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Overview

@ Linear Fokker-Planck equation, harmonic potential
® Coupling to Stokes system

©® Local Existence

O Global existence, small data

® A Regularization

® Baby Oldroyd B
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Planck -~ € ~ ~
Def(x,6.8) + | 5L = (Vat) T| € Vef = —elPF(x.€.1)
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Linear Fokker
Planck

Def(x,€,t) + [

Lagrangian solution

€

R2

I— (Vau)T| € Vef = —€l¢2F(x,€,1)

Dt:8t+U'vX
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Linear Fokker
Planck

Def(x,€,t) + [

Lagrangian solution

€ ~ A~
Fal = (Vo) 7| € Vef = —el¢[F(x.€, 1)
Dt == 815 +u- VX

diven(mf)(€) = =€ - VeF(€)



Oldroyd B
Models

Peter
Constantin

Linear Fokker
Planck

Particle paths

Def(x,€,t) + [

Lagrangian solution

€ ~ A~
Fal = (Vo) 7| € Vef = —el¢[F(x.€, 1)
Dt == 815 +u- VX

diven(mf)(€) = =€ - VeF(€)
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Particle paths

Dt?(XaEa t) + [

Lagrangian solution

L (V)| € VeF = —elgPF(x.6.)
D = 0:+u-Vy
divem(mF)(€) = —€ - VF(€)

0eX(a,t) = u(X(a, t), t)
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Planck €

Def(x,6.8) + | 5L = (Vat) T| € Vef = —elPF(x.€.1)

Dt:8t+U'vX

diven(mf)(€) = =€ - VeF(€)

Particle paths
0eX(a,t) = u(X(a, t), t)

with X(a,0) = a.
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Lagrangian solution

Linear Fokker

Planck €

Def(x,6.8) + | 5L = (Vat) T| € Vef = —elPF(x.€.1)

Dt:8t+U'vX

diven(mf)(€) = =€ - VeF(€)

Particle paths
0eX(a,t) = u(X(a, t), t)

with X(a,0) = a. Let

g(a,t) = (Vxu)(X(a, 1), t)



Let

%cb(a, t)=—g(at) d(a,t)
®(a,0) =1

«Or «Fr «E>»

«E)»

DA
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Let

ditCD(a, t) = —g(a, t)TCD(a7 t)

®(a,0) =1 and let

£(a,n, t) = eR B(a, t)n

We write now

F(a,n, t) = f(X(a,t),&(a,m, 1), t).
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Planck

Let

ditCD(a, t) = —g(a, t)TCD(a7 t)

®(a,0) =1 and let

We write now

Then

£(a,n, t) = eR B(a, t)n

F(a,n, t) = f(X(a,t),&(a,m, 1), t).

dt

d
F(a7 7, t) = _6’6(37 m, t)‘2F(av m, t)
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Linear Fokker
Planck

Let

ditCD(a, t) = —g(a, t)TCD(._:J7 t)

®(a,0) =1 and let
&a,n,t) = eR 0 (a, )y
We write now
F(a,n,t) = F(X(a,t),&(a,n, t), t).
Then

d
EF(aa 7, t) = _€|€(aa m, t)‘2F(a7 7, t)

and, integrating we obtain

F(a,n,t)=e"¢ Jo |§("’7’775)|2ds/f\(a7 n,0)



Now we invert the linear map n — &(a, n, t),

«O>r «Fr <

it
it
v
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Now we invert the linear map n — &(a,n, t),

n(a,&,t) = e R W(a, t)¢

where W(a, t) = ®(a, t)~! obeys

%\U(a, t) = W(a, t)g(a,t)".

with initial data W(a,0) = 1.
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n(a,&,t) = e R W(a, t)¢

where W(a, t) = ®(a, t)~! obeys

%\U(a, t) = W(a, t)g(a,t)".
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Now we invert the linear map n — &(a,n, t),

n(a,&,t) = e R W(a, t)¢

where W(a, t) = ®(a, t)~! obeys

%\U(a, t) = W(a, t)g(a,t)".

with initial data W(a,0) = I. Reading F at = n(a,&, t) for
fixed & and substituting we obtain

?(X(a’ t)7 67 t) = e_efOt ‘g(aan(avg7t)vs)‘2ds%(a’ eifgigW(a, t)g)

where fo(x, €) is the Fourier transform in m of the initial data
fo(x, m) = f(x, m,0).



“back-to-labels” map A(x, t), inverse of X(a, t).
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it obeys
DM = M(V,u)™
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Planck

“back-to-labels” map A(x, t), inverse of X(a,t). Let
M(x, 1) = W(A(x, 1), 1)

it obeys
D:M = M(V,u)"
with initial data M(x,0) = I. Reading f at a = A(x, t)
/f\-(X, é" t) — efﬁfot |£(A(X,t),?](A(X,t),g,t),S)|2ds
< fo(A(x, t), e~ 7 M(x, t)€).
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“back-to-labels” map A(x, t), inverse of X(a,t). Let
M(x, 1) = W(A(x, 1), 1)

it obeys
D:M = M(V,u)"

with initial data M(x,0) = I. Reading f at a = A(x, t)

/f\-(X, 57 t) — efﬁfot |£(A(X,t),?](A(X,t),g,t),S)|2ds
<To(A(x, t), & # M(x, )€).

We compute
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Linear Fokker
Planck

“back-to-labels” map A(x, t), inverse of X(a,t). Let
M(x, 1) = W(A(x, 1), 1)

it obeys
D:M = M(V,u)"
with initial data M(x,0) = I. Reading f at a = A(x, t)
/f\-(X, é" t) — efﬁfot |£(A(X,t),?](A(X,t),ﬁ,t),S)|2ds
< fo(A(x, t), e~ 7 M(x, t)€).

We compute

e(t—s)

§(A(x 1), n(A(x, 1), €, t),5) = e 7 Q(x,t,5)¢




f(x,6,t) =

2¢(t—s
e—e fote R |Q(X,t,$)£|2ds

B (A(x, t), e 7 M(x, t)€)

<O «Fr «=H»

«E)»
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Linear Fokker > o t e  RZ x.t.s 2d5
Pllanck f(X7€’ ) = e EfO |Q( 5Ly )§|

o~

< Ty (A(x, t), e R’ M(x, t)€)

where

Q(x,t,s) = q(A(x, t),t,s)

and
q(a, t,s) = ®(a,s)V¥(a, t)

q(a, t,5) = [(VaX(a,5)) 17 (VaX(a, 1))
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2¢(t—s)
Linear Fokker > o t e  RZ x.t.s 2d5
Pllanck f(X7€, t) = e EfO |Q( 5Ly )fl

o~

< Ty (A(x, t), e R’ M(x, t)€)

where
Q(x,t,s) = q(A(x, t),t,s)
and
q(a, t,s) = ®(a,s)V¥(a, t)
qa, t,5) = [(VaX(a,5)) 17 (VaX(a,1)"
and

Mk,'(X, t) =

(A(x, t), t).
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Linear Fokker
Planck

Added stress tensor:
o(x,t) :/ (m® VRU)f(x,m, t)dm
meRd

in the harmonic case

O'U(X, t) = —RZ p(x, t) fot e R?
T
t



We denoted by p(x,t) = f(x,0,t) = Jga F(x, m, t)dm.

«O>r «Fr «=>»

«E)»
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p(x,

t) =

th = [ f(x,m, t)dm

Dep=0

~

fo(A(x,

t)) = po(A(x, 1))
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We denoted by p(x,t) =

XOt = [ f(x,m, t)dm

Dip=0

x, 1)) = po(A(x, 1))

te 7 (VaX(A(

tfs)

QT (x,t,5)Q(x,t,s)ds

, )J)) o(A(x, 1))(VaX (A(x 1), 1)) T
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We denoted by p(x,t) = f(x,0, t) = [ f(x,m, t)dm

Thus

Dep=0

~

p(x; t) = fo(A(x, 1)) = po(A(x, t))

tfs)

(x t) 2 0(x,t) [y e~ QT (x,t,5)Q(x,t,s)ds
+e R2 (VaX(A( ’ )7t)) O(A( ’t))(vaX(A(X7 t)vt))T

where

Qx, t,5) = [(VaX(a,8)) 1T (VaX(a, 1)) sy
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and

dsq(a, t,s) = —g'(a,s)q(a, t,s)

g(a, t,t) =1,

q(a, t,0) = (V.X(a,t))".
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Planck and

g(a, t,t) =1, gq(a t,0)=(V.X(a,t)7.

Passing to Lagrangian variables, integrating by parts and
returning to Eulerian variables:

T(X7 t) = U(Xa t) - p(X7 t)]I =
2¢(t—s)

20(x,) [ & QT (x, £, )S(X(ACx, 1)), 9)Qx, . 5)5
+e R (V. X(A(x, t), t))10(A(x, 1)) (V. X(A(x, t), 1)) T
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Linear Fokker
Planck

dsq(a, t,s) = —g'(a,s)q(a, t,s)
and

g(a, t,t) =1, gq(a t,0)=(V.X(a,t)7.

Passing to Lagrangian variables, integrating by parts and
returning to Eulerian variables:

T(x,t) = o(x, t) — p(x, t)[ =

2¢(t—s)

20(x,) [ & QT (x, £, )S(X(ACx, 1)), 9)Qx, . 5)5
+e R (V. X(A(x, t), t))10(A(x, 1)) (V. X(A(x, t), 1)) T

where



Oldroyd B
Models

Peter

Constantin

Linear Fokker
Planck

dsq(a, t,s) = —g'(a,s)q(a, t,s)
and

g(a, t,t) =1, gq(a t,0)=(V.X(a,t)7.

Passing to Lagrangian variables, integrating by parts and
returning to Eulerian variables:

T(X7 t) = U(Xa t) - p(X7 t)]I =
2¢(t—s)

20(x,) [ & QT (x, £, )S(X(ACx, 1)), 9)Qx, . 5)5
+e R (V. X(A(x, t), t))10(A(x, 1)) (V. X(A(x, t), 1)) T

where

S(x,£) = 5 [(Vxti(x,£) + (Viu(x, £)

N -

is the rate of strain.



(6] = sup
X7£y

|¢(x) _ ¢(y)|

|X—y|a
with 0 < a < 1.

(O @ (=»

«E»

Q>



(6] — sup
with 0 < o < 1. Let

|¢(x) _ ¢(y)|

x#£y |X—y|a

(O @ (=»

«E»

Q>
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v(t) = suplg(a, )| = [Vt t)l| ()
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Back-to-labels is Lipschitz
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Planck

with 0 < a < 1. Let
V(t) = suplg(a, s)| = [[Vxu(:, t)l oo (ax)
a
Back-to-labels is Lipschitz

sup |A(X7 t) — A(y7 t)| < efot ~(s)ds
XAy ‘X - y|
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[¢]a = sup ’ ( ) c(x )’
Linear Fokker X#y ’X - .y|
Planck

with 0 < a < 1. Let
v(t) = sup g(a;s)] = [ Vxu(:, t)| Lo (ax)

Back-to-labels is Lipschitz

sup |A(X7 t) — A(y7 t)| < efot ~(s)ds
XAy ‘X - y|

Q is Holder

. t
QG £.5)], < Cel 2% (9,4, 2)]de.
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e ety e 130, T; CL(RY). Then T =0 — pl obeys

17, )l
< Cllpolle= Jy exp {242 +2 [y dZ}v’( )ds
+C||TOHLooeXp{ 26t—|—2f0’y }

[ ( )] < Ce (2+20) fo S)ds{[po] f exp 2€(t 5))7(S)ds
2e(t s))

+||po||Loo Jo exp
$) JHVxu(-, 2)ladz + V. 5)la ) ds

[[To]aJrHToHLoofo[qu $)ladt] exp (~25) |
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—Ayu+ Vyp = kdivyo,

div,u =20
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Stokes system driven by particles

—Ayu+ Vyp = kdivyo,
divx (o) = divy(7) + Vip

div,u =20
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Stokes system driven by particles

—Axu+ Vyp = kdivgo, divyu =20
divx (o) = divy(7) + Vip

—Ayu+ Vyp = kdivyr
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Stokes system driven by particles

—Axu+ Vyp = kdivgo, divyu =20
divx (o) = divy(7) + Vip

Coupling to
Stokes system

—Ayu+ Vyp = kdivyr

B = —kRmRa(T™)
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Stokes system driven by particles

—Axu+ Vyp = kdivgo, divyu =20
divx (o) = divy(7) + Vip

Coupling to
Stokes system

—Ayu+ Vyp = kdivyr

B = —kRmRa(T™)

u' = kAT

/N

Ri(r) + R,-RmR,,(T’""))
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Stokes system driven by particles

—Axu+ Vyp = kdivgo, divyu =20
divx (o) = divy(7) + Vip

Coupling to
Stokes system

—Ayu+ Vyp = kdivyr

B = —kRmRo(r™)
o = kA (R(7) + RiRmRa(7™))

RI(~") + RiRmRa(7™))
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Coupling to
Stokes system

Viu= kRt

Theorem
There exists a constant C depending only on d and « such
that, for any o,

1155, 512

R& 00 (dx S C 5 00 (dx 1+|0g ].
IR || oo (dx) 17 oo () e

where
o™ (

__~mn
[0]a = max sup x) Ua )l
m x#y Ix =y
and 0 < o < 1. There exists a constant C depending only on d
and « such that
[Rola < Clo]a
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Local
existence,
global
existence for
small data

Energetics

Ot [pa Tr odx + % fRdz|VxU|2dX
= — 25 Jpa Trodx + 25 [pa podx
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Local
existence,
global
existence for
small data

U =radial

Energetics

Ot [pa Tr odx + % fRdz|VxU|2dX
= — 25 Jpa Trodx + 25 [pa podx
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Local

existence,

global

existence for U _radial

small data

Energetics

8tf d Tr UdX+%fR(12|vXU|2dX
= —£5 Jpa Tr odx + £5 [pa podx

= 0 symmetric, non-negative.
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Local
existence,
global
existence for
small data

Energetics

8tf d Tr UdX—f—%fRdz|vxu|2dX
= —£5 Jpa Tr odx + £5 [pa podx

U =radial = o symmetric, non-negative.

lol(x, t)| < %Tr(o(x, t)).
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Local
existence,
global
existence for
small data

Energetics

8tf d Tr UdX—f—%fRdz|vxu|2dX
= —£5 Jpa Tr odx + £5 [pa podx

U =radial = o symmetric, non-negative.

|O’ij(X, t)] < %Tr(o(x, t)).

17 Ol ey < ClllToll 1 mey + [lpoll 1 (ra)]
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Local
existence,
global
existence for
small data

My = [l[poll 1 (rey + 170l 1)
Moo = [|pol| oo (re) + [ 70| oo (re)
and
M, = [pO]a + [TO]a

Deborah number
bk _ KR

Ko €
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Local
existence,
global
existence for
small data

Theorem

Let (10, p0) € LY(RY)2 N C*(R?)2. There exist constants

€ >0, > 2 and there exists a time Tg > 0 and a weak
solution (p,T) €

C([0, Tol, W=HP(RY)?) N L([0, To]; (C*(RY) N LY(RT))?),
1 < p < o0, satisfiying the equations in weak sense, and such
that

_d o
Dko ToMoo {1 + log (1 + Mg M M;o1> } > ¢

and
loC Ol ey + [17( )l oo (may < T M,

(s ) oo ey + (75 )| Lo (rey < TMog

and
[p('7 t)]a + [7’(‘7 t)]a < rMa
hold on [0, Ty).
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corter Let (10, po) € (LX(RY))? N (C*(RY))?, 0 < a < 1. There exists
€1 such that, if

_d o
DM, {1 + log (1 + MM /v/f+a> } <e

Local

ZT;?:FCE’ then there exists a unique global weak solution of (1, p) €
S L([0,00), (LHRT) N C*(R))?) N C([0, 00), (WLP(R))?),
p <oo.

1
_ wu(-t - < K —kKot
KOHV u(, t)ll o (rey < Ke

1
—[Vxu(:, t)]a < Ke "ot
Ko

[7(, )] < Ke ™",
I7(, )| Lp(ray < Kpe™ ™"

oG )llee = llpollee,  [o( D)la < K.
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Uniqueness

d

dt

X = F[X]
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Uniqueness
d

—X = F[X
p” [X]

0) = a, where X = X(a, t) is viewed as an element of

with X(a
= C([0, T], Cto(RY)).

o[X](a, t)
= 2Kopo(a f ~2ro(e= s)q(a’ t,s)q(a t,s
+e 2 (VX (a, )oo(a)(VaX(a, 1)
q(a, t,s) = g[X](a, t.s) = (VaX(a, 1))(VaX(a,5)) 7

7[X](a, t) = o[X](a, t) — po(a),

mx(x,t) = 7[X](X"L(x, 1), 1),
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uk(x,t) = kN"HRITYE + RiRmRa(TH")).
We write symbolically

ux = kA"TH(7[X] 0 X7) = kA"H(7x)
where H stands for the combinations of Riesz transforms

Himn = 6imRn + RiRmRy
Finally, we compose with X(a, t)
Fi[X](a,t) = uk(X(a, t), t).

Thus, F[X] is obtained via the succession of compositions

X = 7[X] = 7x = 7[X] 0o X1
— ux = k/\_lH(Tx)'—> F=uxoX
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The norm in X is
[ X[l == sup ||X('at)||C1v‘1(Rd)
0<t<T

We consider a fixed constant M and the set

D::{XEX\X(O a) = a,

1 <detV.X(a,t) <3, [X|lx < M}

The initial data for the PDE serve as parameters in the
definition of F. We wish to show that two solutions X; € D
and X, € D correspondingto the same pg, 79, are identical. In
order to do so we establish

I(DFIXDYlx < LI Ylx

with a uniform constant L that depends on M.
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(DF(X)Y)(a, t) = k {ATH((D7[X]Y) 0 A)} (X(a, t), t)
HKIXTY)(a, t)

(K[X]Y)(a,t) = (Vxux)(X(a, t),t)Y(a, t)
—k(ATH((Varx)(Y o X)) (X(a, t), t)

Y + K[X]Y is a bounded linear operator in C(0, T; (C1*)9)
with norm uniformly bounded for X € D. Becuse composition
with X~ and composition with X are both bounded linear
operators C1® — CL, with norms controlled by M, the
boundedness of K[X]Y is equivalent to the boundedness of the
map
¢ L[X]¢

where

P(x,t) = Y(X(x, t),t)

nd
i (LIXI6)(x, £) = K(V:A~1Elrx ) (x, £)(x, 1)

—k(NTH((Vxx)9))(x, t)-



Oldroyd B
Models

Peter
Constantin

Local
existence,
global
existence for
small data

(LIX16)" = k [¢POpN  Himn 7" — A Himn(¢P0p7")]
¢ = N Himn((9p0°)7X")

is bounded as a linear map from C(0, T; [C}?]9) to itself.
¢ = N Hima((9p0P)7X")

is bounded as a linear map from C(0, T; [C}?]9) to itself. For
the undifferentiated part, 7x € L} N L%, (0,¢P)7x € L1 N L.
The commutators

¢ = OPRpimn(TX") — Rpimn(PpTX ")

are bounded as operators from C(0, T;[C%?]9) to itself. This
quite obvious for smooth 7x but a little less obvious for
x € ¥ = C(0, T; [C(RY) N LY(RY)]F).
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The commutators are
/R K= y)(6() ~ 6)rx(y)ely

The kernel K is smooth away from the origin and is
homogeneous of order —d. Differentiating in some direction
and writing K’ for the singular (of order d 4 1) kernel obtained
by differentiating K, we have

TIX]é = P.V. / K'(x — y)(6(x) — 6(y))x(v)dy

The kernel (x — y)K’(x — y) is homogeneous of order —d. It
might have nonzero average on the unit sphere. Nevertheless,
we subtract the value V¢(x):

Ti[X]6 = [ dA{P.V. [ra(x — y)K'(x — y)
X [Vxp(x + M(y — x))) — Vxp(x)] 7x(v)dy }
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The contributions left from the average on the unit sphere,
when nonzero, are a constant multiple of (Vx¢(x))7x(x) and

Vxd(x) Tamx(x),
Ta(7x)(x) = /Rd(x = Y)K'(x = y)(7x(x) = 7x(v))dy
both bounded with values in C%. The fact that T1[X]¢ is

bounded in C%, and similarly, that T»(7x) is a Holder

continuous function are classical. We have one more term in
DF[X], namely

Y = k(ATH((DT[X]Y) 0 X 1)) 0 X
Its boundedness is equivalent to the boundedness of maps
¢ — N H(gx Vo)
in CL* where gx is in X. Derivatives:

¢ — R(gx Vo)

No derivatives: the L boundedness follows as above from
exVo e RNV
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|m|?
Ulm) = g2
1
A o(x,t) = Rg/(m@) m)f(x, m, t)dm
Regularization
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Constantin

Dif + divy((Vxu)mf) = ediv(f(Vm(log f + U)))

ml2
U(m) = ’2R|2
1
éegularization o(x,t) = R2 /(m ® m)f(x, m, t)dm
Closed equation:
2¢ 2¢

Dro = —R27 + (Vxu)o +o(Veu)" + ﬁpﬂ

p(x,t) = / f(x,m, t)dm
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Dif + divy((Vxu)mf) = ediv(f(Vm(log f + U)))

|m|?
Ulm) = Sz
1
A o(x,t) = 2 (m® m)f(x, m, t)dm
Regularization
Closed equation:
2¢ 2e

Dio = -l (Vxt)o +o(Viu)" + ﬁpﬂ

p(x,t) = / f(x, m,t)dm

conserved on particle paths.
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Regularization

coupling to NS, controlled loss of regularity, proof in
Littlewood-Paley.
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A L*(dt; BMO)
Regularization

coupling to NS, controlled loss of regularity, proof in
Littlewood-Paley. Coupling to Stokes: simple proof: in WP,
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Chemin, Masmoudi, also Titi, Kupferman
o € L(dt; L°(dx))
Lei, Masmoudi, Zhou

A L*(dt; BMO)

Regularization

coupling to NS, controlled loss of regularity, proof in
Littlewood-Paley. Coupling to Stokes: simple proof: in WP,
p>d.y=|cllwie,

dy

s C(llollamo) y log(2 + y)

For the case of compact manifolds, o € L™ is automatic.
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Constantin

Chemin, Masmoudi, also Titi, Kupferman
o € L(dt; L°(dx))
Lei, Masmoudi, Zhou

A L*(dt; BMO)

Regularization
coupling to NS, controlled loss of regularity, proof in
Littlewood-Paley. Coupling to Stokes: simple proof: in WP,
p>d.y=|cllwie,

dy

s C(llollamo) y log(2 + y)

For the case of compact manifolds, o € L™ is automatic.For
the co-rotational case there is a maximum principle.



Oldroyd B
Models

Peter

Constantin

Global existence with locally growing R

Separation of scales: local equilibrium, adiabatic parameters
p(x,t), R = R(x,t)

A
Regularization



Oldroyd B
Models

Peter
Constantin

Global existence with locally growing R

Separation of scales: local equilibrium, adiabatic parameters
p(x,t), R = R(x,t) coupled back to fluid through o anyway

A
Regularization



Oldroyd B
Models

Peter
Constantin

Global existence with locally growing R

Separation of scales: local equilibrium, adiabatic parameters
p(x,t), R = R(x,t) coupled back to fluid through o anyway
so take:

D:R = 4[|Vxul]R

A
Regularization



Oldroyd B
Models

Peter
Constantin

A
Regularization

Global existence with locally growing R
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so take:

D:R = 4[|Vxul]R

d(g) is a smooth nonnegative function of one nonnegative
variable g, that vanishes for g < 5 and
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Global existence with locally growing R

Separation of scales: local equilibrium, adiabatic parameters
p(x,t), R = R(x,t) coupled back to fluid through o anyway
so take:

D:R = 4[|Vxul]R

d(g) is a smooth nonnegative function of one nonnegative
variable g, that vanishes for g < 5 and

0 ifg <35

6@ ={ &g s
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Global existence with locally growing R

Separation of scales: local equilibrium, adiabatic parameters
p(x,t), R = R(x,t) coupled back to fluid through o anyway
so take:

D:R = 4[|Vxul]R

d(g) is a smooth nonnegative function of one nonnegative
variable g, that vanishes for g < 5 and

£/ = Covrk?>+g2% ifg>k
6'(g)| < 2Co

for all g > 0.
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Theorem
(P.C., W. Sun) Assume that the initial distribution fy and Ry
satisfy

SUPxcRd fRd fb(Xa m)(l + |m‘2)dm < o0
RO(X) > Rmin >0,
o IV Ro()[Pex < o0,
Joo (Jga (1 + [m[?)|Vifo(x, m)|dm)® dx < oo

with p > d. Then the solution exists for all time, is unique and
obeys the a priori bounds
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Theorem
(P.C., W. Sun) Assume that the initial distribution fy and Ry
satisfy

SUPxcRd fRd fb(Xa m)(l + |m‘2)dm < o0
RO(X) > Rmin >0,
o IV Ro()[Pex < o0,
Joo (Jga (1 + [m[?)|Vifo(x, m)|dm)® dx < oo

with p > d. Then the solution exists for all time, is unique and
obeys the a priori bounds
2ckt de
sup Tr(o(x,t)) < e sup Tr(oo(x)) + —F45—lroll oo (rey
X X CKRmin

V<o (- t)ller(ax) < €
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Improved dissipation:

2¢ 2¢ 2D:R

Dio = (Vyu)o + o(Viu)" — i ﬁpﬂ ——R 0
Results in
B 2ckt de
Regularization sup Tr(o(x,t)) <e sup Tr(oo(x)) + —F45—lroll oo (rey
X X C'%Rmin

Danger: gradients: VR grows, Vyp grows.
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Results in

de
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X X min

Danger: gradients: VR grows, Vp grows. But R3 beats
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Regularization

Idea of Proof

Improved dissipation:

2 2 2D:R
Do = (Vxu)o + o(Veu)T — R—Za + R%pﬂ -

g

Results in

de
sup Tr(o(x, t)) < €2t |sup Tr(og(x)) + 2||p0||Loo(Rd):|

x x ckRZ .

Danger: gradients: VR grows, Vp grows. But R3 beats
ViR:

[V R(x,t)] ckt
Rip) = e

((eelplel 1 d 19, V(X (A(x, 1), ), 5)ds )



and R? beats V,p:

<O <Fr o«
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‘VXP(X7 t)| ecnt
R(x, t)2 < CR2‘ [Vapo(A(x, t))].

A(x, t) “back-to-labels”.

D:(y(x,t)) < 3cry(x,t)
+C(t)z(x, t) + D(t) [y z(X(A(x, t),s),s)ds + E(x, t)

A
Regularization Where

y(x,t) = |Vxo(x, t)],
z(x,t) = |VxVyu(x, t)]
C(t), D(t) = explicit exponentials in time
E(x,t) =

co5 {|VapolAx, 1)) + TR}

e
RZ. Rrmin
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Integrations, using incompressibility.
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R(x, t)2 < CR2‘ [Vapo(A(x, t))].

A(x, t) “back-to-labels”.

D:(y(x,t)) < 3cry(x,t)
+C(t)z(x, t) + D(t) [y z(X(A(x, t),s),s)ds + E(x, t)

A
Regularization Where

y(x,t) = |Vxo(x, t)],
z(x,t) = |VxVyu(x, t)]
C(t), D(t) = explicit exponentials in time
E(x,t) =

C | Vapo(Alx, 1) + [TRAx 01}

e
2
Rmin

Integrations, using incompressibility.
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Blow up 1d
2 2
Dio = 2koHo — R—ZJ + R—Z

H Hilbert transform. Baby vorticity trick: z= Ho + io.

2 2
th:kz2—F\)—Zz—l—/R—e2

Scalar, 1D.
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Blow up 1d
2¢ 2¢
Dio = 2koHo — ﬁa + e
H Hilbert transform. Baby vorticity trick: z= Ho + io.
2 .2
Diz = kz® — R—ZZ—!— /R—Z

Scalar, 1D. Does not obey the energy principle.
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Dissipative structure, 2D

a(x,t) = %( Hix, t) -

a?(x, 1)),

b(x, t) = o?(x, t) = o?L(x, t),
c(x, t) = atl(x, t) + 0%?(x, t) = Tr(o(x, t))

Dia = —wb+ \c — R2a

Dib = wa+ pc —
Dic = 4)\a+4ub—
Dtp—O

b
C+4R2,0
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Dissipative structure, 2D

a(x,t) = 3 (a1 (x, t) = 0?(x, 1)) ,
b(x, 1) = 012(x, 1) = o7 (x, ),
c(x, t) = atl(x, t) + 0%?(x, t) = Tr(o(x, t))

Dia = —wb+ Ac — R2a
Db =wa+ uc — b
Baby Oldroyd Dic =4 a+ 4ub — C +45p
Dtp = O

1 1
w=0u?—dhut, \= 5(81u1 —(‘32u2), = 5(81u2+82u1)
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2D relations

A= 010x(—A)tw = Bw

p= o (08— 8) (~0) M = —Au
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where

and

2D relations

A= 010x(—A)tw = Bw

p= o (08— 8) (~0) M = —Au

A=

1
2

(2~ ) (-0) " = J(RE ~ RY)

B = 8182(—A)_1 =RR
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General considerations

2_b2>

4de
- R2

c2

4

<

—32—b2>+

2¢
Rr2PC
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General considerations

2 2
Cc 2 2\ 4e C 2 2 2¢
Dt<4—a—b>——l__\)2<4—a —b>+R2pC

This cancellation of nonlinearity is not surprising because

o2
7 a> — b? = Det (o)

and the determinant is conserved along particle trajectories if
e=0.
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Cor'?settael:tin D c? 242 4e [ 2 242 2¢
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This cancellation of nonlinearity is not surprising because

c? 2 _ 42

— —a° — b° = Det (o)

4

and the determinant is conserved along particle trajectories if
€ = 0. The matrix o is symmetric and positive by
construction, and is given in terms of a, b, ¢ by

o 5+a b
o b $—a

Baby Oldroyd
B



Oldroyd B
Models

Peter
Constantin

Baby Oldroyd
B

General considerations

2 2
Cc 2 2\ 4e C 2 2 2¢
Dt(4—a—b>——R2<4—a—b>+R2pC

This cancellation of nonlinearity is not surprising because

2

— — &% — b%® = Det (0)

4

and the determinant is conserved along particle trajectories if
€ = 0. The matrix o is symmetric and positive by

construction, and is given in terms of a, b, ¢ by

o 5+a b
- b $-a

The positivity of the matrix is equivalent (in this case) to the
positivity of the determinant, i.e. to

2
c 2 2

— —a* - b >0.
4



Because Det o > 0, ¢ controls v a2 + b2.

«O>r «Fr <

it
-
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Because Det o > 0, ¢ controls v/a? + b%. But, on the other
hand, growth without bound of ¢ on any trajectory, cannot
happen without growth without bound of v/a2 + b2 on the
same trajectory.



Oldroyd B
Models

Peter
Constantin

Baby Oldroyd
B

Because Det o > 0, ¢ controls v/a? + b%. But, on the other
hand, growth without bound of ¢ on any trajectory, cannot
happen without growth without bound of v/a2 + b2 on the
same trajectory. Indeed, if a particle path would be such that
Va2 + b? is bounded on it, but ¢ grows without bound or blows
up in finite time, then, for large enough time we would have

2
e [c 5 5 2¢
_R2<4_a_b>+R2pC§0

on the particle path (because p is bounded) and then, we
would arrive at the contradiction that ¢ remains bounded.
From its PDE we can write

R CUE e 7 (A, 1))+
Jrem®) (Aa+ b — &po) (X(A(x, t), 5), 5)ds
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Because Det o > 0, ¢ controls v/a? + b%. But, on the other
hand, growth without bound of ¢ on any trajectory, cannot
happen without growth without bound of v/a? + b2 on the
same trajectory. Indeed, if a particle path would be such that
Va2 + b? is bounded on it, but ¢ grows without bound or blows
up in finite time, then, for large enough time we would have

2
e [c 5 5 2¢
_R2<4_a_b>+R2pC§0

on the particle path (because p is bounded) and then, we
would arrive at the contradiction that ¢ remains bounded.
From its PDE we can write

c(x, t) = e " co(A(x, 1))+
2¢
Jrem®) (Aa+ b — &po) (X(A(x, t), 5), 5)ds
Thus, exponential growth or blowup of ¢ is possible only if

(Aa+ pb) has time integrals on particle paths that are positive
and grow exponentially or stronger, without bound.



Stokes relations

w=2k(Ab_ Ba)
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Consequently,

Stokes relations

w = 2k (Ab — Ba)

A =2k (—B?a+ ABb)
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Consequently,

and

Stokes relations

w = 2k (Ab — Ba)
A =2k (—B?a+ ABb)

=2k (ABa — A°b)
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D:a = —(A(b) — B(a))b + [-B?(a) + AB(b)]c —e1a
D:b = (A(b) — B(a))a + [AB(a) — ( )]C - E b
Dtc:4{[—B2(a)+AB( )]a—l—[AB( (b)]b}

—ete+2:71p
Dip=0
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D:a = —(A(b) — B(a))b + [-B?(a) + AB(b)]c —e1a
D:b = (A(b) — B(a))a + [AB(a) — ( )]C - E b
Dtc:4{[—B2(a)+AB( )]a—l—[AB( (b)]b}

—ete+2:71p
Dip=0

2 (Aa+ ub) =
aB(w) — bA(w) = —aB(B(a) — A(b)) + bA(B(a) — A(b))

Baby Oldroyd
B



Oldroyd B
Models

Peter
Constantin

Dia = —(A(b) — B(a))b + [-B?(a) + AB(b)]c —cla
D:b = (A(b) — B(a))a + [AB(a) — ( )]C - 6 b
Dic = 4{[—32(a)+AB( )]a—l— [AB(a) (b)]b}

—elc+2:e71)p
Dip=0

2 (Aa+ ub) =
aB(w) — bA(w) = —aB(B(a) — A(b)) + bA(B(a) — A(b))

Jr2 cx, dx+4fof e % Jra IB(a)(x, 5) — A(b)(x, 5)|2dx

= fRQCO )dx+21—e;f2pox
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T, ) =mo(t)+ D m(t)e*™

kez2\ {0}



Oldroyd B
Models

Peter
Constantin

Baby Oldroyd
B

Baby Oldroyd B

T, ) =mo(t)+ D m(t)e*™

kez2\ {0}

O = —7(A%T)



Oldroyd B
Models

Peter
Constantin

Baby Oldroyd B

T, ) =mo(t)+ D m(t)e*™
kez2\{0}
O = —7(A%T)
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Ah(€) = a(€)h(€)
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T, ) =mo(t)+ D m(t)e*™

kez2\ {0}

O = —7(A%T)
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Theorem .
(P.C. W. Sun) Let 7(x,0) =, 7x(0)e’* satisfy

71(0) = 7(0), > (1 + [k|)*|7k(0)] < Cs(0) < o0, s> 0,
k

and 70(0) > >, o |7«(0)[. Then the solution exists for all time
and obeys

T_i(t) = Tk (t)
S (1+ kD) I7()] < Cs(0)eX O < oo
k

and

ro(t) = 3 ()|

Kk#£0

which implies that T(x, t) remains smooth and positive.



Idea of proof
d7o

o

k#0

_Za(k)lek(t)P

(O @ (=»

«E»

Q>
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Idea of proof

dro _
dt

=D alk)Pm(t)?

k0
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Calculation... Results in:

d
s dlml=m ) < [ Do PWl| | DIl =7

1£0 Jj#0 10
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Idea of proof

drg
T = =3 alkPn(0)
k0
Calculation... Results in:

Sinl—m | < [ Wl | [ Y Il -

1£0 Jj#0 10

If the initial data is non-positive, the quantity remains non
positive. Thus we have the invariance of this cone.

> ()] < mo(t) < 70(0)
140

which implies an L* bound on 7.
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Idea of proof

drg
T = =3 alkPn(0)
k0
Calculation... Results in:

Sinl—m | < [ Wl | [ Y Il -

1£0 Jj#0 10

If the initial data is non-positive, the quantity remains non
positive. Thus we have the invariance of this cone.

Z |71(t)] < 70(t) < 70(0)
140

which implies an L* bound on 7. Rest:

d
S+ llnl < 2 ()2 | 3o+ 1)l
10 10
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