


MOTIVATION

# The KP-I equation
S 2

Dxx (Uxx‘-u‘-§u ) —Uuzz=0 (%)

IS a model equation for long waves with
p>1/%and

(%) has the explicit fuIIy-Iocallsed solitary-
wave solution

u(x 2) = — 3 — x° + 22

T T (B + xR+ 22)2
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L

# Numerical simulations (Parau, Vanden-Broeck
& Cooker)



VARIATIONAL PRINCIPLE

#® Minimise the energy

m 4
H(n. &) = JRZ{J_4 §|VCP|2 dy
+ %ﬂ2+P\/’l +n§+n§—ﬂ} dxdz

subject to fixed momentum

I(n.¢) = JRZ Nx Ply=1 dxdz = 2y, O<ukA1

# Critical points of H — ¢l are fully localised solitary
waves with speed ¢

® Dirichlet-Neumann operator:

H(n.¢) = JRZ{%EG(n)E + %ﬂz + P/ 1+ 2+ 12— P},

I(n.&) = IRZ NG = 2y
where & = ¢|,=, and
Agp =0,

G(n)¢ = ’\/’| +nZ+n2 CPn|y=ns Cl’ly:n = ¢,
¢y|y=—4 =0

® H and | are conserved quantities



FRAMEWORK
# Function spaces:
n € By(0) CHO(R?) = S(R2),
£ e HY%(R?) = S(R2),

where

Inllz = | (1 + kI** A%,
d R2

I612.1/2:= | 1+ ) 2127

e Lemma: The map n+— G(n) is analytic
1/2 1/2
W12 (R2) — L(Hy/2(RP), (Hy 2 ®2)Y)
e Corollary: H and | are analytic
# Definition:

Solutions with initial data (o, &p) are
continuous functions t — (n(t), &(t)) with

(n(0),£(0)) = (no. o)

H(n(t),&(t)) = H(no,§o), t €[0,T]
I(n(t),&(t)) = I(no,¢o)» t€[O,T]



RESULTS

® EXxistence result:

e The set of D, of minimisers
1/2
(1.€) € H®R?) x Hy 2®2),  lnlls < M
is non-empty and n € D, = |In|ls = O0(u"/?).
e Each n € D, is close to a KP wave

e Any minimising sequence {(nn, &n) } with
sup |[nnll <M

converges (up to subsequences and

translations) in ‘energy space’
12(R?) x Hy/2(R?)
#» Well-posedness assumption:

For each (np,&p) € S there is a local solution

(n(t), &(t)) with

sup [|n(t)llz < M.
t€[0,T]

# Stability result:

For each ¢ > O there exists 6 > O such that:

dist ((no.80),Dy) <&

U
dist ((n(£),£(¢)).Dy) <&, t €[0,T]



REFORMULATION
Minimise
Hin, &) = IRZ {%&G(n)cf + %nz + P4+ 02+ 12 — P}

subject to fixed

I(n,¢) = IRznx€= 2y, O<pkH1

# Fix n and minimise H(n, &) over I(n, &) = 2p.
There is a unique minimiser &, with

G('?)En = Myhx
® Minimise

J(n) = H(n,&n)

= K(n)+ﬁ

L(ny

where

4
K(n) = J {§n2 + B/ + 2 + n2 —P},
R2

=5 notn

We prove the corresponding results for J



MATHEMATICAL FRAMEWORK
Write

L(n) = %Lz nk(nn,

where ,
K(ﬂ)f = —3x(6(ﬂ)_ fx)
® Lemma: For s > 1 the map n — K(n) is analytic
H6+5/2(R2) — L(H6+’l (RZ)’ HQ(RZ))
® Definition: K(n)¢ = —(|y=n)x, Where
P+ Py + Pz =0, —1<y<n,
¢y=0, y=-1,
by —Npx—Nzpz=80  y=1

® Flatten the domain:

/‘\/
y=n > y'=0
_Y—n
y,_'I+n
y:—’l y'-:—’l

u(% ', z) = ¢(x, ¥, 2)

® Now K(n)& = —uy|y=0, Where
Ugx + Uyy + Uzz = oF4 + 3yF2 +9,F3z, —-1<y<O,
uy=0, y=-1,
Uy = Fs+¢&, y=0
and
Fi=—nuc+(1+ Yy, Fa=..., F3



MATHEMATICAL FRAMEWORK

® Expand: .
u(x,y,z) = Z u'(x, ¥, 2)
n=0
® n=0:

U+ ud +uy, =0, —1<y<Oo,
uy=0, y=-1,
uy=¢6, y=0

Solve using the Fourier transform:

|l5+4/2 < Kol|Ells+4. 5>0

o n=12...:
Uy + Uy, + Uy, = OF; + 8 Fp +9.F5, —1<y<O,
uy, =0, y=-1,
u;',:F", y =0,
where
Fil = =™+ (1 + ™™, Fi=..., Fi=...

Solve using a Green’s function:
[uillowa/2 < K05n||”||:+5/2“€“5+4, 5> 1



MINIMISATION PROCEDURE

Minimise 5

I
J(n) = K@) + —= )

® Jis smooth on {0 < ||n||s+3/2 < M} for s > 1
® Quasilinear structure

We reqgularise and penalise the functional:
12

Js(n) = K(n) + —= L( T+ elnliz, +f(|@l§),) 1<6<}

regularise penalise

® J. has a semilinear structure

#® Minimisers do not occur on the boundary:
e p is smooth and increasing
e p(t)=0forO<t <M
ep(t)»mwastTM



MINIMISATION PROCEDURE

® Pretend that IR? is bounded!

2
Jeln) = Kin) + 775 L( N 3||’1||5 + P(Ilnllz) 0 <|lnlls <M

Deﬁned Deﬁned
on He+3/2 on H®

# J; has a minimiser ng # O:

e There exists a minimising sequence {nn},
J(Nn) — inf J(n)

e A weak lower-semicontinuity argument
shows that n, converges weakly to n,

® 1 lies in the region unaffected by the
penalisation:

e A priori estimates show that

m=0Jdm<2p = |nl5E<cp
e Motivated by the KP scaling, we find that
Jn*y<2u  n*(xz) = pPdlux uPz),
where ¢ is a test function

® As ¢ | Ovia a sequence {ep}, ns, — n, Where
n is a minimiser of J with |n||z < cp.



CONCENTRATION-
COMPACTNESS

Standard results for

# Local operators

e The nonlocal operators in this problem
have a ‘pseudo-local’ property

# Homogeneous nonlinearities

e Show that minimisers (and minimising
sequences) scale like KP waves

\v

Convergence
to KP waves

e The inhomogeneous nonlinearity in
this problem is a small perturbation of
a cubic nonlinearity





