x| — R)|lx < & then the solution u(x, ) is spherically symmetric and

2 log t
[luCx, £) — wo(lx] — et + —logt +L)lIx < C—
c t

hy t ~ .
ence u(t, x) XEtf% log t
Then Cs(r, t) ~ P(£) as t — oo (where P is a third order polynomial).

Thus for some large enough initial data L(t) ~ t as t — oo

Averaging over Zlatos' initial data

t*{172} scaling  tscaling t scaling
| |
0 Lo
Oxford
Centre for
Nonlinear
o t*{1/2} scaling no scaling t scaling POE

Depending on how you average you might get one scaling or the other
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