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Given a family (P.) of evolutionary problems ¢ € (0, 1]

if formally (P;) — (Po) ase — 0

and also (P.) = (P;,) ase — €1 € (0,1]

‘What can ensure the asymptotic closeness in all limits?

Can we render and measure the distance of the asymptotics?
Which objects are more suitable to pursue our scopes?

Too generic! ¢ — 0 and € — ¢ are different! Maybe € — 0 is singular limit
@ How may singular perturbations influence our choices? It depends

o How may this interact with global asymptotic closeness?
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An example
(H) Hyperbolic relaxation

e s /€

EOuu + O — Au+f(u) =0 k(s) =

Ase = e edyu+ Ou— Au+f(u) =0 — €10qu+ Ou — Au+f(u) =0

(M) Memory relaxation:
O + /Ookg(s) [—Au(t — s)ds +f(u(t —s))]ds =0
0

Ase - 0ifk, — ¢
the Allen-Cahn or Reaction-Diffusion equation

Ou—Au+f(u) =0
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Problems and aims Singular perturbations

Impact of singular perturbations (alone)
For any € € (0, 1] we have a dynamical system (S.(¢), H? = X x ?)
possibly singular perturbation with memory of (S(¢),X) fore =0

@ When ’Hg = X X Y does not depend on € +— regular perturbation
@ When H? = X x /2Y « hyperbolic singular perturbation

c0uu + O — Au+f(u) =0 — du— Au—+f(u) =0
still - whene =0 Ow = Au — f(u)

@ When H? = X x Y. ¢ hard singular perturbation
typical of singular limit where memory disappears as ¢ — 0

atu+/oook5(s)[—Au(t—s)ds—i—f(u(t—S))]dS =0 — Ou—Au+f(u) =0

BUT  the past historyis lostfor e =0 u(t) =7,t <0



Problems and aims Our aim

Getting Global (asymptotic closeness)
Globally Holder continuous family of exponential attractors

Foreache € [0,1] 3& C HY compactin H and S. (1) C &, Vt > 0,
satisfying
(1) &: are uniformly exponentially attracting
Jw > 0,3F : [0,00) — [0,00) 7 such that, for every bounded B C H?,

disty (S<(1)B, &) < F(HBHH‘g)eim
(i1) uniformly bounded fractal dimensions
3C >0 suchthat dimypé < C

(iii) global continuity
3C > 0,39 € (0, 1) such that dist}}, (£, &) < Ce” and

dist" (&, &) < Cler —€2)”, Ver >e,>0
&)
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Literature on globally continuous exponential attractors

e Efendiev, Miranville, Zelik (2005) henceforth EMZ
autonomous and non-autonomous problems
regular perturbation — same phase-space

O — Au+f(u) = g(t) ~ Uy (8, 7)

outline of several extensions
@ Miranville, Pata, Zelik (2007) henceforth MPZ
hyperbolic relaxation —  singular perturbation

20U+ 0u—Au+flu)y=g — Ou—Au+f(u)=gase—0
HY = Hy(Q) x eL*(Q) Hy = Hy () x {0}
S.(1) : HY — MO

Jo: HY— H 5.0 3.8 (0371 ife>0
(u,v) = (u,ev) : Soll ife =0
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Outline for singular perturbations of problems with memory

© Introduce the memory variable 7 and translate (P.) into the History
Space Setting — generation of a semigroup

n lives in Lia ((0, 00); YO) — COMPACTNESS  Pata, Zucchi (2000)
e—comparison Conti, Pata, Squassina (2006) AND

© Find a way to take all the solution operators to the same phase-space
Se(t) = SCALING

© Detect suitable assumptions to construct Holder continuous discrete
exponential attractors D, for S-(7*) (+— Apply EMZ Theorem) —

~

D.=S.(1.)37'D: (35" =1I)

- U s

TE1x,214]
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@ Original problem
k:RY = R+ convex [ k(s)ds =1 ko(s) = gk(f), € (0,1]
€

6,u+f0 [ Au(t—s)+ o(u (t—s))—i—f]ds:O
Lt|3Q =0
u(t) =up(—1), t<0

e History setting: let 1)/ (s) = [ [~ Au(r — y) + o(ul(t — y)) + fldy

0<pu=—k e W\ (RY) |- 36>0: p/(s)+du(s) <0, aein RT

Rescaled kernels: ji.(s) = 4 (k.(s))

L (5) S Y= 12 (RT; Y0
13
0,

Ouu(t) + f()OO e (s)n' (s)ds =
Om' = —0n" — Au(t) + ¢(u(t)) +f
(M(O), 770) =<



|
Scaling
e Ve €[0,1] 3S.(¢) : H? — H? solution operator

H=x"xY =012 (RT;Y")  ¥§={0}

singular component

In our case X" = /() and V" = L7(())

3.8 ife>0

I(x,n) = (x,0
SoIl ife—o MM =0

S.(1):HY = HY S.() = {

o define a suitable isometric isomorphism J. : Y0 — ¥
— define J. : H2 — HY  T.(x,n) = (x,Jen)

What should scaling do?

Together with the "singular" component of the phase-space, it should allow to
compare dynamics corresponding to €1 > €3 and to go back and forth
between S.(¢) and S.(¢)




Scaling with memory

o Nested spaces: ife; > e, = Li: (R*; Y% C Liaz (R+; Y9)

o Scaling map: J. : Y = L (R*;Y°) — ¥} = L2 (R*; Y?)

) =", ) = van ()

e JF Fy :[0,00) = [0,00) T, Fo(s)<cs®, Vs€[0,1], Fa>0:

In—Jead5 il < Flnly)Fo (<), ¥n € ¥, Ver 2 22> 0

2

where Y2 C Y! € Y? forany € € (0, 1]



Main Theorem

Main Theorem

Foranye € [0,1] H2C HIeH?, S.(t): HE — HY, B.(ro) C H?
(H1) 3rp > 0 : B.(ro) uniformly exponentially attracting in H?

(H2) 3ry > ro, 3t > 0: S (1)Bo(r1) C Be(ro), Ve > 1,

(H3) 3k € (0,1],3F € ND : Vz; € Bo(r1) and ||z2[l30 <7

IS-()z1 — Se(t)zallag < F(r)e" |2y — 22l30
(H4) 3k € (0,1],3K =K() > 0 :

sup HSs(ll)Z — SS(IZ)ZHHQ < K‘ll — lz‘ﬁ, Vi, € [l*, 2t*].
ZGBE(F())

(H5) 3A > 0,3X € (0,1) : S. = S-(t) satisfies
Sezi — Sez0 = Le(z1,22) + Ke(z1,22),  Vzi,22 € Bo(r1)

[Le(z1,22) [0 < Allzt — z2flp0, [[Ke(z1,22) I < Allzt — 22|90,



Main Theorem

(H6) supe(s, ar,) SUP-cB. (ry) 152 (H)2 — So(t)jo_IZHHg2 < Cey, Ve > e, >0

(H7) 1. supte[,*g,*] suszBEl (1) HSEI ([)Z - Sz-:z (t)ZH’H(E)Z S FO <€|;2152>

Ve > ex >0,

R or
IL Sup;cp,, 1,1 SUP.eB, () 1S (H)z — ng(t)z||H? < F0<Ele__g€2>
Ver > e, >0

= 3E. C B(rp) such that {&.}. is (Holder) continuous family of
exponential attractors for {Se(¢) }«
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Usually (H7)II is easier to check than (H7)I

O+ [ kels)[ — Du(t — ) + (u(t — 5)) +f]ds =
M|8Q:0

u(t) =up(—t), t<0

e History setting: set z = (up(0 fo [—Aup(—y) + d(uo(—y)) + fldy)

y)
Au(t) + [y pe(s)n'(s)ds = 0,
Se()z=(u(®),n')  0m' = =0 — Au(t) + ¢(u(r)) + f

(u(0),7°) =z

@ Rescaled problem: Sg( (a(t),n")

atu /

8ﬂ7t—*m +7[ u(t) + ¢(a(r)) +f1,

(ﬁ(O),ﬁo) =z



Preliminary remark

(H3) S.(¢) Holder in z at fixed =
(H7)I S.(r) Holder in ¢ at fixed 1 < (H7)IL S.(¢) Holder in ¢ at fixed ¢

Lemma (1 technical lemma)

Letey > ey > 0and z € B, (r), for somer >0 (= z € 7-[(6)2)
= dco > 0 such that

g1 — &2
Il < cor+ FFo(S572),

with a, F and Fy as in

~ — €1 —¢&2
le = 36,35 2l < FUIQelly2)Fo (Z572), Vo1 222> 0
N—— 2

memory component

whenever z € X° x le




iz
Apply EMZ+MPZ to (S-(t,), B (r1))

o [(H2), (H3), (HS), (H7)]/=, give all the assumptions of EMZ but one.
Se —S ( ) Bl(rl) —)Bl(r())

I~

SUP e, (1) 182, x — 52XHH0 < cley — P fore; > g5 > 0?2
® SUP.cR,(r) NS EZZH'HO < F()(E1 262)7 Ver > e >0,

® [[Se,z=Se,zllag < [18e,2—Sozllyo + 1Sesz—Sozllpe < C(eh+¢8) < Cel,

Lemma (2" technical lemma)

Givena > 0, 8> 0, Fy € NDy
(< Fp: [0,00) — [0,00)  Holder at O with Fy(0) = 0)

= E|K>O,'y>0:min{Fo<%>,e?} <K(er—e),1>e1>6 >0




Problems we may address

k:[0,00) — [0, 00) convex with / k(s)ds =1
0

1

€ (0.1] ke(s) =~

s
k(g) = k. —dase =0
® Ju+ /00 ke(s) [ — Au(t — 5) + ¢(u(t — s5))] ds = 0
0
Bo(x(t—s))
@ Ju—alAu+ ¢(u) +/ ke(s) —Au(t —s)ds =0
—— 0 N———r
By (x(1)) Bo(x(1—s))
{@x(t) + / ke (s)Bo(x(t — s))ds + B1(x(t)) =0, >0
0

x(t) =x(), t<0




Problems we may address

General problems

Given a Banach space X(R), the function x : R — X solves
0(t) + [ ke (5)Box(r — )i+ Br((1) =0, 1> 0
0
x(t) =x(t), t<0
=0

{8,)6(1‘) + Bo(x(1)) + Bi(x(1)) =0, ¢>0
x(0) = (0)

By and B, (nonlinear) densely defined operators on X, often perturbations of
strictly positive linear operators



Problems we may address

The compactness problem with memory: H2 C H!eH?

Natural choice: H. = X' x Y. Y:=12 (R*;Y")
SN e
X
0
Reflexive Banach: X> c X' € X° Y?’cvyley’cy!
Y} € Y not compact

Recover compactness: Pata-Zucchi 2000 K € Y2, 1= 1,2

Ki={neY: —8me Y2 n(0) =0, sup, > TTL(75m) < oo}
TZE(T7 T]) = f(O,E/T)U(ET,OO) ILLE(S)”T](S)”%%deS T Z 1

Illks = llml%: + 210nl,-2 + sup TTe(757)
€ >1
T_

=L, RY).V2=Ki€¥, :=121, CV

€9

e1>e>0




Problems we may address

Can we avoid .7 YES

Phase-spaces: HY and V! = X' x V!, 1=1,2

First basins of attractions: D.(r) = {z € V7 : [|z[ly2 < r}
Semigroups Se(7) : H2 — HY such that

(A1) 3k € (0,1],IF € ND : 71 € D(r), ||Z2||7.,52 <r

IS=(r)z1 = Se(z2llpg < F(r)e™ " |lz1 — 225

= (H3)
(A2) F e ND: S.()D.(r) C D(F(r)), ¥Yt>0
(A3) po > 0: D.(po) uniformly exponentially attracting
(A4) 3p1 >0:Vr>03t,>0: Sc()D(r) C Do(pr), Vet
(A5) The operator By maps bounded subsets of X? into bounded subsets of Y°.

Om' =—0sm'" +Bo(x(1))



Problems we may address

How do we recover compactness?

H (n) = 52“&”]”?{3—2 + Slifl) 7T (73 7m)
E >

Lemma (3’ Technical Lemma, CPS 2006)

Forv=1,2, letny € Y2 : no(0) = 0 in Y2 and Hx(ng) < oo
Given ty > 0, assume sup,s,, w3, = K < o0.

o' = —=0m' +w(t), t>1n

77t° = To,
= IM{,M> > 0: YVt > 15, 7'(0) = 0in Y*~2 and

Ifn = n'(s) solve {

H (1) < MyHL (1j0)e ™ 20~) 4+ MoK




Problems we may address

Why do our weaker assumptions allow to obtain Holder
continuity?

o~

Apply EMZ+MPZ to (S-(2,), By (r1))
5),

3
o [(H2), (H3), (HS), (H7)]/=, give all the assumptions of EMZ but one.
Se = Sg(t*) Bl(rl)/\—) ]Bl(ro)
L N 57)6”7_[0 < cley — &P forey > 2 > 0?

® SUP.cp, (1) 1Se, 2 — 82zHHo < Fo<El 252>, Ver > ey > 0,
© (82— Seszllgun < 1Se,2— Sozllgun + 18e,2 = Sozllze < C(e}+€5) < Ceb,
Lemma (2"¢ technical lemma)

Givena >0, 3> 0, Fp :[0,00) — [0,00) T, Fo(s)<cs®, Vs€[0,1]
= dK >0,v>0: mln{F (El 52) e?} <K(eg—e)’,1>2¢1>2e,>0




EMZ’s Theorem

Regular perturbation: EMZ’s Theorem
discrete globally Holder exponential attractors

X? and X' Banach spaces such that X' € X°
(S.(1),X?) family of strongly continuous semigroups
3r* >0 3r; >ro > 0suchthatS. = S.(r*) : B'(r]) — B'(ro)

0 IN>0,IN<1:5.2 — S0 = Le(21,22) + Ke (21, 22), 21,22 € BY (1))
1Le(z1,22) %0 < Allzi — 22llxo,  1K=(z1,22) Iy < Allzi — z2]lx0

© 3C> 0,30 € (0,1]: sup,cziy,) 82,2 — Seyzllxo < Cley — eaf”

= Ve e[0,1] 3D. C B'(ro) C X' such thatS.D. C D.

e w>0,3C>0: disty(S. B'(rg),D:) < Ce ™"
edimyo[D.] < C

. dist%”(ﬁsl,ﬁsz) < Cley — &]?



MPZ’s Theorem

Hyperbolic singular perturbation: MPZ’s Theorem
discrete globally Holder exponential attractors
For € € (0, 1] phase-space H2 = H}(Q) x eL*(Q)  semigroup (S:(1), H2)
Fore =0 phase-space H) = HA(I)(Q)/>\< {0} semigroup (So(?), (1)((2))
Ir* > 0 such that S; = S.(¢,) and S = S(#,) satisfy

©Q Ir; > ro > Osuch that S.B.(r)) C B.(ro)

@ Decomposition of the difference S.z; — Scz2 on B.(r)

© Continuous dependence of S’; on the parameter in B, (r})

Q sup.cg, () |Se,z — SOHzHHg2 <Ceb, Ve >er>0
EMZ Theorem = 3D, discrete exponential attractor for §€(t*) with basin
B (ro) in Y such that {D, }. globally Holder

= 3D, discrete exponential attractor for S.(z,) with basin B.(rp) in H? such
that {D, }. globally Holder

D.=5.(4)3-'D. (35" =10)



MPZ'’s Theorem

e The functional setting: H2 C HIeH? H!=X'xY 1=0,1,2

Real reflexive Banach: X2 c X' € X°, Y2 c vl e Y2, Ve € (0,1]
Y;1CY;2, €1 >¢e >0



MPZ’s Theorem

e The functional setting: H2 C HIeH? H!=X'xY 1=0,1,2
Real reflexive Banach: X2 C X' € X0, Y2 c vyl e Y2, Ve € (0,1]
YglcY’ €1 >e>0

ISR

@ The scaling map J. : Y0 — Y? is an isometric isomorphism and
JF € ND ={F:[0,00) — [0,00) 1} Ja >0
AFy € NDg=4{FoeND: Fy(s)<cs", Vs€[0,1]} :

_ €1 — &2
In = Jesdz"nllyg < Flllnlly)Fo( 757 ). v € 77 Ve 2 2> 0
2



MPZ’s Theorem

= 33 HY > HY) To(x,n) = (x,Jon) satisfies

_ 1 — €
lz=32,32 2ll0 < F(HQZHY%)FO(%), Vey > e2 > 0, Vz € XOx 12
N—— 2

singular component
J-'Byi(r) ife>0
IB,(r) ife=0

@ The best constants in the embeddings Y> C Y! C Y? are ¢— independent

o B.(r)={ze H?: Izl 22 §r}:{ closed in H?



MPZ’s Theorem

Main Theorem

(H1) 3rp > 0 : B.(ro) uniformly exponentially attracting in Hg
(H2) 3r1 > ro, 3t > 0: S (1)B:(r1) C Be(ro), Vt > 1,
(H3) 3k € (0,1],3F € ND: Vz; € Be(r1) and ||z2[]p0 < 7

IS=(1)z1 = Se(z2llpg < F(r)e" " |lz1 = 2250
(H4) 3k € (0,1],3K =K(¢) > 0:

sup [|Se(t1)z — Se(B2)zlle < K|t — 02|, Vi1, 12 € [t 28]
z2€B.(rp)

(H5) A > 0,3\ € (0,1) : S. = S.(t,) satisfies
Sez1 — Sezo = Le(21,22) + Ke(21,22), V21,20 € Be(r1)

ILe(z1,22) 300 < Allzt — 22300 [[Ke (21, 22) ([0 < Allzt — 2230,



MPZ’s Theorem

(HO) SUp,cy, 51, SUPep. () IS, (02 = So(1)Ty 'zllpe, < Cef, Ver > €2 >0

(H7) 1. supte[r”zh] suszBEl (1) HSEI (I)Z - S€2 (t)ZH’H(E)Z S FO <€1;2152>

Ve > ex >0,

. or
1L SUPycf, 21, P, (1) 15, (02 = Ses (1)2llg < Fo(252)
Ver > e, >0

= 3E. C B.(rp) such that {&.}. is (Holder) continuous family of
exponential attractors for {S.(7) }-



t
Memory variable: 7'(s) = / Bo(x(t — 7))dt
0

0#p=—K ¢ L'(RT) [:30>1,36 > 0: pu(s)<Ou(o)e 6= s>0>0
1 /s
Rescaled memory kernel: p.(s) = a(ks(s)) = §M<g)
{O,x(t)—l—/ ke(s)Bo(x(t — s)s+B; (x(¢))=0, t > 0
0

x(t) =x(), t<0
J  integrating by parts

0ux()+ | 1:6)1 (515 + 81 (x0) = 0

om' =—0sn" +Bo(x(1))
x(0)=xo = x0)
1°(s)=mno(s) = Jo Bo(¥(—0))do



The extended phase-space

For each ¢ & (0, 1] the memory variable n € Y2 = L} (R*; Y?)
Y is reflexive Banach space

Iy = [ ) (s s

For each ¢ € [0, 1], the first component x € X" reflexive Banach space
For ¢ € [0, 1] 3 solution operator S¢ () : H2 — H? where

o JXOxY? e>0 ~ Ju(@),n) >0
77[5_{)(0><{0} £=0 Sa([)z_{(u(z),()) e=0

Scaling (in the memory variable)

Jo: Y0 = Lie RT;7%) = ¥ = Li(ﬂv; YY)

o) ="z tn)s) = vn(?)

N
9



Preliminary remark

(H3) S.(¢) Holder in z at fixed =
(H7)I S.(r) Holder in ¢ at fixed 1 < (H7)IL S.(¢) Holder in ¢ at fixed ¢

Lemma (1 technical lemma)

Letey > ey > 0and z € B, (r), for somer >0 (= z € 7-[(6)2)
= dco > 0 such that

g1 — &2
Il < cor+ FFo(S572),

with a, F and Fy as in

~ — €1 —¢&2
le = 36,35 2l < FUIQelly2)Fo (Z572), Vo1 222> 0
N—— 2

memory component

whenever z € X° x le




iz
Apply EMZ+MPZ to (S-(t,), B (r1))

o [(H2), (H3), (HS), (H7)]/=, give all the assumptions of EMZ but one.
Se —S ( ) Bl(rl) —)Bl(r())

I~

SUP e, (1) 182, x — 52XHH0 < cley — P fore; > g5 > 0?2
® SUP.cR,(r) NS EZZH'HO < F()(E1 262)7 Ver > e >0,

® [[Se,z=Se,zllag < [18e,2—Sozllyo + 1Sesz—Sozllpe < C(eh+¢8) < Cel,

Lemma (2" technical lemma)

Givena > 0, 8> 0, Fy € NDy
(< Fp: [0,00) — [0,00)  Holder at O with Fy(0) = 0)

= E|K>O,'y>0:min{Fo<%>,e?} <K(er—e),1>e1>6 >0




iz
EMZ Theorem =

° El{ﬁg}ae[o’l], D. C B, (ro) compact in HY

° §513€ C 736 and dimH? (138) <C

® Fw > 0: distyp (S!B) (r9), D) < Ce™"

e I e (0,1): distz?m(ﬁel,ﬁsz) < Cley — &a|?



2 iz
D. for S. = S.(t,) such that {D.}. globally Holder
Q@ D. =5.3-'D.c B.(ry) (35" =10)
D. C By(ro) and D, = S.3-'D. =
D. C SI7'By(r0) = SeBe(r0) C Be(r0)
Q S.D. =S8.3'S.D.cS.3-'D. = D.
@ D. compact in H? and dimy (D) < C
(%) ST :Bi(ro) — Be(ro) satisfy

183 2 — Ssjg_lzzﬂyg = |[Sezs —§€Z2IIH? < Cllz1 — ZZH’H‘I’
(%) = D. compact in H R R
(%) = dimgp (D) = dimgy (.37 'D:) < dimyy(De)< C
Q Jw > 0: distyo (SEBe(r9), De) < Ce™", S =S:0---08;
n times
dist}}o"(Dz, Do) < ce?

39 € (0,1) : .
° (0,1) dlSt;_)g)n (D¢,,D.,) < C(e) — 52)79, Ver > e3> 0
€



Details of the proof 3 step

. continuous exponential attractors for S.(z) such that
{&.}. globally Holder

Q & CB.(ro) (<= S:(t)B(r1) C Be(ro), ¥Vt > 1)
Q S (1) = UTE[Z*,Zt*] Se(t+7)D:C &
@ &. compact in H? and dimHg E<C
<= Se [t 20) X Be(ro) — Be(ro)  S-(7.2) = S-(7)z k—Holder Ve
Q &. exponentially attracting in H? uniformly in e
Transitivity of exponential attraction: FGMZ 2004

(H1)=B.(ro) uniformly exponentially attracting
distyo (S (1)Be(ro), &) < Ce ™!
(H3)= S.(t) Holder continuous in the initial data

@ & Holder continuous in € <= same property for D, and
Ife; =€ > ¢ =0, (H3) (H6)
Ife; > e, > 0, (H3) (H6) (H7)+ 1°" and 2 technical Lemmata
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