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A B C {ϕi}
m
i=1D B E F G H C I G F G H J E K L M L C B J N G O F O L O P Q F L2(Ω)R

∫

Ω
ϕi(x)ϕj(x)dx = δij,

S I B H B Ω ⊂ Rn T |Ω| = Vol(Ω) < ∞ E F U ϕj ∈ H
γ
0 (Ω) O V B E H B Q F C B H B L C B U Q F K G S B H

D G W F U L G X C I B X G H J

m∑

j=1

‖(−∆)γ/2ϕj‖
2 ≥ . . . ,

S I B H B (−∆)γ/2ϕ = F−1(|ξ|γϕ̂(ξ)) O

Y G F L C E F C Z G B [ Z Q B F C L E F U \ Q H Q Z I K B C D G W F U E H M Z G F U Q C Q G F L O



]

3 ! 7 ! # � �̂ _ � ^̀ + & ! # % � , + % ! # ( ' 7 / � 7 � - $ � ! % _ + ) � + - � + � � γ = 1

a b c d e c f N g O A Qh i O j k O l E W T � m n ] P O A B C {ϕi}
m
i=1 ∈ H1

0(Ω)D B E F G O F O L O Q F L2(Ω) O

m∑

j=1

‖∇ϕj‖
2 ≥

n

2 + n

(
(2π)n

ωn|Ω|

)2/n

m1+2/n , m = 1, 2, . . . .

o B H B ωn = πn/2

Γ(1+n/2)

U B F G C B L C I B p G K W J B G X C I B W F Q C D E K K Q F Rn O

k I Q L D G W F U Q L L I E H q T L Q F Z B K B C C Q F r {ϕi}
m
i=1D B C I B s H L C m G H C I G F G H J E K B Q r B F j

X W F Z C Q G F L −∆ϕk = µkϕk T ‖∇ϕj‖
2 = µj T S B I E p B C I B V B M K E L M J q C G C Q Z X G H J W K E

µk ∼

(
(2π)n

ωn|Ω|

)2/n

k2/n E L k → ∞.

o B F Z B T

m∑

j=1

‖∇ϕj‖
2 =

m∑

k=1

µk ∼
n

2 + n

(
(2π)n

ωn|Ω|

)2/n

m1+2/n E L m → ∞.



t

a b c d e c f N u O v O w B H B L Q F T � m x ? P O A B C {ϕi}
m
i=1 ∈ H1

0(Ω) D B E F G O F O L O Q F L2(Ω) O

u G H µ ≥ 0 C I B X G K K G S Q F r Q F B y W E K Q C M I G K U L R

∑

k

(µ − µk)+ ≤
2

2 + n

ωn

(2π)n
|Ω|µ1+n/2, N � P

S I B H B T E L D B X G H B T ‖∇ϕj‖
2 = µj E F U µ1 ≤ µ2 ≤ . . . O

v O A E q C B p T k O V B Q U K N ? z z z P R C I B A Qh l E W D G W F U

m∑

j=1

‖∇ϕj‖
2 =

m∑

j=1

µj ≥
n

2 + n

(
(2π)n

ωn|Ω|

)2/n

m1+2/n , m = 1, 2, . . . . N ? P

X G K K G S L X H G J N � P D M J B E F L G X C I B A B r B F U H B C H E F L X G H J Q F µ { S I Q K B (2) ⇒ (1)

D M C I B A B r B F U H B C H E F L X G H J Q F m O

[
f(x) Q L U B s F B U G F R+ E F U Q L Z G F p B | N Z G F Z E p B W q P O k I B A B r B F U H B C H E F L X G H J

f̃(p) := supx≥0(px − f(x)) O Y K B E H K M T Q X f(x) ≤ g(x) T C I B F f̃(p) ≥ g̃(p) O ]



}

3 ' & � " # ( ' 7 % $ ! ~ ' & 7 � ! 7 % 7 + � # ( ' 7 , # ' ( % $ ! {ϕk}

ϕ̂k(ξ) = (2π)−n/2
∫

Rn
ϕk(x)e−iξxdx = (2π)−n/2

∫

Ω
ϕk(x)e−iξxdx.

u G H

hξ(x) = (2π)−n/2e−iξx|x∈Ω S Q C I ‖hξ‖
2
L2(Ω) = (2π)−n|Ω|

w B L L B K� L Q F B y W E K Q C M r Q p B L N W F Q X G H J K M Q F ξ E F U m P R

F (ξ) :=
m∑

k=1

|ϕ̂k(ξ)|
2 =

m∑

k=1

|(hξ, ϕk)L2(Ω)|
2 ≤ ‖hξ‖

2
L2(Ω) = (2π)−n|Ω| =: M.

� F E U U Q C Q G F

∫

Rn
F (ξ)dξ =

m∑

j=1

‖ϕj‖
2 = m E F U

∫

Rn
|ξ|2F (ξ)dξ =

m∑

j=1

‖∇ϕj‖
2.

v L E H B L W K C T

m∑

j=1

‖∇ϕj‖
2 ≥ inf

{∫

Rn
|ξ|2f(ξ)dξ : 0 ≤ f ≤ M,

∫

Rn
f(ξ)dξ = m

}
.
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� Q F Q J Q � E C Q G F q H G D K B J R s F U ΣM(m)
∫

Rn
|ξ|2f(ξ)dξ → inf =: ΣM(m), W F U B H Z G F U Q C Q G F L

1) 0 ≤ f(ξ) ≤ M, 2)
∫

Rn
f(ξ) dξ = m.

i G K W C Q G F R ΣM(m) = n
n+2

(
1

ωnM

)2/n

m1+2/n O M = (2π)−n|Ω| ⇒ w B H B � Q F h A Qh l E W O

-

6

rr∗

M F∗(|ξ|)

p

p

p

p

p

p

p

p

p

p

p

r∗ Q L X G W F U X H G J C I B Z G F U Q C Q G F :
∫

Rn
F∗(|ξ|)dξ = ωnMrn

∗ = m.
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V B L B C V = {u : Ω → Rn, u ∈ C∞
0 (Ω), div u = 0} E F U U B F G C B D M H E F U

V C I B Z K G L W H B G X V Q F L2(Ω) E F U H1(Ω) T H B L q B Z C Q p B K M O k I B o B K J I G K C � h A B H E M

G H C I G r G F E K q H G � B Z C Q G F P J E q L L2(Ω) G F C G H T P : L2(Ω) → H

L2(Ω) = H ⊕ H⊥,

H = {u ∈ L2(Ω), div u = 0, u · ν|∂Ω = 0}, H⊥ = {u ∈ L2(Ω), u = ∇p, p ∈ Lloc
2 (Ω)},

V ⊆ {u ∈ H
1
0(Ω), div u = 0},

S I B H B C I B K E L C Q F Z K W L Q G F D B Z G J B L B y W E K Q C M X G H E D G W F U B U Ω S Q C I ∂Ω ∈ Lip O

k I B i C G � B L G q B H E C G H A : V → V ′ Q L U B s F B U D M C I B H B K E C Q G F

〈Au, v〉V ′×V = (∇u,∇v) X G H E K K u, v Q F V

E F U Q L E F Q L G J G H q I Q L J D B C S B B F V E F U V ′ O u G H E L W [ Z Q B F C K M L J G G C I u

Au = −P∆u.

k I B i C G � B L G q B H E C G H A Q L E F W F D G W F U B U L B K X j E U � G Q F C q G L Q C Q p B G q B H E C G H Q F

H S Q C I Z G J q E Z C Q F p B H L B O � C I E L E Z G J q K B C B Q F H L M L C B J G X G H C I G F G H J E K



n

B Q r B F X W F Z C Q G F L {vk}
∞
k=1 ∈ V S Q C I Z G H H B L q G F U Q F r B Q r B F p E K W B L {λk}

∞
k=1 T λk → ∞

E L k → ∞ R
Avk = λkvk, 0 < λ1 ≤ λ2 ≤ . . . .

w M G H C I G F G H J E K Q C M T λk = ‖∇vk‖
2.

� F Z E L B S I B F Ω Q L E D G W F U B U U G J E Q F S Q C I L J G G C I D G W F U E H M C I B B Q r B F p E K W B

q H G D K B J r G B L G p B H C G
− ∆ vk + ∇ pk = λkvk,

div vk = 0, vk|∂Ω = 0,

S I B H B C I B pk

� L E H B C I B � q H B L L W H B L � O

� c f f � � N ? z z m P A B C {uk}
m
k=1D B E F G O F O L O G X p B Z C G H X W F Z C Q G F L Q F L2(Ω)R uk =

(u1
k, . . . , un

k) E F U ∫Ω ui(x) · uj(x)dx = δij O k I B F
m∑

k=1

|ûk(ξ)|
2 ≤ (2π)−nn|Ω|.

� X div uk = 0 T J G H B q H B Z Q L B K M uk ∈ H = {u ∈ L2(Ω), div u = 0, u · ν|∂Ω = 0} T C I B F

m∑

k=1

|ûk(ξ)|
2 ≤ (2π)−n(n − 1)|Ω|.



m

i � B C Z I G X q H G G X O

� � c � � � A B C {ϕk}
m
k=1 D B E F G O F O L O L2(Ω) O k I B F N E L L I G S F D B X G H B P w B L L B K� L

Q F B y W E K Q C M r Q p B L
m∑

k=1

|ϕ̂k(ξ)|
2 ≤ (2π)−n|Ω|.

v K C B H F E C Q p B K M T U B F G C B D M ∗ C I B Z G J q K B | Z G F � W r E C B O k I B F D M G H C I G F G H J E K Q C M

0 ≤
∫ (

(2π)−n/2e−iξx −
m∑

k=1

ϕ̂k(ξ)ϕk(x)

)(
(2π)−n/2e−iξx −

m∑

l=1

ϕ̂l(ξ)ϕl(x)

)∗
dx =

= (2π)−n|Ω| −
m∑

k=1

|ϕ̂k(ξ)|
2.



� z

� � c � � � A B C {ϕk}
m
k=1D B E L W D G H C I G F G H J E K L M L C B J Q F L2 R

m∑

k,l=1

ζkζ∗l (ϕk, ϕl) ≤
m∑

k=1

|ζk|
2.

k I B F T E L D B X G H B T
m∑

k=1

|ϕ̂k(ξ)|
2 ≤ (2π)−n|Ω|.

� F X E Z C T

0 ≤
∫ (

(2π)−n/2e−iξx −
m∑

k=1

ϕ̂k(ξ)ϕk(x)

)(
(2π)−n/2e−iξx −

m∑

l=1

ϕ̂l(ξ)ϕl(x)

)∗
dx =

= (2π)−n|Ω| − 2
m∑

k=1

|ϕ̂k(ξ)|
2 +

m∑

k,l=1

ϕ̂k(ξ)ϕ̂l(ξ)
∗(ϕk, ϕl) ≤ (2π)−n|Ω| −

m∑

k=1

|ϕ̂k(ξ)|
2.



� �

� � c � � � � X E X E J Q K M G X p B Z C G H X W F Z C Q G F L {uk}
m
k=1 Q L G H C I G F G H J E K Q F L2(Ω) T C I B F

X G H B E Z I j C I B X E J Q K M G X C I B j� L Z G J q G F B F C L {u
j
k}

m
k=1 Q L L W D G H C I G F G H J E K Q F

L2(Ω) T E F U T I B F Z B T
m∑

k=1

|ûk(ξ)|
2 =

m∑

k=1

n∑

j=1

|û
j
k(ξ)|

2 ≤ (2π)−n n |Ω|.



� ?

� � c � � � div uk = 0 ⇒ n → n − 1 O u G H E K K ξ 6= 0

ξ · ûk(ξ) = ξ ·
∫

e−iξx uk(x) dx = i
∫

uk · ∇xe−iξx dx = −i
∫

e−iξx div uk dx = 0.

k I B H B X G H B X G H ξ0 = (a, 0, . . . , 0), a 6= 0 û1
k(ξ0) = 0 X G H k = 1, . . . , m E F U E C ξ0

m∑

k=1

|ûk(ξ0)|
2 =

n∑

j=2

m∑

k=1

|û
j
k(ξ0)|

2 ≤ (2π)−n(n − 1)|Ω|.

� G S X G H ξ 6= 0 S B L B C ξ0 = (|ξ|, 0, . . . , 0) E K B C ρD B C I B H G C E C Q G F L W Z I C I E C

ξ = ρ−1ξ0.

V B L B C

uρ(x) := ρu(ρ−1x), x ∈ ρΩ.

k I B X E J Q K M {(uk)ρ}
m
k=1 ∈ H1

0(ρΩ) Q L G H C I G F G H J E K Q F L2(ρΩ) E F U U Q p B H r B F Z B j X H B B O� F E U U Q C Q G F

ûρ(ξ) = ρû(ρ−1ξ).

o B F Z B T

m∑

k=1

|ûk(ξ)|
2 =

m∑

k=1

| ̂(uk)ρ(ξ0)|
2 ≤ (2π)−n(n − 1)|Ω|.



� ]

a b c d e c f N ? z z m P N w B H B � Q F h A Qh l E W D G W F U L X G H C I B i C G � B L G q B H E C G H P O

A B C {uk}
m
k=1 D B E F G O F O L O Q F L2(Ω) T {uk}

m
k=1 ∈ H1

0(Ω) E F U div uk = 0 O u G H

λk = ‖∇uk‖
2 S B I E p B A Qh l E W j C M q B D G W F U

m∑

k=1

λk ≥
n

2 + n

(
(2π)n

ωn(n − 1)|Ω|

)2/n

m1+2/n ,
G H T B y W Q p E K B F C K M T w B H B � Q F j C M q B D G W F U

∑

k

(λ − λk)+ ≤
2

2 + n

ωn

(2π)n
(n − 1)|Ω|λ1+n/2.

g H G G X O i B C M = (2π)−n(n − 1)|Ω| Q F

ΣM(m) =
n

2 + n

(
1

ωnM

)2/n

m1+2/n.



� t

� c f � e � � k I B K G S B H D G W F U

m∑

k=1

‖∇uk‖
2 ≥

n

2 + n

(
(2π)n

ωn(n − 1)|Ω|

)2/n

m1+2/n

Q L L I E H q O � X C I B uk

� L E H B C I B G H C I G F G H J E K B Q r B F X W F Z C Q G F L G X C I B i C G � B L G q B H E C G H T

C I B F λk = ‖∇uk‖
2 E H B C I B Z G H H B L q G F U Q F r B Q r B F p E K W B L E F U N � O � B C Q p Q B H T � m x n {

� O � O w E D B F � G T � m n ] P
λk ∼

(
(2π)n

ωn(n − 1)|Ω|

)2/n

k2/n E L k → ∞.

� c f � e � � V Q C I G W C Z G F U Q C Q G F div uk = 0 S B I E p B

m∑

k=1

‖∇uk‖
2 ≥

n

2 + n

(
(2π)n

ωnn|Ω|

)2/n

m1+2/n.

� d e d � � � e � � i Q F Z B mλm ≥
∑m

k=1 λk T C I B K G S B H D G W F U X G H L W J L Q J q K Q B L K G S B H

D G W F U L X G H Q F U Q p Q U W E K i C G � B L B Q r B F p E K W B L

λk ≥
n

2 + n

(
(2π)n

ωn(n − 1)|Ω|

)2/n

k2/n, Q F E U U Q C Q G F , λ1 > µ1 ≥
n

2 + n

(
(2π)n

ωn|Ω|

)2/n

.



� }

� . ' � % ! 7 , � ' . ! 7 5 ' & � " # � F (ξ) ≤ M � |∇F (ξ)| ≤ L
� P i Z E K E H Z E L B R {ϕj}

m
j=1 Q L E F G O F O L O Q F L2(Ω) E F U E L D B X G H B

F (ξ) =
m∑

k=1

|ϕ̂k(ξ)|
2.

k I B Q U B F C Q C M

∂ξj
ϕ̂k(ξ) = −(2π)−n/2i

∫

Ω
ϕk(x)xje

−iξxdx,

E F U w B L L B K� L Q F B y W E K Q C M r Q p B N G D L B H p Q F r C I E C ‖xje
−iξx‖2

L2(Ω) =
∫
Ω x2

jdx P

m∑

k=1

|∂ξj
ϕ̂k(ξ)|

2 ≤ (2π)−n
∫

Ω
x2

jdx, E F U m∑

k=1

|∇ϕ̂k(ξ)|
2 ≤ (2π)−n

∫

Ω
x2dx =: (2π)−nI,

I :=
∫

Ω
x2dx.

V B G D C E Q F N v O � B K E L T ? z z ? P

|∇F (ξ)| ≤ 2

( m∑

k=1

|ϕ̂k(ξ)|
2

)1/2( m∑

k=1

|∇ϕ̂k(ξ)|
2

)1/2

≤ 2(2π)−n(|Ω|I)1/2.



� �

v L E H B L W K C T F (ξ) =
∑m

k=1 |ϕ̂k(ξ)|
2 L E C Q L s B L F (ξ) ≤ M T |∇F (ξ)| ≤ LR

F (ξ) ≤ M := (2π)−n|Ω|, |∇F (ξ)| ≤ L := 2(2π)−n(|Ω|I)1/2.

? P i C G � B L G q B H E C G H R {uj}
m
j=1 ∈ H N div uk = 0 P Q L E F G O F O L O Q F L2(Ω) O k I B F

F (ξ) =
m∑

k=1

|ûk(ξ)|
2

L E C Q L s B L F (ξ) ≤ M T |∇F (ξ)| ≤ LR
F (ξ) ≤ M := (2π)−n(n−1)|Ω|, |∇F (ξ)| ≤ L := 2(2π)−n(n(n−1))1/2(|Ω|I)1/2.

� F D G C I Z E L B L ∫

Rn
F (ξ)dξ = m.

V B I E p B C G s F U E K G S B H D G W F U X G H

∫

Rn
|ξ|2F (ξ)dξ =

m∑

k=1

µk ( G H m∑

k=1

λk).



� x

� Q F Q J Q � E C Q G F q H G D K B J � � R s F U Σ
γ
M,L(m) N X G H L B Z G F U j G H U B H G q B H E C G H L γ = 1 P

∫

Rn
|ξ|2γF (ξ)dξ → inf =: Σ

γ
M,L(m),

W F U B H Z G F U Q C Q G F L

1) 0 ≤ F (ξ) ≤ M, 2)
∫

Rn
F (ξ) dξ = m, 3) |∇F (ξ)| ≤ L.

[

Y K B E H K M T ΣM,L(m) ≥ ΣM(m) O

]

i M J J B C H Q � E C Q G F R E F B y W Q p E K B F C � j \ q H G D K B J X G H E F G F j Q F Z H B E L Q F r X W F Z C Q G F F (r)R

σn

∫ ∞

0
rn−1+2γF (r)dr → inf =: Σ

γ
M,L(m),

W F U B H Z G F U Q C Q G F L
1) 0 ≤ F (r) ≤ M, 2) σn

∫ ∞

0
rn−1F (r)dr = m, 3) − F ′(r) ≤ L.



� n

* � � � , � � ! 7

@
@

@
@

@
@

@
@

@
@

@@ -

6

rs

M

s + M/L

L K G q B −L

p

p

p

p

p

p

p

p

p

p

p

p

p

p

s = s(m) Q L X G W F U X H G J C I B Z G F U Q C Q G F N Q F U B q B F U B F C G X γ P

∫

Rn
Fs(|ξ|)dξ = σn

∫ ∞

0
rn−1Fs(r)dr = m.

� | E Z C L G K W C Q G F R

Σ
γ
M,L(m) = σn

∫ ∞

0
rn−1+2γFs(m)(r)dr.



� m

~ ' 7 , & � + ( ' 7 Σ
γ
M,L(m)

  e d � d ¡ ¢ � ¢ d £ � u G H β > −1

∫ ∞

0
rβFs(r)dr =

Mβ+2

(β + 1)(β + 2)Lβ+1

(
(t + 1)β+2 − tβ+2

)
, s =

tM

L
.

a b c d e c f � k I B B | E Z C L G K W C Q G F Q L r Q p B F D M

Σ
γ
M,L(m) =

σnMn+1+2γ

(n + 2γ)(n + 1 + 2γ)Ln+2γ

(
(t(m∗) + 1)n+1+2γ − t(m∗)

n+1+2γ
)
,

S I B H B t(m∗) Q L C I B W F Q y W B q G L Q C Q p B H G G C G X C I B n C I j G H U B H B y W E C Q G F

(t + 1)n+1 − tn+1 = m
(n + 1)Ln

ωnMn+1
=: m∗.



? z

� # � , ) % ' % � - ! ¤ ) + � # � ' �

Σ
γ
M,L(m) =

n

n + 2γ

(
1

ωnM

)2γ/n

m1+2γ/n+

+
nγ

12ω
(2γ−2)/n
n

M2+(2−2γ)/n

L2
m1+2γ/n−2/n − O(m1+2γ/n−4/n) .

a b c d e c f N ? z � z P O k I B B Q r B F p E K W B L G X C I B \ Q H Q Z I K B C A E q K E Z Q E F N µk P E F U C I Bi C G � B L G q B H E C G H N λk P L E C Q L X M T H B L q B Z C Q p B K M R

m∑

k=1

µk ≥
n

n + 2

(
(2π)n

ωn|Ω|

)2/n

m1+2/n +
n

48

|Ω|

I
m (1 − εn(m)),

m∑

k=1

λk ≥
n

n + 2

(
(2π)n

ωn(n − 1)|Ω|

)2/n

m1+2/n +
(n − 1)

48

|Ω|

I
m (1 − εn(m)),

S I B H B εn(m) ≥ 0 T εn(m) = O(m−2/n) O ¥ B Z E K K C I E C |Ω| = Vol(Ω) E F U I =
∫
Ω x2dx O

� c f � e � � � F X E Z C T X G H n = 2, 3, 4 S B L I G S C I E C εn(m) ≤ 0.02 X G H E K K m ≥ 1 O
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u H G J C I B q H B p Q G W L H B L W K C L N v O � B K E L T ? z z ? P Q C X G K K G S L C I E C

Σ
γ=1
M,L(m) ≥

n

n + 2

(
1

ωnM

)2/n

m1+2/n +
1

6(n + 2)

M2

L2
m ,

S I Q Z I r Q p B L X G H C I B \ Q H Q Z I K B C A E q K E Z Q E F N M = (2π)−n|Ω|, L = 2(2π)−n(|Ω|I)1/2 P

m∑

k=1

µk ≥
n

2 + n

(
(2π)n

ωn|Ω|

)2/n

m1+2/n +
1

24(n + 2)

|Ω|

I
m.

V B I E p B C I B Z G B [ Z Q B F C G X C I B L B Z G F U C B H J N K Q F B E H S Q C I H B L q B Z C C G m P C I E C Q L

(
n

12

)
/

(
1

6(n + 2)

)
=

n(n + 2)

2

C Q J B L r H B E C B H O
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2 ¤ + , ) � ! # n = 2 � γ = 1
u Q F U Σ

γ=1
M,L(m) T S I B H B

∫

R2
|ξ|2f(ξ)dξ → inf =: ΣM,L(m), W F U B H Z G F U Q C Q G F L

1) 0 ≤ F (ξ) ≤ M, 2) |∇F (ξ)| ≤ L, 3)
∫

R2
F (ξ) dξ = m.

� c f f � O u G H n = 2 E F U γ = 1 C I B B | E Z C L G K W C Q G F Q L

Σ1
M,L(m) =

1

2πM
m2 +

M2

6L2
m −

πM5

90L4
.

g H G G X O k I B q G L Q C Q p B H G G C t(m∗) G X C I B y W E U H E C Q Z B y W E C Q G F (t + 1)3 − t3 = m∗ Q L

t(m∗) =

(
m∗

3
−

1

12

)1/2
−

1

2

E F U L W D L C Q C W C Q G F Q F C G C I B t j C I G H U B H B y W E C Q G F r Q p B L

(t(m∗) + 1)5 − t(m∗)
5 =

5

9
m2

∗ +
5

9
m∗ −

1

9
.

¥ B Z E K K C I E C

m∗ = m
(n + 1)Ln

ωnMn+1 |n=2
= m

3L2

πM3
.
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a b c d e c f � N ? z � z P u G H C I B \ Q H Q Z I K B C A E q K E Z Q E F E F U C I B i C G � B L G q B H E C G H Q F C I B

C S G j U Q J B F L Q G F E K Z E L B C I B X G K K G S Q F r K G S B H D G W F U L I G K U N S I B H B I =
∫
Ω x2dx P R

m∑

k=1

µk ≥
2π

|Ω|
m2 +

1

24

|Ω|

I
m

(
1 −

1

120m

)
≥

2π

|Ω|
m2 +

1

24

119

120

|Ω|

I
m,

m∑

k=1

λk ≥
2π

|Ω|
m2 +

1

48

|Ω|

I
m

(
1 −

1

240m

)
≥

2π

|Ω|
m2 +

1

48

239

240

|Ω|

I
m.

g H G G X O g H B p Q G W L A B J J E T X G H J W K E L X G H M E F U L + Q F B y W E K Q C M |Ω|2/I ≤ 2π O

� c f � e � � k I B L B B L C Q J E C B L E H B B F C Q H B K M F B S X G H C I B i C G � B L G q B H E C G H N λk P E F UQ J q H G p B C I B q H B p Q G W L K M � F G S F X G H C I B \ Q H Q Z I K B C A E q K E Z Q E F R N v O � B K E L T ? z z ? P

E F U N � G p E¦ H§ Q � o O T̈ W r E K C B H i O E F U V B Q U K k O T ? z z n P T H B L q B Z C Q p B K M T

m∑

k=1

µk ≥
2π

|Ω|
m2 +

1

96

|Ω|

I
m,

m∑

k=1

µk ≥
2π

|Ω|
m2 +

1

32

|Ω|

I
m .
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n = 2 � γ = 2 � ∆2ϕk = νkϕk
u Q F U Σ2

M,L(m) T S I B H B

∫

R2
|ξ|4f(ξ)dξ → inf =: Σ4

M,L(m), W F U B H Z G F U Q C Q G F L

1) 0 ≤ F (ξ) ≤ M, 2) |∇F (ξ)| ≤ L, 3)
∫

R2
F (ξ) dξ = m.

� c f f � � k I B B | E Z C L G K W C Q G F Q L

Σ2
M,L(m) =

1

3π2M2
m3 +

M

3πL2
m2 −

πM7

7 · 34L6
.

g H G G X O i W D L C Q C W C B C I B H G G C t(m∗) T
t(m∗) =

(
m∗

3
−

1

12

)1/2
−

1

2
,

G X C I B B y W E C Q G F (t + 1)3 − t3 = m∗ Q F C G
(t(m∗) + 1)7 − t(m∗)

7 =
7

27
m3

∗ +
7

9
m2

∗ −
1

27
.

m∗ = m
(n + 1)Ln

ωnMn+1 |n=2
= m

3L2

πM3
.
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a b c d e c f � w Q I E H J G F Q Z G q B H E C G H R ∆2ϕk = νkϕk T ϕk ∈ H2
0(Ω) T Ω ⊂ R2

m∑

k=1

νk ≥
16π2

3|Ω|2
m3 +

π

3I
m2

(
1 −

1

7 · 27 · 64m2

)
≥

16π2

3|Ω|2
m3 +

π

3 I

12095

12096
m2,

S I B H B T E L D B X G H B T I =
∫
Ω x2dx.
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n = 2 � γ = 3
u Q F U Σ3

M,L(m) T S I B H B

∫

R2
|ξ|6f(ξ)dξ → inf =: Σ3

M,L(m),

W F U B H Z G F U Q C Q G F L

1) 0 ≤ F (ξ) ≤ M, 2) |∇F (ξ)| ≤ L, 3)
∫

R2
F (ξ) dξ = m.

� c f f � � k I B B | E Z C L G K W C Q G F Q L r Q p B F D B K G S R

Σ3
M,L(m) =

1

4π3M3
m4 +

1

2π2

1

L2
m3 +

1

12π

M3

L4
m2 −

1

108

M6

L6
m .

a b c d e c f � (−∆)3ϕk = νkϕk T ϕk ∈ H3
0(Ω) T Ω ⊂ R2 R

m∑

k=1

νk ≥
16π2

|Ω|3
m4 +

π2

2|Ω| I
m3 +

π

48

71

72

|Ω|

I2
m2.

k I B Z G B [ Z Q B F C G X C I B K B E U Q F r q G S B H G X m Q L L I E H q O
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? \ � E p Q B H h i C G � B L L M L C B J O V B S H Q C B C I B C S G j U Q J B F L Q G F E K � E p Q B H h i C G � B L L M L j

C B J E L E F B p G K W C Q G F B y W E C Q G F Q F H

∂tu + νA u + B(u, u) = f, u(0) = u0,

S I B H B A = −P∆ Q L C I B i C G � B L G q B H E C G H E F U B(u, v) = P (
∑2

i=1 ui∂iv) O k I B

B y W E C Q G F r B F B H E C B L C I B L B J Q r H G W q St : H → H T Stu0 = u(t) T S I Q Z I I E L E

Z G J q E Z C r K G D E K E C C H E Z C G H A b H O k I B E C C H E Z C G H A Q L C I B J E | Q J E K L C H Q Z C K M

Q F p E H Q E F C Z G J q E Z C L B C O

a b c d e c f � k I B X H E Z C E K U Q J B F L Q G F G X A L E C Q L s B L C I B X G K K G S Q F r B L C Q J E C B R

dimF A <
1

4π31/4

‖f‖|Ω|

ν2
.
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© � # % ' 7 �

� O � | Q L C B F Z B G X Aª « O v O A E U M � I B F L � E M E � m x ? T Y O u G Q E L E F U ¥ O k B J E J � m x m O

? O dimF A ≤ c(Ω)

(
‖f‖|Ω|

ν2

)2 ª v Ö O w E D Q F T � O � Ö Q L I Q � T l W O i O � K M E L I B F � G T

g O Y G F L C E F C Q F T Y O u G Q E L E F U G C I B H L � m n z j � m n } O

] O dimF A ≤ c(Ω)
‖f‖|Ω|

ν2
ª ¥ O k B J E J � m n } N � O A Q B D � m n ] P O

t O c(Ω) ≤ 1
π

ª v O v O � K M Q F � m m � O

} O c(Ω) ≤ 1
2π3/2

ª Ö̈ O Y I B q M � I G p E F U v O v O � K M Q F ? z z t O

� O c(Ω) < 1
4π31/4

ª O

k I B Q J q H G p B J B F C G X C I B q H B p Q G W L H B L W K C N C I E C Q L T } O → � O P Q L D M C I B X E Z C G H

(2 · (2/R))1/2 = 1.485 . . . T S I B H B R = π/31/2 = 1.8138 . . . Q J q H G p B L C I B q H B p Q G W L

B L C Q J E C B G X R R R = 2 N \ O o W F U B H C J E H � T v O A E q C B p T k O V B Q U K N ? z z z P O P
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dimF A ≤

(
cLT

4πcsp

)1/2
‖f‖|Ω|

ν2
, N̈ Ö O Y I B q M � I G p T v O v O � K M Q F ? z z t P ,

S I B H B csp Z G J B L X H G J G W H K G S B H D G W F U X G H C I B i C G � B L G q B H E C G H Q F ? \

m∑

k=1

‖∇vk‖
2 ≥

cspm2

|Ω|
=

2πm2

|Ω|
, csp = 2π N L I E H q P ,

N C I B q H B p Q G W L B L C Q J E C B G X csp S E L n/(n−1)|n=2 = 2 C Q J B L S G H L B { C I Q L Q L C I B s H L C

X E Z C G H¬ ?¬ Q F (2 · (2/R))1/2 = 1.485 . . . P E F U cLT Z G J B L X H G J C I B A Q B D h k I Q H H Q F rQ F B y W E K Q C M

∫

Ω

( m∑

j=1

|vj(x)|2
)2

dx ≤ cLT

m∑

j=1

‖∇vj‖
2, cLT ≤

1

2 · 31/2
.

v L D B X G H B {vk}
m
k=1 ∈ H(Ω)10 Q L E F G O F O L O Q F L2(Ω) T Ω b R2 T E F U div vk = 0 O
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k I B Z G F L C E F C cLT L E C Q L s B L N Y I h � T ? z z t P

cLT ≤ 4L1,2,

S I B H B C I B Z G F L C E F C L1,2 Z G J B L X H G J C I B A Q B D h k I Q H H Q F r L q B Z C H E K B L C Q J E C B

∑

µj<0

|µj|
γ ≤ Lγ,n

∫

Rn
f(x)γ+n/2dx

X G H C I B F B r E C Q p B B Q r B F p E K W B L G X C I B L Z E K E H i Z I H­ G U Q F r B H G q B H E C G H −∆ − f Q F

R
n T f ≥ 0 O u G H Lγ,n S B E K S E M L I E p B C I B X G K K G S Q F r® Z K E L L Q Z E K¬ K G S B H D G W F U

Lγ,n ≥ Lcl
γ,n :=

Γ(γ + 1)

(4π)n/2Γ(γ + n/2 + 1)
.

� C S E L H B Z B F C K M L I G S F D M̄ O \ G KD B E W K C T v O A E q C B p E F U � O A G L L ? z z n C I E C

Lγ,n ≤ R · Lcl
γ,n, R = π/31/2 = 1.8138 . . . , γ ≥ 1.

o B F Z B cLT ≤ 4 R Lcl
1,2 = 1/(2 · 31/2) O u Q F E K K M T

1

2π
≤ cLT ≤

1

2 · 31/2
.
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