


MOTIVATION
The KP-I equation
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is a model equation for long waves with
β > 1/3 and
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() has the explicit fully-localised solitary-
wave solution
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Numerical simulations (Parau, Vanden-Broeck
& Cooker)



VARIATIONAL PRINCIPLE
Minimise the energy

H(η, ξ) =


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1 + η2x + η2z − β
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dx dz

subject to fixed momentum

I(η, ξ) =



R2

ηxφ|y=1 dx dz = 2μ, 0 < μ 1

Critical points of H − cI are fully localised solitary
waves with speed c
Dirichlet-Neumann operator:

H(η, ξ) =



R2


1
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ξG(η)ξ +

1

2
η2 + β


1 + η2x + η2z − β


,

I(η, ξ) =



R2

ηxξ = 2μ

where ξ = φ|y=η and

G(η)ξ =

1 + η2x + η2z φn|y=η,

Δφ = 0,
φ|y=η = ξ,

φy|y=−1 = 0

H and I are conserved quantities



FRAMEWORK
Function spaces:

η ∈ BM(0) ⊆H3(R2

ξ ∈ H1/2 (R2) = S(R2),

where

ξ2,1/2 :=



R2
(1 + |k|2)−1/2|k|2|ξ̂|2

• Lemma: The map η  G(η) is analytic

W1,∞(R2)→ L(H1/2 (R2), (H
1/2
 (R2)))

• Corollary: H and I are analytic
Definition:
Solutions with initial data (η0, ξ0) are
continuous functions t  (η(t), ξ(t)) with

(η(0), ξ(0)) = (η0, ξ0)

H(η(t), ξ(t)) = H(η0, ξ0), t ∈ [0, T]

I(η(t), ξ(t)) = I(η0, ξ0), t ∈ [0, T]

η2t :=


R2

(1 + |k|2)t |η̂|�,2

) = S(R2),



RESULTS
Existence result:
• The set of Dμ of minimisers

• Any minimising sequence {(ηn, ξn)} with
sup
n
ηn3 < M

converges (up to subsequences and
translations) in ‘energy space’

L2(R2) × H1/2 (R2)

Well-posedness assumption:
For each (η0, ξ0) ∈ S there is a local solution
(η(t), ξ(t)) with

sup
t∈[0,T]

η(t)3 < M.

Stability result:
For each ε > 0 there exists δ > 0 such that:

dist ((η0, ξ0), Dμ) < δ

⇓
dist ((η(t), ξ(t)), Dμ) < ε, t ∈ [0, T]

(η, ξ) ∈ H3(R2) × H1/2 (R2), η3 < M
is non-empty and η ∈ Dμ ⇒ η3 = O(μ1/2).

• Each is close to a KP waveη ∈ Dμ



REFORMULATION
Minimise

H(η, ξ) =



R2


1

2
ξG(η)ξ +

1

2
η2 + β


1 + η2x + η2z − β



subject to fixed

I(η, ξ) =



R2

ηxξ = 2μ, 0 < μ 1

Fix η and minimise H(η, ξ) over I(η, ξ) = 2μ.
There is a unique minimiser ξη with

G(η)ξη = ληηx

Minimise
J(η) = H(η, ξη)

= K(η) +
μ2

L(η)
,

where

K(η) =

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
1
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
,

L(η) =
1

2



R2

ηxG(η)
−1ηx

We prove the corresponding results for J



MATHEMATICAL FRAMEWORK
Write

L(η) =
1

2



R2

ηK(η)η,

where
K(η)ξ = −∂x(G(η)−1ξx)

Lemma: For s > 1 the map η  K(η) is analytic
Hs+3/2(R2)→ L(Hs+1(R2),Hs(R2))

Definition: K(η)ξ = −(φ|y=η)x, where
φxx + φyy + φzz = 0, −1 < y < η,

φy = 0, y = −1,
φy − ηxφx − ηzφz = ξx, y = η

Flatten the domain:

y = yη  = 0

y =
y − η

1 + η
y = −1 y = −1

u(x, y, z) = φ(x, y, z)

Now K(η)ξ = −ux|y=0, where
uxx + uyy + uzz = ∂xF1 + ∂yF2 + ∂zF3, −1 < y < 0,

uy = 0, y = −1,
uy = F3 + ξx, y = 0

and
F1 = −ηux + (1 + y)ηxuy, F2 = . . . , F3 = . . .



MATHEMATICAL FRAMEWORK
Expand:

u(x, y, z) =
∞

n=0

un(x, y, z)

n = 0:
u0xx + u

0
yy + u

0
zz = 0, −1 < y < 0,

uy = 0, y = −1,
uy = ξx, y = 0

Solve using the Fourier transform:
u0xs+1/2 ≤ K0ξs+1, s ≥ 0

n = 1,2, . . .:
unxx + u

n
yy + u

n
zz = ∂xF

n
1 + ∂yF

n
2 + ∂zF

n
3, −1 < y < 0,

uny = 0, y = −1,
uny = F

n
3, y = 0,

where
Fn1 = −ηun−1x + (1 + y)ηxu

n−1
y , F

n
2 = . . . , F

n
3 = . . .

Solve using a Green’s function:
unxs+1/2 ≤ K0Bnηns+3/2ξs+1, s > 1



MINIMISATION PROCEDURE
Minimise

J(η) = K(η) +
μ2

L(η)

J is smooth on {0 < ηs+3/2 < M} for s > 1

Quasilinear structure

We regularise and penalise the functional:

Jε(η) = K(η) +
μ2

L(η)
+ εη23
regularise

+ ρ(η23),  
penalise

1 < s < 3
2

Jε has a semilinear structure
Minimisers do not occur on the boundary:
• ρ is smooth and increasing
• ρ(t) = 0 for 0 ≤ t < M̃
• ρ(t)→ ∞ as t ↑ M

MM̃



MINIMISATION PROCEDURE
Pretend that R2 is bounded!

Jε(η) = K(η) +
μ2

L(η)  
Defined
on Hs+3/2

+ εη23 + ρ(η23),
  

Defined
on H3

0 < η3 < M

Jε has a minimiser ηε = 0:
• There exists a minimising sequence {ηn},
J(ηn)→ inf J(η)

• A weak lower-semicontinuity argument
shows that ηn converges weakly to ηε

ηε lies in the region unaffected by the
penalisation:
• A priori estimates show that
Jε(η) = 0, J(η) < 2μ ⇒ η23 ≤ cμ

•Motivated by the KP scaling, we find that
J(η) < 2μ, η(x, z) = μ2φ(μx, μ2z),

where φ is a test function
As ε ↓ 0 via a sequence {εn}, ηεn , where
η is a minimiser of J with η3 ≤ cμ.



CONCENTRATION-
COMPACTNESS

Standard results for

Local operators
• The nonlocal operators in this problem

have a ‘pseudo-local’ property

Homogeneous nonlinearities

• Show that minimisers (and minimising
sequences) scale like KP waves

• The inhomogeneous nonlinearity in
this problem is a small perturbation of
a cubic nonlinearity

Convergence
to KP waves




