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Overview

Equational logic, the logic for equality withirsets is used throughout
computer science.

The aim of our work is to lift this well understood logic, withinimal
redesigning, to the world afominal sets

This will allow us to reason about equality judgements tmatraodulated
by freshness judgements;

a # xr = x = A\a.z a (n-conversion)
and about freshness judgements directly:

a # Aa.x (a-conversion)




Signatures

An NEL-signatureX is specified by
e A setSorty, thesortsof X:;
e A nominal set Opy., theoperation symbolsf 3;;

e An equivariant function assigning to eaah € Opy, an aritys — s,
wheres is a (possibly empty) list of sorts.

The equivariance of the arity functions means thyaand= - op have the
same arity for any permutation

We can splitOpy, up into nominal subsetSpy. (s, s) for each aritys — s.

Example: Nominal substitution (Fiore & Staton, LICS 2006):
Sorty, = {s}, Opx([s],s) = {[b/a] | (b,a) € Atom x Atom}




Structures
A X-structureM is specified by
e A nominal setM [s] for each sort € Sortsy;

e An equivariant function

M[=]: Opx(s,s) = (M[s] — s M[s])

for eachs,s = [sq,...,s,]|, whereM[s] is the product
Ms1] x -+ x M[s,].

So eachM [op] is a finitely supported function. The requirement that
M —] be equivariant ensures that# op — a # M|op].




Termsand Values
Given a countably infinite saftar of variables;
t=mx|opt---t
wherer is a finite atom-permutation; € Var andop € Opy.. Given an
assignment of sorts to variables, terms are sorted as onld exypect.
We write z for tx, wheree is the identity permutation.

Now suppose we havewaluationp mapping each variable of sorts to a
member ofM [[s]. Then thevalue M [t]p of termt is defined by:

Mlrz]p = - p(z)
Mﬂop t1 °'°tn]],0 M[[Op]](M[[tl]]p,...,Mﬂtn]]p) :




Judgementsand Theories

A freshness environmeRt is a finite list

(@1 # x1:S1,...,0n 3 Ty S
where eacla; is a finite set of atoms asserted to be fresh for the vartaple
A judgemenhas the form
VEagtrt s
wheret is a finite list of atoms anéd ¢" have the same sost We write
Vetxt :sforVEDQ# = :s;
ViEa#t:sforVEa#t~t:s.

A theoryT is a collection of judgements.




Algebras

Given a freshness environmeévitand valuatiorp, we writep € M [V] if
(@4 x:s) e Vimpliesa # p(x) € M[s].

A X-structureM satisfiesa judgement
VEa#t=t:s

if forall p € M[V], a#M][t]p andM[t]p = M[t']p. A T-algebrais a
structure that satisfies all the axioms of a theBry

We write

VEra#ta~t :s

If the judgement is satisfied by all-algebras.




Example: Nominal Substitution
Sorty, = {s}, Opx([s],s) = {[b/a] | (b,a) € Atom x Atom}
1. xFad b/alx

. xFla/alr = x

cagxt[b/alr =z

|
c/b]l¢/alx

. x F[c/b]lc/alx =~ [c/a]|c/blx
7. x - [d/bllc/alx ~ [c/al|d/blx

. x F [c/b][b/a]x
)

2
3
4. z + [b/a]la/blz =~ [b/d]z
5
6

(Fiore & Staton, LICS 2006)




Proof Rules|

ViEa#t=~t:s
(REFL) t HAS SORTSs (SYMM)
VEktat:s VEa#t ~t:s

Vka  #t~t':s Via#t ~t":s

(TRANS)

VE(@Uag) #t~t':s

ViForo :V ViEagt~t s
(SUBST) 0,0 € X(V,(V'))
ViFa#t{ict~t'{c'}:s

VEag#t~t s
(WEAK) V<V
Vika#dt~t:s




Proof Rules ||

ViEa#t=~t:s
VFekau{a}l #t~t :s

(ATM-INTRO)

a DOES NOT APPEAR IN(@, t,t")

V9 ka#ta~t s
(ATM-ELIM) a DOES NOT APPEAR IN(V, @, t,t)
ViEa#t~t:s

(#-EQUIVAR)
a#xr:skm-agmr:s

(susP

fa|w(a) # 7 (a)} #v:stmxrnx:s
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Soundness and Completeness

We write
V l_']r a # T~ t/ .S
If the jJudgement is provable from the proof rules and the e @fT.

Soundness-Vira#t~t :s = VFEra#t~t :s-proved by
showing each rule respects satisfaction Ay-algebra.

Completeness-VEra#t~t :s = Vikra#t~t :s-with
ordinary equational logic we build a canonical model outesfris modulo:

t~tiff Frtat cs
We then show that satisfaction by this algebra coincidels priovability.

In this standard proof variables are essentially treatateasconstants.
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Variablesin NEL

The variable-free case works much as with equational lagving us
ground completeness

(Z)IZTE#t%t’:s — @l‘qrﬁ#t%tlis

But the analogy between variables and new constants norlerar&s.

A constant (nullary operation symbol) in NEL has a known &rstipport,
according to the permutation action©ps-.

A variable could havanyfinite support, apart from the finite set of atoms
explicitly ruled out by a freshness environment.

Solution: Replace variables with constants with supports that aree fiout
‘big enough’, given the context.
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Expanding the Signature

Let Atom™ be the nominal set of lists of distinct atoms of length

Let X|c, : s|] be the signature defined by

e Xc, :sl([l,s) = 2([],s) + {cz | @ € Atom™}

e Xc, :s|(S,s") = X(S,s)
So we've added newtom-parameterised constaritsthe signature.

If T is aX-theory,T[c, : s] is aXc, : s]- theory with all the same axioms.
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Completeness Proof

Given a judgement
a#r:sstagt~t s

Leta* support(a,t,t’) and leta be a list of the atoms in* — a@’. Supposer
has lengt.

Fra#txt s

e @ Hcd/x) = U {cdfc) s (Easy)
F1pe, s @ # t{cd/z} ~t'{cd/z}:s (Grnd Comp.)
Fragt~t s (Hard)
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Further Work

This works provides a springboard to lookNaminal Universal Algebra
In its own right.

We have shown that free nominal algebras exist, and thabtigetful

functor from the category of algebrasA®m is monadic.

But there is plenty more to look at in this direction: analegtio Birkhoff's
theorem, enriched Lawvere theories, etc.

We are also looking to flesh out more examples of NEL-thepmes
particular with name-passing calculi such as#healculus.
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Related Work
This work is similar to Gabbay & Mathijssenv®ominal algebraNA).

NEL has a simpler sort system (lacking abstraction sortssémah sorts).

NA restricts freshness judgements to decidable side-tiond| so the logic
IS not complete for such judgements. For example

Vhkag#t:s ViEixt:s
VEa#u:s

IS not valid in NA, while it is provable in NEL where freshngaslgements
are ‘first-class citizens’ of the logic.
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Questions?
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