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General theme

Let {¢;}/"; be an orthonormal system (0.n.s.) in Ly(£2):

/Q wi(z)p;(z)dr = d;j,

where Q C R", |Q| = Vol(Q) < oo and ¢, € Hj (). We are interested in lower
bounds of the form

> I(=A)"PpP >
j=1
where (—A)/2¢p = F=1(|¢]73(¢)).

Constant coefficients and Dirichlet boundary conditions.



Beresin—Li—Yau estimates for Dirichlet Laplacian, v =1

Theorem (P.Li—S.-T.Yau, 1983). Let {¢;}™; € H3(Q) be an o.n.s. in Ly(Q).

2/n
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Z||wn2_ no (@r)"NTE im0
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Here w, = F(11n/2)

denotes the volume of the unit ball in R™.

This bound is sharp, since letting {y;}:"; be the first m orthonormal eigen-
functions —Ay, = prYL, |Vgoj||2 = p;, we have the Weyl asymptotic formula

n\ 2/n
HE ™ <(27T) ) K2/ as k — oo.
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Hence,
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Theorem (F.A.Beresin, 1972). Let {¢,}™; € H}(Q) be an o.n.s. in Ly(Q).
For u > 0 the following inequality holds:

2 Wn

_ 14+n/2
Ek:(u Pe)+ = 5 gy 12| 1o : (1)

where, as before, ||V,||? = p; and pg <pp < ...

A.Laptev, T.Weidl (2000): the Li—Yau bound

2/n
§: Vo.l? = E: mit2/n =12 ... 2

follows from (1) by means of the Legendre transform in u; while (2) = (1)
by the Legendre transform in m.

[ f(x) is defined on R4 and is convex (concave up). The Legendre transform
f(p) := sup,>o(px — f(x)). Clearly, if f(z) < g(x), then f(p) > g(p).



Bounds for the Fourier transforms of the {y.}

Pr(6) = @m) 2 | pp(a)e e = (2m) V2 | pp(a)e S da
For
he(2) = (2m) "2 % |cq with bl q) = (2m) "I

Bessel's inequality gives (uniformly in € and m):

FE) = Y 2@ = X l(he, o)y < Ihell? ) = (2m) Q) =: M.
k=1 k=1

In addition

[ F@ds =3 llgjP=m and [ |cPFE)ds =Y [V,
R j=1 R =1

]:
AS a result,

> 192 zinf{ [ 16PH(©)dE 0 < F <M, [ f€)ds =m}.

J=1



Minimization problem : find X;;(m)

/Rn €2 f(¢)dE — inf = T3,(m),  under conditions
1) 0< f(€) < M, 2) [ J(©)dg=m
2/n
Solution: ¥ ,;(m) = n12 <wnlM> mit2/n M = (27)~"|Q| =Berezin—Li—Yau.
M , Fy([€])
Tx T

r. is found from the condition : /Rn Fu(|€])dE = wnMr™ = m.



Vector functions and Stokes operator

We set V = {u : Q —- R", u € Cz°(2), divu = 0} and denote by H and
V the closure of V in Ly(Q) and H(Q), respectively. The Helmholtz—Leray
orthogonal projection P maps Ly(2) onto H, P: Ly(2) - H

Ly(Q)=HoH,

H = {u € Lp(Q),divu = 0,u - vpq = 0}, H+ = {ueLyQ),u=Vp, pec LYY},
V C {u € H}(Q), divu = 0},

where the last inclusion becomes equality for a bounded Q with 9Q € Lip.

The Stokes operator A:V — V'’ is defined by the relation
(Au, )y = (Vu, Vo)  for all u,v in V
and is an isomorphism between V and V'. For a sufficiently smooth u

Au = —PAu.

The Stokes operator A is an unbounded self-adjoint positive operator in
H with compact inverse. It has a complete in H system of orthonormal
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eigenfunctions {vg}7° ; € V with corresponding eigenvalues {A;}72 {, A — oo
as k — oo:

Avp = Apvg,  0< A1 <A <L
By orthonormality, A\, = ||V

In case when Q is a bounded domain with smooth boundary the eigenvalue
problem goes over to

— Avg + Vpp = Ay,
divv, = 0, vilgn = 0O,
where the p.'s are the ‘pressures’.

Lemma. (2009) Let {ug};? ; be an o.n.s. of vector functions in Ly(£2): ug =
(u}jﬁ, uy) and Jqui(x) - uj(x)dr = d;;. Then

> la(9)? < (2m) "n|Q).

k=1
If divug =0, more precisely ug € H = {u € Lp(Q2),divu = 0,u - v5q = 0}, then

> lar(€)1? < (2m) ™" (n - 1)IQ].

k=1



Sketch of proof.

Step 1. Let {p}}*; be an o.n.s. Ly(f2). Then (as shown before) Bessel's
inequality gives

> 127 < 2m) 7™l
k=1

Alternatively, denote by *x the complex conjugate. Then by orthonormality
. m . m *
0< [((n) 2 - 3 o)) ()2 - 3 p©(o)) do
k=1 =1

= (2m)7"Q = X [@R(©)I
k=1
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Step 2. Let {y};r; be a suborthonormal system in L:

RN B

Then, as before,

> 1gr(€)IP < (2m) 7M@),
k=1

In fact,
0< /((27T)_n/26_i£x - > @k(f)%(fﬁ)) <(27T)_n/26_i£x = @z(ﬁ)%ﬁ?z(@) dr =
k=1 =1

= (2m) Q-2 3 [ZrO1F+ Y 2r(©)21(&) (R 1) < (2m)TMQ = D |er(E)]°

k=1 k=1 k=1
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Step 3. If a family of vector functions {ug};? ; is orthonormal in Ly(£2), then

for each j the family of the j's components {“72}?:1 is suborthonormal in
L»>(R2), and, hence,

S a@)? =30 Y [al©)? < (2r) " n Q).
k=1

k=1;=1
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Step 4. divup =0 = n—-n—1. For all £ #0

E-up(f)=¢- /e_i&: up(x) de = z/uk Ve BT dy = —i/e_i&”div uy, dz = 0.
Therefore for £y = (a,0,...,0), a # 0 u;(&) =0 for k=1,...,m and at &

ST lap€o)2 =Y S Jal(€o)? < (2m) " (n —1)|Q].
k=1

=2 k=1
Now for £ # 0 we set £y = (]£],0,...,0) a let p be the rotation such that
£ =p '
We set
up(z) := pu(p~'x), € P

The family {(ug)p}iq € H{(pQ) is orthonormal in Ly(pf2) and divergence-free.
In addition

ap(€) = pu(p~tE).

Hence,

S a(€)? = 3 [(ur)p(€0)? < (2m) ™ (n — 1)|Q].
k=1

k=1
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Theorem (2009)(Berezin—Li—Yau bounds for the Stokes operator).
Let {u,}?; be an o.n.s. in Ly(Q), {ux}?, € H}Q) and divuy = 0. For
A = ||Vug||® we have Li—Yau-type bound

G n (2m)" ok 142/n
2 A= <wn(n—1>|fz|> S

or, equivalently, Berezin-type bound

2 Wn,

. . 14+n/2
SO M)t € g o (- DI

Proof. Set M = (2n) " "™(n — 1)|Q| in

y — EALS
wm(m) 2+ n (wnM> m
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Remark. The lower bound
2/n
S Vw2 = " ( Gk ) mit2/n
k=1 ~ 2+ n \wn(n — 1)

is sharp. If the u;'s are the orthonormal eigenfunctions of the Stokes operator,
then )\, = ||Vug||? are the corresponding eigenvalues and (G.Metivier, 1978;
K.I.Babenko, 1983)

)\ o 3
AL (wn(n—1)|9|> k as k — oo.

Remark. Without condition divu; =0 we have

2
S (w2 > = (LN g
—1 24+ n \wnpn|Q|

Corollary. Since mAm > >7Y 1 Ak, the lower bound for sums implies lower
bounds for individual Stokes eigenvalues

2/n 2/n

27 ) Y

A > (27) k2" in addition, Ay > g > " (2™ .
24+ n \wn(n —1)|Q] 24+ n \wn|Q|




15

Two-term lower bounds: F(§) < M, |VF(&)| <L

1) Scalar case: {goj}:';”zl iSs an o.n.s. in Ly(£2) and as before

F(&) =Y |ar(©)l.
k=1
The identity
9, Pr(€) = —(2m) /2 | pp(a)zjevda,

and Bessel’s inequality give (observing that ||xje—7355’3||%2(9) = Jq x5da)

Y 106,21 < (20)7" [ ofde, and 3, (Vo < (2m)7" [ o*de =: (2m) "1

I::/ z2dx.
Q

We obtain (A.Melas, 2002)

m 1/2 / ' m 1/2
IVF(€)| < 2(2 |¢>k(£)|2) (Z |V¢>k(£)|2> < 2(2m)(|Q|1)Y/2.
k=1

k=1
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As a result, F(&) = S, |¢4(€)|? satisfies F(&) < M, |VF(€)| < L:
F(€) < M:=(2m) ™"Q,  |VF()| < L:=2(2m) "(|Q)">.

2) Stokes operator: {u;}"; € H (divug =0) is an o.n.s. in Ly(Q2). Then

F&) =Y lap(©)l?
k=1
satisfies F(§) < M, |[VF(§)| < L:

F(&) < M:=(2r) "(n—-1)Q,  |VF()|<L:=2(2r) "(n(n—1))/2(|Q)!/2

In both cases

/R F(¢)de =m.

We have to find a lower bound for

[ JPF()ds = Sme (or 3w,
k=1 k=1
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Minimization problem II : find ZXLL(m) (for second-order operators v =1)

[ 2T F(©)dg — inf = ) (m),
under conditions

DO<FE) <M, 2) [ Fe)di=m, 3)|VFE)| <L

[Clearly, ZM,L(TI’L) > ZM(m) ]

Symmetrization: an equivalent 1-D problem for a non-increasing function F(r):

o
O'n/o P2V F(r)dr — inf = > (m),
under conditions

NO<F(r)<M,  2)on /O T lE(Ydr =m,  3) — Fl(r) < L.



Minimizer

M - Slope —L

s s+ M/L r

s = s(m) is found from the condition (independent of ~)

L, Fullehdg = on [~ r" T F(r)dr = m.

Exact solution:

s, (m)=on [ THE S (r)d
ML\ = On | T s(m)\T)ar.

18
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Formula for X}, ;(m)

Proposition. For g > —1
MB+2
(84 1)(B +2)LF+1

/OOO rP Fs(r)dr = ((t +1)P2 — t5+2), § = —.

Theorem. The exact solution is given by
O.nMn—l—l—i—ny
(n+27)(n+ 1+ 2vy)Ln+2Y

ZXLL(m) — ((t(m*) 4 1)n-|-1-|—27 . t(m*)n+1+27),

where t(ms) is the unique positive root of the nth-order equation

(n+1)L"
m _

n+1  nt+1 _ :
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Asymptotic expansion

3 = v/
m,L(m) n+ 27 <wnM> m +
'n/y M2+(2_2'7)/n

142vy/n—-2/n _ 142y /n—4/n
+ m O(m ).
12w%2*y—2)/n 2

Theorem (2010). The eigenvalues of the Dirichlet Laplacian (u;) and the
Stokes operator (\;) satisfy, respectively:

m n (@0 e, 19
2 e 2 Cralaa) e,
m n )"\ o, (n—1)|Q)
> con 9
Sz o) g m ey

where e,(m) > 0, en(m) = O(m=2/"). Recall that |Q| = Vol(Q) and I = [, 22dx.

Remark. In fact, for n = 2,3,4 we show that e,(m) < 0.02 for all m > 1.
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From the previous results (A.Melas, 2002) it follows that

2/n 2
_ 1 1 M
L )_n+2<wnM> 6(n +2) L2 "

which gives for the Dirichlet Laplacian (M = (2x)~"|Q|, L = 2(27)~"™(|Q|I)1/?)

2
i 0y N n (27‘(‘)” /n m1+2/n N 1 |Q| "
—1 2+ n\wnlQ 24(n+2) I

We have the coefficient of the second term(linear with respect to m) that is

(1%) / <6(n1—i— 2)) - n(n; >

times greater.
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Examples n =2, v =1
Find Zﬁi(m), where

/]12{2 €2 f(€)d€E — inf =: 7 1 (m), under conditions

DOSFE <M,  2)IVFEI<SL,  3) [ FEd=m.
Lemma. For n =2 and v =1 the exact solution is
1 M? T M?>
y1 = m? 4+ —m— .
Mp(m) =5 ™ o™ T o

Proof. The positive root t(ms) of the quadratic equation (t+1)3 —t3 = m4 is

m« 1\1/2 1
t — _ _ =
() ( 3 12) >
and substitution into the 4-th order equation gives
5 5 1
(t(ms) + 1)° — t(mx)> = §m§ e
Recall that
(n+ 1)L" 3L°
My = TN = M ————-

wnMn—l—l ln=2 — M3
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Theorem. (2010) For the Dirichlet Laplacian and the Stokes operator in the
two-dimensional case the following lower bounds hold (where I = [q z?dz):

i Loom oo 19 (1) 2w 5 1119|Q
—_m —Tm m,
— =™ T =19 24120 |

di 27 1| 1 2 5 1 239|Q|
S > —m?4 —im1 > T2 4 m
P Q| 48 I Q| 48240 I

Proof. Previous Lemma, formulas for M and L + inequality |Q|%/I < 2x.

Remark. These estimates are entirely new for the Stokes operator (A\;) and
improve the previously known for the Dirichlet Laplacian: (A.Melas, 2002)
and (KovaFi'k H., Vugalter S. and Weidl T., 2008), respectively,

> 7 7



n — 2, Y = 2, Azgpk, — VkSOk
Find ¥4, ;(m), where
/RZ €| f(€)dE — inf =: Z?W’L(m), under conditions

DOSFEO <M, 2 [VFQISL 3 [ FEd=m.

Lemma. T he exact solution is

1
2
z]\4,L(Tn’) — 37‘(‘2M2 m

Proof. Substitute the root t(msx),

M 5, oM’
m  — .
3mL?2 73410

3 4

L) = (m* B 1 )1/2 B 1

3 12 2’
of the equation (t +1)3 — 3 = m4 into
7 7 1
(t(ms) + 1)7 — t(my)" = Emfj + §m§ ~ 0
(n+ 1)L" 3L°




Theorem. Biharmonic operator: A2p, = vy, ¢ € HZ(Q), Q C R?

m 1672 53 T o 1 1672 5 w 12095
Z vy = m>+—m"|1-— > 5 m” + m°,
=1 3|2 31 7-27-64m2) ~ 3|Q 37 12096

where, as before, I = [qz?dz.

25
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n=2,v=3
Find 3, ;(m), where

|5 16185 (€)dg — inf = 3 (),
under conditions
DOSFE <M,  2)IVFEI<L,  3) [ FEd=m.

Lemma. The exact solution is given below:
1 A 11 5 1M , 1 M°

23 _ - - S m.
) = 3™t ™ T 1 1™ T 108 L8

Theorem. (—A)3p;, = vppr, v € H3(Q), Q C R2:

i S 167° N 2 3, T 711Q| 5
14 ——mM m m .
=P a3 2(Q I 4872 I2

The coefficient of the leading power of m is sharp.
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Applications

2D Navier—Stokes system. We write the two-dimensional Navier—Stokes sys-
tem as an evolution equation in H

oru + vAu + B(u,u) = f, u(0) = uy,
where A = —PA is the Stokes operator and B(u,v) = P(X2_;u'9;v). The
equation generates the semigroup Sy : H — H, Siug = wu(t), which has a

compact global attractor A € H. The attractor A is the maximal strictly
invariant compact set.

Theorem. The fractal dimension of A satisfies the following estimate:

ARl

471'31/4 12

dimp A <
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History

1. Existence of A — O.A.Ladyzhenskaya 1972, C.Foias and R. Temam 1979.

2
2. dimp A < ¢(Q) (”fﬂfz') A.V.Babin, M.LVishik, Yu.S.Ilyashenko,
P.Constantin, C.Foias and others 1980-1985.

€]

3. dimp A < ¢(2)1]] R.Temam 1985 (E.Lieb 1983).

4. ¢(Q) < X — A.Allyin 1996.

5. ¢(2) < s — V.V.Chepyzhov and A.A.llyin 2004.

3/

6. C(Q) < 471'31/4
The improvement of the previous result (that is, 5. — 6.) is by the factor
(2-(2/R))1/2=1.485..., where R = /31/2 =1.8138... improves the previous
estimate of R: R =2 (D.Hundertmark, A.Laptev, T.Weidl (2000).)
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1/2’

| F111€2]

12

dimp A < ( T ) , (V.V.Chepyzhov, A.A.Ilyin 2004),

47TCsp
where csp comes from our lower bound for the Stokes operator in 2D

Cspm2 o 27Tm2

Qo

m
S IVog)? > csp = 2w (sharp),
k=1

(the previous estimate of csp was n/(n—1)|,—2> = 2 times worse; this is the first
factor "2"" in (2-(2/R))}/2 =1.485...) and ¢ 1 comes from the Lieb—Thirring
inequality

m m 1

2
2 2
LS @) @ < ar S 19nt ar< L

As before {v}7 , € H(Q)J is an o.n.s. in Ly(Q), Q € R?, and divv, = 0.
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The constant ¢ 1 satisfies (Ch—1,2004)

oLt < 4'—1,27
where the constant L; , comes from the Lieb—Thirring spectral estimate
> il < Lo [, Fl)2da
:UJj<O R

for the negative eigenvalues of the scalar Schrodinger operator —A — f in
R™, f > 0. For Ly » we always have the following “classical” lower bound

Lyn > Lcl = vy +1) .
ST D CREC R

It was recently shown by J.Dolbeault, A.Laptev and M.Loss 2008 that

Lyn < R-LY,, R=x/3/2=18138..., ~ > 1.

Hence ¢t <4 RLY{, =1/(2-3Y/2). Finally,

1
2.31/2

ScT =<
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