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What does the formula A and B are equivalent mean ?

A has a proof π i� B has a proof π′ (e.g. Py and Th)
A has proof π i� B has proof π

A ⇔ B v.s. A ≡ B
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Examples of ≡

• de�nitional equality in Martin-Löf type theory (and in theCal
ulus of Constru
tions, PTS, ...)
• 
omputational equality in Dedu
tion modulo (a theory =axioms + 
omputation rules)
• (the symmetri
 
losure of) a sub-typing relationLink with distin
tion ∧/∧ of 
onjun
tive types ?
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What impa
t on the notion of model ?

Can a model distinguish ⇔ from ≡ ?
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{0,1}, Boole and Heyting

{0, 1}-models: in a given model CH is valid (1) or not (0),ex
luded middle valid, JPyK = JThKRepla
e {0, 1} by a boolean algebra (e.g. P({π, e})): CH mayhave an intermediate value, ex
luded middle valid, JPyK = JThKRepla
e boolean by Heyting: CH may have an intermediate value,ex
luded middle not always valid, JPyK = JThK
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What is a Heyting algebra ?

Like a boolean algebra: an ordered setwith inf (for ∨, ∃ and ⊤) and sup (for ∧, ∀ and ⊥)
But a weaker 
omplement
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What are the key elements of a Heyting algebra ?The order ? Not reallyCorre
tion: De�nition of ∧̃, ⇒̃, ...

(a ∧̃ b) ⇒̃ a always in {Max}... (
losed by dedu
tion rules)Thus provable formulas are valid (stru
tural re
ursion)Completeness:
Γ, build a model that validates exa
tly Thm(Γ)
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Truth values algebras

〈B,B+, ∧̃, ⇒̃, ...〉

(a ∧̃ b) ⇒̃ a always in B+, ...Generalization of Heyting algebras
B-models: M = 〈M,B, f̂i, P̂j〉Completeness: for free (but simpler)Corre
tion: the 
losure 
onditions of B+ are su�
ient (minimal)
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An alternative presentation (due to Thierry Coquand)In a truth values algebra one 
an de�ne

a ≤ b i� a ⇒̃ b ∈ B+Veri�es all properties of Heyting algebras ex
ept one:antisymmetryA simple remark: antisymmetry is useless in the de�nition ofHeyting algebras, it 
an be droppedNothing else 
an be dropped: no more 
losure by dedu
tion rules
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What is the relation with ⇔ / ≡ ?

In a Heyting algebra, be
ause of antisymmetry
A ⇔ B validi�
JAK = JBKBut not in a TVA

⊢ (A ⇔ B) i� JAK ≤ JBK and JBK ≤ JAK

A ≡ B i� JAK = JBK
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An example of TVA that is not a Heyting algebra: {0, 1, I}

∨̃ 0 I 1

0 0 1 1

I 1 1 1

1 1 1 1same for ∃̃, ⊤̃, ∧̃, ∀̃, ⊥̃, but
⇒̃ 0 I 1

0 1 1 1

I 0 1 1

1 0 I I

B+ = {I, 1}, 0 ≤ 1, 0 ≤ I, I ≤ 1, 1 ≤ I
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Consisten
y

If there exists a (non trivial) TVA B su
h that T ,≡ has a B-model(M = 〈M,B, f̂i, P̂j〉) then T ,≡ is 
onsistent
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From 
onsisten
y to super-
onsisten
y

P −→ (Q ⇒ Q)has a {0, 1}-model JQK = 1, JP K = 1and a {0, I, 1}-model JQK = 1, JP K = 1 ⇒̃ 1A
tually: a B-model for all B
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From 
onsisten
y to super-
onsisten
y

P −→ (P ⇒ Q)a {0, 1}-model JP K = JQK = 1but no {0, I, 1}-model
⇒̃ 0 I 1

0 1 1 1

I 0 1 1

1 0 I I
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Super-
onsisten
y

If for all truth values algebra B, T ,≡ has a B-model then T ,≡ issaid to be super-
onsistent
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Examples

P −→ P ⇒ Q is 
onsistent but not super-
onsistent
P −→ Q ⇒ Q, P −→ Q ⇒ P , arithmeti
, simple type theory, ...are super-
onsistent
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Arithmeti
Arithmeti
 
an be presented in dedu
tion modulo (10 rules)An arbitrary TVA B

Mι = N

Mκ = BN...
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The theorem

In Dedu
tion modulo, if T ,≡ is super-
onsistentthen all proof in T ,≡ strongly normalize



Slide 19
The truth values algebra of redu
ibility 
andidatesSets of proofs

a ⇒̃ b: set of strongly normalizing proofs π s.t.. if π redu
es to
λα π1 then for all π′ in a, (π′/α)π1 is in b

∀̃ A: ......
C+ = CAlways a ≤ b (not antisymmetri
, one point quotient)
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Proving normalizationwithout knowing what a redu
ibility 
andidate isJust prove super-
onsisten
yNo need to know what a 
andidate isThe 
andidates are hidden in the proof that super-
onsisten
yimplies normalizationExplains why the 
hoi
e among the thousand variants of
andidates is immaterialThe 
andidates: only their algebrai
 stru
ture matters
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Another 
ut elimination proof (joint with Hermant)Another truth values algebraCandidates : sets of proofsRepla
e proofs by their typesSets of sequents�Semanti
� 
ut elimination proofs: justA generalization of V -
omplexes
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Open problems

Are there theories that strongly normalize without beingsuper-
onsistent ? (For 
ut elimination yes (Hermant))
L.-S. ? (2ℵ0)


