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My Bergweiler Number is the the same as my Erdos Number and

is equal to 2.
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Happy Birthday Walter!
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Resonances:

Functional Analysis

@ Probability Theory

Thermodynamic Formalism

o Conformal Iterated Function Systems

Fractal Geometry
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Thermodynamic Formalism

The founders: D. Ruelle, O. E. Lanford, Ya. Sinaj, R. Bowen, P. Walters.
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Thermodynamic Formalism

The founders: D. Ruelle, O. E. Lanford, Ya. Sinaj, R. Bowen, P. Walters.

Key concepts:

Topological pressure; topological entropy
Gibbs states

Equilibrium states/measures

Variational Principle

Perron—Frobenius (Ruelle, transfer) operators

Spectral properties of Perron—Frobenius operators

@ Stochastic Laws

Kolmogorov—Sinaj metric entropy
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Thermodynamic Formalism; (very) General Scheme

e T:X — X — a(nearly) continuous map
@ ¢»: X — RU{—00} — a continuous (usually much better) function
® L4 : Cp(X) = Cp(X) — the associated Perron—Frobenius operator.

Log(x):= > gly)e™.
YETH(x)
o The dual operator: L3 : Cp(X) — C5(X)
Lov(g) = v(Ls8).
o Eigenvalues and eigenmeasures (Gibbs states) of L3:

E(’;m¢ = )\m¢.

V(T(A) =\ /A e % dv,

where A C X is Borel and T, is 1-to-1.
e Invariant Gibbs states: g = pymg, where py € Cp(X), py > 0, and

Lsps = Apo
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Expanding Rational Functions

f: C — C - a rational function
J(f) - the Julia set
f is expanding if 3(k >1)s. t.

I(F*)(2)| > 2 Vze J(F).

Equivaletntly

J(F)N G Fn(Crit(f))) = 0.
n=0
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Geometric Thermodynamic Formalism for Expanding
Rational Functions

t > 0: the topological pressure of the potential —tlog |f’|:

e n 1 ny/ —t
PO= Jim s 3 (Y0 2 <0
wef~—"(z

The Perron—Frobenius, transfer, operator:
Le: C(J(F)) = C(J())

Le(g)= > gw)f'(w)™"

wef—1(z)

L:(Hy,) C Hy.
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Geometric Thermodynamic Formalism for Expanding
Rational Functions

.1 n
P(t) = nIer;o . log L71(z).

Theorem
exp(P(t)) = the spectral radius of L;. J
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Conformal Measures

A Borel probability measure m on J(f)) is called t-conformal if it is an
eigenvector of the dual operator Lj:

Lim=m
where
Liv(g) = v(Leg).
Equivalently:
m(F(A)) = )\/ 1] dm
A

whenever B C J(f) is Borel and f|4 is 1-to-1.

We call it also A|f’|*~conformal or a Gibbs state for the potential
—tlog|f’].
Particularly important case if A = 1.
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Geometric Thermodynamic Formalism for Expanding
Rational Functions

Theorem

If f : € — C is expanding and t > 0, then the following are true.

(1) The topological pressure P(t) = limp_,oc * log L71(w) exists and is
independent of w € J(f).

(2) The function [0, +00) 5 t — P(t) € R is strictly decreasing, convex,
thus continuous, in fact real-analytic, and lim;_,;~, P(t) = —oc.

(3) There exists a unique \|f'|*—conformal measure m; and necessarily

X = eP(D). Also, there exists a unique f-invariant Gibbs state i, the
latter meaning that p: is and equivalent to m; and

(4) the Radon—Nikodym derivative p; := du/dm; is log bounded. In fact

it is Lipschitz continuous and has a real analytic extension to an open
neghborhood of J(f).

(5) Both measures m; and p; are ergodic, metrically exact, and more ... .

v
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Quasi—Compactness and Spectrum Gap
Theorem
(a) The number 1 is a simple isolated eigenvalue of the operator

ﬁl\t = e_P(t)[:t o HB — Hﬁ

and the rest of the spetrum is contained in a disk of radius strictly
smaller than 1 (more than quasi—compactness). More precisely:

(b) There exists a bounded linear operator S : Hz — Hg such that

ﬁt - Ql = 57
where the projector Q1 : Hg — Cpr, the eigenspace of 1, is:

Qi(g) = (/gdmt) pt,

QoS =S0Q =0and forall n>1:

157ls < C&", £ €(0,1).
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Stochastic/Random Laws and Behavior

Corollary

Vn>1,
L'=@Q+S"

and L"(g) converges to ([ g dmy) p: exponentially fast when n — co.
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Stochastic/Random Laws and Behavior

Corollary
Vn>1,
L=+ 5"

and EA"(g) converges to (fg dm¢) p+ exponentially fast when n — oo.
More precisely:

|

Corollary (Exponential Decay of Correlations)

For all v € Hg, all 1, € LY(ut) and all integers n > 1:

‘/(@01Of"'wz)dﬂt—/%dﬂt/%dut

£1(g) - ( / gdm¢) pHB — 5°(e)ls < Cllglls”s & € Hs.

< Cliallag 92l 2 gun8”

v
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Stochastic/Random Laws and Behavior

Corollary (Central Limit Theorem)

For every 1) € Hg not cohomological to a constant, the sequence of

random variables ) )
ZJn:_o ofl — nfwdut
ﬁ

converges in distribution with respect to the measure u; to the Gauss
(normal) distribution N'(0, 0) with some o > 0.
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Stochastic/Random Laws and Behavior

Corollary (Central Limit Theorem)

For every 1) € Hg not cohomological to a constant, the sequence of

random variables ) )
=
Zj:o Yofl— ”fwdﬂt
Vn
converges in distribution with respect to the measure u; to the Gauss

(normal) distribution N'(0,5) with some o > 0. Precisely, for every
teR,

n—o0 \/ﬁ -

1 t U2
= exp | ———= | du.
oV 2T /—oo P < 20'2)

lim ut({z € J(f) :Zj;&¢o Fz)—n)ydu < t}) —
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Stochastic/Random Laws and Behavior

Corollary (Law of Iterated Logarithm)

For every 1) € Hg not cohomological to a constant and for ji:—a.e.
z € J(f):

n—c0 Vnloglog n -

In fact the Almost Sure Invariance Principle holds meaning that the
sequence of random variables

n—1

J(f)az»ﬁzwofj(z)—n/wd,uteR
j=0

can be approximated sufficiently well by a Brownian motion.
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Bowen's formula for Expanding Rational Functions
Theorem (Bowen's formula)
If a rational function f : C — C is expanding, then
h := HD(J(f)) = the unique zero of the pressure function
[0,4+00) 5t — P(t) € R.
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Bowen's formula for Expanding Rational Functions
Theorem (Bowen's formula)
If a rational function f : C — C is expanding, then
h := HD(J(f)) = the unique zero of the pressure function
[0,4+00) 5t — P(t) € R.

In addition: The three measures Hausdorff, packing, and conformal:

Hp, Pp, my

conicide up to a multiplicative constant and

V.
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Bowen's formula for Expanding Rational Functions

Theorem (Bowen's formula)

If a rational function f : C — C is expanding, then

h := HD(J(f)) = the unique zero of the pressure function

[0,4+00) 5t — P(t) € R.

In addition: The three measures Hausdorff, packing, and conformal:

Hp, Pp, my
conicide up to a multiplicative constant and
all of them are h-Ahlfors measures, meaning that

mp(B(z,r))
rh

cl<

<C

for all z € J(f) and all r € (0,1].
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Baranski's Meromorphic Functions

In 1995 Krzysztof Barariski considered meromorphic functions f : C — C
satisfying the following conditions:

@ There exist T € C\ {0} and a non-polynomial rational function
h: C —s C with poles in C\ {0} such that

F(z) = h (exp (2—;T_Iz>) L ze@

U G fn(Sing(f~1)) =0
=0
f(z) == exp (2—:h(z)>
Then

Mariusz Urbariski (UNT) Thermodynamic formalism July 12, 2018 17 / 64



Baranski's Meromorphic Functions

J(f) = exp(J(f) N C).

J(F)n G fn(Sing(f~1)) =0

n=0
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Baranski's Meromorphic Functions

J(f) = exp(J(f) N C).

J(F)n U fn(Sing(f~1)) =0

n=0

So, all holomorphic inverse branches of all iterates of f are well defined on
all balls centered at points of J(f) with sufficiently small radius.

Then 3
Le(g)2)= Y g(w)f (w) ™
wef(z)
is well defined (and finite) iff
q
t> ——
qg+1

where g > 1 is the largest order of a pole of h.
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Baranski's Meromorphic Functions

Theorem (Baranski, 1995)

@ Bowen’s Formula holds, i.e. h:= HD(J(f)) = the unique zero of the
pressure function.

(a) If h <1, then 0 < Py(J(F)) < oo and Hy(J(F)) = 0.
(b) Ifh=1, then 0 < P,(J(f)), Hy(J(F)) < co.
(c) Ifh>1, then 0 < Hy(J(F)) < 0o and Pu(J(F)) = oo,

Examples:

f(z) = Atanz; h(z) = )\ij_

S DY 0.
+1 =

z—1

z+1

f(z) = (Atan z)P; h(z)z(—)\i )p; 0<|A<1l,peN.

In 2002 J. Kotus and M. U. extended Baranski's case to maps of the form
HoexpoQ:C — C,

where H and Q are rational functions.
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Problems with Transcendental Functions

f>\(z) = \é?

A € C\ {0} chosen so that f, has an attracting periodic orbit.

L(W)(2)= Y IBWIF= Y 27" =+,

wefy, !(z) wefy, H(z)
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Problems with Transcendental Functions

f>\(z) = \é?

A € C\ {0} chosen so that f, has an attracting periodic orbit.

L(W)(2)= Y IBWIF= Y 27" =+,

wefy, !(z) wefy, H(z)

always
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Problems with Transcendental Functions: First Remedies
1. Projection onto the infinite cylinder

Q:=C/2niZ, m:C—Q
(Anna Zdunik, M.U.; 2003, 2004).
Fr:Q—Q

Fa(z) = m(A(r}(2)).
In particular:

™

0<Tﬁ

15N
—2

Fx
—2

D0

The geometric thermodynamic formalism fully works:

Spectral gap; Exponential decay of Correlatins; Central Limit Theorem;
Law of Iterated Logarithm.
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Problems with Transcendental Functions: First Remedies
But: (A. Zdunik, M. U.)

The function
(1,400)2t+—P(t) eR

is strictly decreasing, convex, thus continuous, in fact real-analytic, and

lim P(t) = —oco while lim P(t) = +oo.
t\1

t——+00

Bowen’s Formula holds but:
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Problems with Transcendental Functions: First Remedies
But: (A. Zdunik, M. U.)

The function
(1,400)2t+—P(t) eR

is strictly decreasing, convex, thus continuous, in fact real-analytic, and

lim P(t) = —oco while lim P(t) = +oo.
t\1

t—+00

Bowen's Formula holds but:
Ji(F) :={z € J(F\): lim |F{(z)| < +oo}
n—o0o

is the radial (conical) Julia set of f [Misha Lyubich (1983)].
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Problems with Transcendental Functions: First Remedies
But: (A. Zdunik, M. U.)

The function
(1,400)2t+—P(t) eR

is strictly decreasing, convex, thus continuous, in fact real-analytic, and

lim P(t) = —oo while lim P(t) = +o0.
t—+00 t\1

Bowen's Formula holds but:

Jr(Fy) :={z € J(F\): nIi_Tm }F)'\’(z)| < 400}

is the radial (conical) Julia set of f [Misha Lyubich (1983)].
Radial becuse this is the set of all points z € C whose forward iterates
f"(z) have holomorphic pullbacks

Fil: Bo(Fi(2),0) — C. FI(FI(2) =z

for infinitely many ns.
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Problems with Transcendental Functions: First Remedies
Theorem (Anna Zdunik, M. U.)

h :=HD(J,(Fy)) = the unique zero of the pressure function
(1,4+<) > t —> P(t) € R.
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Problems with Transcendental Functions: First Remedies
Theorem (Anna Zdunik, M. U.)

h :=HD(J,(Fy)) = the unique zero of the pressure function
(1,4+<) > t —> P(t) € R.

1 < HD(J,(Fy)) < HD(J(Fy)) = 2,

v

where HD(J,(f\)) > 1 proved earlier for A € (0,1/e) by Bogusia Karpirska
while HD(J(f)) = 2 is due to Curtis McMullen (1989).
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Problems with Transcendental Functions: First Remedies
Theorem (Anna Zdunik, M. U.)

h :=HD(J,(Fy)) = the unique zero of the pressure function
(1,4+<) > t —> P(t) € R.

1 < HD(J,(Fy)) < HD(J(Fy)) = 2,

v

where HD(J,(f\)) > 1 proved earlier for A € (0,1/e) by Bogusia Karpirska
while HD(J(f)) = 2 is due to Curtis McMullen (1989).

HD(J;(Fy)) known as dynamical dimension or hyperbolic dimension, equal
also to

()
sup { HD(p) : pu o F/\_1 = 11 (ergodic) }

(b) the supremum of Hausdorff dimensions of all Fy—invariant conformal
repellers in C.

v
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Problems with Transcendental Functions: First Remedies
Theorem (A. Zdunik, M. U.)

0 < Hp, (J-(F\)) < +o0
but

Py, (Jr(Fr)) = +o0
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Problems with Transcendental Functions: First Remedies

Theorem (A. Zdunik, M. U.)

0< HhA(Jr(F)\)) < 400
but

Py, (Jr(F))) = +o0

In particular neither my (the hy—conformal measure) nor Hy, are Ahlfors.
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Problems with Transcendental Functions: First Remedies

Theorem (A. Zdunik, M. U.)

0< HhA(Jr(F)\)) < 400
but
Pp, (Jr(Fr)) = +o0

In particular neither my (the hy—conformal measure) nor Hy, are Ahlfors.

Corollary

Hausdorff measure Hp, | ,(r,y) is positive and o—finite. J
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Problems with Transcendental Functions: First Remedies

Theorem (A. Zdunik, M. U.)

0< Hh)\(Jr(F)\)) < 400
but
Pp, (Jr(Fr)) = +o0

In particular neither my (the hy—conformal measure) nor Hy, are Ahlfors.

Corollary

Hausdorff measure Hp, | ,(r,y) is positive and o—finite. J

This approach works only for periodic functions.
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Problems with Transcendental Functions: First Remedies

Theorem (A. Zdunik, M. U.)

0< Hh)\(Jr(F)\)) < 400
but
Pp, (Jr(Fr)) = +o0

In particular neither my (the hy—conformal measure) nor Hy, are Ahlfors.

Corollary

Hausdorff measure Hp, | ,(r,y) is positive and o—finite. J

This approach works only for periodic functions.
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Problems with Transcendental Functions: Further
Remedies

Change of Riemannian metric on C (Volker Mayer, M.U.; 2008, 2010):

|dz|/|z].

Then ]

fl f/ z

1f'(2)[1 = | ()||f( 3
So,

1£(2)l1 = |2]
Therefore
L:A(w) = Z If'(2)I1t = Z |z|~* Z|Iog w/\) + 2min| "
zEf;l(W) zEf;l( ) n€Z
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Problems with Transcendental Functions: Further
Remedies

Change of Riemannian metric on C (Volker Mayer, M.U.; 2008, 2010):

|dz|/|z].

Then ]

fl f/ z

1f'(2)[1 = | ()||f( 3
So,

1£(2)l1 = |2]
Therefore
L:A(w) = Z If'(2)I1t = Z |z|~* Z|Iog w/\) + 2min| "
zEf;l(W) zEf;l( ) n€Z

chance for t > 1
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Problems with Transcendental Functions: Dynamically
Regular Meromorphic Functions

Definition
A meromorphic function f : C — C is called expanding if 3(k > 1) s. t.
(FXY(2)| =2 Vze Jf).

It is called topologically hyperbolic [Gwyneth Stallard] if

diste <J(f), fj f”(Crit(f)))) > 0.
n=0

f is called hyperbolic if it is both expanding and topologically hyperbolic.
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Problems with Transcendental Functions: Dynamically
Regular Meromorphic Functions

Definition (V. Mayer, M.U. 2008, 2010)

A hyperbolic meromorphic function f : C — C is called dynamically
regular if f is of finite order and if

CTHL+ [z (L + |f(2)|%2) < |f'(2)] < C(L+ [2))* (L + |f(2)]*2)
for all z € J(f)\ f~*(c0), where
ap > max{—azi,0}.

ap = 1if f is entire.
f is called dynamically semi-regular if only the LHS is assumed.

Change of Riemannian metric:
dz]

2|2
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Problems with Transcendental Functions: Dynamically
Regular Meromorphic Functions

For dynamically semi—regular meromorphic functions

© The full thermodynamic formalism holds (V. Mayer, M.U.; 2008,
2010) for all t > p/a.

@ If in addition f is dynamically regular and of divergence type, then
h :=HD(J,(Fy)) = the unique zero of the pressure function

Divergence type means that

/oo T(r)dr = +00
1

rp+1

if f is not entire, and, with some A, B > O:

R
/ T(rl) dr — B(log R):" > A
log R ret

if £ is entire.
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Problems with Transcendental Functions: Dynamically
Regular Meromorphic Functions

This method uses Borel series
>, T
zef—1(w)

shown to be comparable to
ﬁt]]-a

and Nevanlina's Theory, needed to gain some uniformity of the Borel series.
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Examples of Dynamically Regular Meromorphic Functions

@ Entire functions:

» Classical families like fy(z) = \e” or f(z) = sin(az+b). p=1, a1 =0

and a» = 1.
» f(z) = cos(vaz + b) p=7% on=—%and az = 1.
» g =P foQ with f one of the above functions and P, @ polynomials.
» f(z) = foz P(&) exp(Q(&))dE + c. Always ap = 1!
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Examples of Dynamically Regular Meromorphic Functions

@ Entire functions:

» Classical families like fy(z) = \e” or f(z) = sin(az+b). p=1, a1 =0

and a» = 1.
» f(z) = cos(vaz + b) p=3%2 ar=-}and =1
» g =P foQ with f one of the above functions and P, @ polynomials.
> f(2) = [; P(&) exp(Q(£))dE + c. Always ap = 1!

@ Meromorphic functions: If f has a pole b of multiplicity m then, near
b, oz does depend on m. (|f'(2)| < |f(z)|*TY/™).
» Elliptic functions 4+ compositions with polynomials.
_ A 4B

» Certain solutions of Ricatti differential equations: f(z) = oD
AD — BC #0.

p=k, a1 =k—1, a,=2.
» Functions having polynomial Schwarzian derivative.
Nice class containing e”, tan(z), the Airy functions, [ exp(Q(£))d¢ +c ...
and it is invariant under Mdbius transformations.
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A New Class of Meromorphic Functions; Asymptotic Tracts

(Volker Mayer, M. U., 2017) Let f : C — C be an entire function. Let
S(f) be the singular set of 1.

Eremenko—Lyubich class B: S(f) is bounded.
Speiser class S: S(f) is finite.

SCB.
We consider only entire functions in class 5. WLOG
S(fcDh:={zeC:|z| <1}

D*:=C\D={z€C:|z| > 1}

By Eremenko—Lyubich,
f:f~Y(D*) - D*

is a covering map.
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A New Class of Meromorphic Functions; Asymptotic Tracts

The connected components of f~1(ID*) are called asymptotic tracts and
the restriction of f to any of these tracts, call them €, has the special form

fio = expoT

where
o=171:H:={zcC: R(z) >0} - Q
is a conformal homeomorphism.

We always assume that f has only finitely many asymptotic tracts:

N
) =J
j=1

This is for example the case if f has finite order.
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A New Class of Meromorphic Functions; Asymptotic
Tracts; Disjoint Type

If

f~1(D*) = F-1(D*) c D*,
then f is called a function of disjoint type [Krzysztof Baranski, Lasse
Rempe] .

Equivalently:
N
ﬁj c D*.
j=1
Equivalently:
N
UanD=o.
j=1

If f € Band A € C\ {0} has sufficiently small modulus, the function Af is
of disjoint type

33 /64
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Asymptotic Tracts; Class D

Put
QT::{ie(C:0<§R§<4T and —4T<%§<4T}
and
Q1 == ¢(Q7).
Definition

An entire function f : C — C in B belongs to the class D if the following
hold:

@  has only finitely many tracts.
@ f is of disjoint type.

© The corresponding function ¢ : H — S of f satisfies the following
geometric condition: there exists a constant M € (0, +o0) such that
for every T > 1 large enough,

lp(2)] < Mlp(w)|, z,we QT \ Qr/s

v
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Thermodynamic Formalism

Riemannian metric:
|dz|/|z]

The corresponding derivative:

(2 = K (2)|

2|

h(2)]°

The Perron—Frobenius operator:

Lig(w) = Z [f'(z)|{"g(z) forevery w € Q.
f(z)=w
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Thermodynamic Formalism
Riemannian metric:
|dz|/|z]
The corresponding derivative:
W (2)]r = |H(2)]

2|

h(2)]°

The Perron—Frobenius operator:

Lig(w) = Z [f'(z)|{"g(z) forevery w € Q.
f(z)=w

In the meromorphic context, the whole thermodynamic formalism can be
established provided that
@ The Perron—Frobenius operator L; is well-defined and bounded,

li Lilp|oco = 0.
Jim 1215, o

v
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Integral Means

Let

h: Q2 — U
be a conformal map onto a bounded domain U C C.
Define:

| H iv)|td
Bh(r,t) :== o i ’log;/rrly)‘ 4

, re(0,1) and t>0.

The integral is taken over | = [-2, —1] U1, 2] since this will correspond to
the part of the boundary of U that is important for our purposes.

Figure: The part of the boundary relevant for integration.
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Rescallings

Model:

T:Q—>H, f=€", po:H—Q.
T > 0 yields

T = poT :H—C.
(T
In particular
lor(1)] = 1.

Frequently, we consider

1 1

pT=—poT:Q— ——Qr, T>n.
() (T

Figure: After rescaling as T — 0.
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Integral Means

Boo(t) :=limsup By, , (r, t) =limsup By, (1/T, t)
r—0 T—+o00

Proposition

The function [0, 4+00) > t — Buoo(t) is convex, thus continuous, and

Boo(0) =0 and [(2) < 1.
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Integral Means and Negative Spectrum

boo(t) := Boc(t) —t+1, t>0.
As an immediate consequence of the previous proposition:

Proposition
The function by, is also convex, thus continuous, with

boo(0) =1 and beo(2) < 0.

Consequently, the function b, has at least one zero in (0,2] and we can
introduce a number ©¢ € (0, 2] by

Of :=inf{t > 0: boo(t) =0} = inf{t > 0: bso(t) <0}.
Definition

A function f € D has negative spectrum if

bso(t) <0 forall t> ©Of.
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Integral Means and Transfer Operator

Proposition (Volker Mayer, M. U., 2017)
Iff € D andt >0, then

L:A(w) = (log |W|)1—*{ /_11 )so.’ogw(l + iy)\t dy+

'y (1= t+B0yn g 1 (277 1)) }

n>1

for every w € Q with the above series being possibly divergent.
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Negative Spectrum and Transfer Operator

Theorem (V. Mayer, M. U., 2017)
If f € D has negative spectrum, then
o Ift > Oy, then ||L¢l]|0 < +00.

o Ift < Oy, then L1 is divergent at every point of its domain of
definition.

Proposition (V. Mayer, M. U., 2017)

If f € D has negative spectrum and t > Oy, then

[£¢1pg[lec = 0.

lim
S—oo

Thus, the whole thermodynamic formalism holds
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Strongly Regular Functions and Bowen's Formula

A function f in D with negative spectrum is called strongly regular if there
exists t > ©f such that

P(t) > 0.

Theorem (V. Mayer, M. U., 2017; Bowen's Formula)
If f € D has negative spectrum, then the following are equivalent.
@ The function f is strongly regular.

@ The function (©f,+00) > t — P(t) has a (unique) zero h > Oy.
e HypD(J(f)) > ©r.

If one of these holds, then

HypD(J(f)) = h.
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Strongly Regular Functions and Bowen's Formula

Theorem (K. Baranski, B. Karpiriska and A. Zdunik, 2009)
If f € D, then
HypD(J(f)) > 1.

Theorem

If f € D has negative spectrum and ©f < 1, then f is strongly regular;
whence

HypD(J(f)) = h.
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Examples of Functions with Negative Spectrum

Definition
An entire function f : C — C js said to be of balanced growth if it has
finite order p = p(f), and if

f'(2)] < |f(2)| 1217,z € J(F).

Proposition
If f € D is of balanced growth, then f is elementary in the sense that

boo(t) = foo(t) —t+1=1—t, t>0.

In particular, f has negative spectrum with ©f = 1.

Poincaré’s functions of TCE polynomials.

Thus, the whole thermodynamic formalism holds
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Baranski, Karpinska, Zdunik

Theorem (BKZ, 2012)
Iff €S and t >0, then

P(t) = P,(t) := lim lIog Z I(F") (w)|5f, ze€C.

n—oo n
wef—"(z)

exists and is independent of all z € C outside a set of Hausdorff dimension
zero. Furthermore,

P(t) = Phyp(t)7

where Pyy,(t) is the supremum of the pressures P(f|x, t) taken over all
transitive conformal invariant repellers X C J(f).
Bowen's formula holds:

HD(J,(f)) = HypD(J(f)) = h := inf{t > 0 : P(t) < 0}.

v
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n—oo n
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exists and is independent of all z € C outside a set of Hausdorff dimension
zero. Furthermore,

P(t) = Phyp(t)7

where Pyy,(t) is the supremum of the pressures P(f|x, t) taken over all
transitive conformal invariant repellers X C J(f).
Bowen's formula holds:

HD(J,(f)) = HypD(J(f)) = h := inf{t > 0 : P(t) < 0}.

The first equality is due to [Lasse Rempe, 2008|.

v
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Baranski, Karpinska, Zdunik

Theorem (BKZ, 2012)
If f € B is tame, i.e.

O\ F(Sing(F-1)) # 0,
n=0

then the same holds for all z in this diffference of sets.
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Baranski, Karpinska, Zdunik

Motivated by a question of Dan Mauldin:
Theorem (BKZ, 2018)

If t > 0 and a topologically hyperbolic meromorphic function f : C — ¢
admits a t—conformal measure m; on J(f) with respect to spherical
metric, then

P(t) <o0.
In addition, if m¢(J(f) \ Ix(f)) > 0, then

P(t) =0.
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Baranski, Karpinska, Zdunik

Conversly:

Theorem (BKZ, 2018)

Fix t > 0. Assume that either f € S or f € B is a non—exceptional tame
function. If P(t) =0, then

there exists a t—conformal measure m; on J(f), with respect to the
spherical metric.
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me(C\ B(0, 7)) :o(('%[)“) o s s,

Mariusz Urbanski (UNT)

Thermodynamic formalism July 12, 2018 48 / 64



Baranski, Karpinska, Zdunik

Conversly:

Theorem (BKZ, 2018)

Fix t > 0. Assume that either f € S or f € B is a non—exceptional tame
function. If P(t) =0, then

there exists a t—conformal measure m; on J(f), with respect to the
spherical metric. In addition

rt

mt(C\B(O,r)):o((lc’g—r)at) o s s,

f is called exceptional, if there exists a (Picard) exceptional value & € J(f)
of f and f has a non—logarithmic singularity over &.
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Conformal Iterated Function Systems

Let (X, p) be a compact metric spces. Let E be a countable (either finite
or infinite) set. A collection

S={¢e: X — X}

is called an Iterated Function System (or IFS) if all maps ¢, are
one—to—one contractions with Lipschitz constants x € (0, 1).

ecE

For every word w € E*, say w € E}, n > 0, put

D =P, O -0 Py, X — X.
For any w € EY, the sets
{<Z>w| ) n>1

form a descending sequence of nonempty compact sets. So

() bul,(X) # 0.

n>1

For every n > 1,

diam (gbw|n(X)) < k"diam(X).
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Conformal Iterated Function Systems

We thus conclude that the intersection

) Pl (Ke(wn))

neN

is a singleton and we denote its only element by 7ws(w) or simpler, by
m(w). In this way we have defined a map

s =m: Ex — X.
The map 7 is called the coding map, and the set

J=Js :=7(ER)

is called the limit set of the IFS S.
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Conformal Iterated Function Systems
The IFS § is called conformal if for some d € N, the following are satisfied:

(a) X is a compact connected subset of R?, and X = Int(X,).
(b) (Open Set Condition) For all a,b € E such that a # b,

Pa(Int(Xe(a))) N dp(Int(Xy(p))) = 0.

(c) (Conformality) There exists an open connected sets W D X, such
that for every e € E, the map ¢, extends to a C! conformal
diffeomorphism from W into W with Lipschitz constant < k.

(d) (Bounded Distortion Property (BDP)) There are two constants L > 1
and a > 0 such that for every e € E and every pair of points
x,y € X,

|¢e(¥)l

|pe(x)

— 1‘ < Ly — x||%,

where |¢! (x)| denotes the scaling factor of the derivative
¢l (x) : R? — R? which is a similarity map.
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Thermodynamic Formalism for Conformal Iterated
Function Systems

Perron—Frobenius Operators: For every real number t > 0, let
L:: C(X) — C(X),

£tg Zg ¢e |¢e )| .

ecE
For n € N define the partition function:

= Il

|w|=n
and the topological pressure of t:
P(t) := nﬂrpoo p log Z(t).
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Thermodynamic Formalism for Conformal Iterated
Function Systems

The whole thermodynamic formalism holds

Os :=inf{t > 0:P(t) < +oo} =inf{t > 0: Zi(t) < +o0}.

Theorem (D. Mauldin, M. U., 1996, 2003; Bowen's Formula)
If S is a conformal IFS, then

h = hs := HD(Js) = inf{s > 0 : P(s) < 0} > 0.
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Conformal IFSs and Elliptic Functions

f:C—C — an elliptic function

g — the maximal order of poles of f; I (f) — the escaping set

Theorem (J. Kotus, M. U., 2003)
If f : C — C is an elliptic function, then

HD(J(f)) > HD(J,(f)) > q2_q > 1.
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Conformal IFSs and Elliptic Functions

f:C—C — an elliptic function

g — the maximal order of poles of f; I (f) — the escaping set

Theorem (J. Kotus, M. U., 2003)

If f : C — C is an elliptic function, then

HD(J(f)) > HD(J,(f)) > —— > 1.

Theorem (J. Kotus, M. U., 2003; P. Galazka, J. Kotus, 2016)
If f : C — C is an elliptic function, then

HD (1 (F)) = —22_
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Further Estimates of Hausdorff Dimension using IFSs
Theorem (V. Mayer, 2009; J. Kotus, M. U., 2008)

Let f : C —» C be a transcendental meromorphic function with finite
order p.

@ Suppose that f has a pole b € C\ Sing(f~1) with multiplicity m.
@ Suppose also that
f'(2)] < Klz|*

on f~1(D) where « > —(1+ L) and D is a neighborhood of b.

Mariusz Urbaniski (UNT)

Thermodynamic formalism

July 12, 2018 55 / 64




Further Estimates of Hausdorff Dimension using IFSs
Theorem (V. Mayer, 2009; J. Kotus, M. U., 2008)

Let f : C —» C be a transcendental meromorphic function with finite
order p.

@ Suppose that f has a pole b € C\ Sing(f~1) with multiplicity m.
@ Suppose also that
f'(2)] < Klz|*

on f~1(D) where « > —(1+ L) and D is a neighborhood of b.
Then

)
HDU(M) 2 "

Mariusz Urbaniski (UNT)

Thermodynamic formalism

July 12, 2018 55 / 64




Further Estimates of Hausdorff Dimension using IFSs
Theorem (V. Mayer, 2009; J. Kotus, M. U., 2008)

Let f : C —» C be a transcendental meromorphic function with finite
order p.

@ Suppose that f has a pole b € C\ Sing(f~1) with multiplicity m.
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F(2)] < Klz|*
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)
HDU(M) 2 "

With R € [0, 4+00] Let

Ir(f) = {z € C: liminf |£"(2)| > R}.
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Further Estimates of Hausdorff Dimension using IFSs
Theorem (W. Bergweiler, J. Kotus, 2012)

Let f € B, p = p(f) < o0, oo is not an asymptotic value and all but
finitely many poles have multiplicities bounded above by M. Then

2Mp
2+ Mp

HD (I (f)) < RI|_r>n HD(Ir(f)) <

Theorem (W. Bergweiler, J. Kotus, 2012)
Vp € (0,400) VM € N 3f € B with p(f) = p, all poles being of
multiplicity M and for which oo is not an asymptotic value, such that

2Mp
2+ Mp

2Mp
2+ Mp

HD (I (f)) = while HD(/r(f)) >

for all R > 0.
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Further Estimates of Hausdorff Dimension using IFSs
Theorem (W. Bergweiler, J. Kotus, 2012)

Let f € B, p = p(f) < 00, oo is not an asymptotic value and all but
finitely many poles have multiplicities bounded above by M. Then

2Mp
2+ Mp

HD(Ix(F)) < lim HD(/a(f)) <

Theorem (W. Bergweiler, J. Kotus, 2012)

Vp € (0,400) VM € N 3f € B with p(f) = p, all poles being of
multiplicity M and for which oo is not an asymptotic value, such that

2M 2M
P while HD(Ig(f)) > ——

HD(le(F) = 2+ Mp 2+ Mp

for all R > 0.

Proving the last inequality Walter and Janina used the above mentioned
result of Volker Mayer (which uses IFSs).

Mariusz Urbaniski (UNT) Thermodynamic formalism July 12, 2018 56 / 64



Hyperbolic Dimension

By building an appropriate conformal IFS, Lasse Rempe proved the
following.

Theorem (L. Rempe, 2008)

Iff:C—Cisa non—constant, non—linear meromorphic function, then

(DD(J(f)) =)HypD(J(f)) = HD(J(£)).
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Nice Sets
Defined by Juan Rivera—Letelier in 2007.

Theorem (N. Dobbs, 2011)

Let f : C — C be a tame meromorphic function. Fix z € J(f)\ P(f),
k>1,and K > 1.

Then AL > 1 and Vr > 0 sufficiently small 3 an open connected set
U= U(z,r) C C\ P(f), called a Nice Set, such that
(a) If V € Comp(f~"(U)), then either

VNnU=0 or VcCU.

(b) If V € Comp(f~—"(U)) and V C U, then, for all w,w' € V,

(w)]

ny |(F7)
[(F")(w)| > L and () (w )|<K

|
(c) B(z,r) C U C B(z,kr) Cc C\ P(f).

o
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Nice Sets

If
V € Comp(f~"(U)) and V CU

then there exists a unique holomorphic inverse branch
f,": B(z,kr) — C

such that
f;”(U) =V.

Assume in addition that
FVYNU =10

for all integers k =1,2,...,n— 1.

The collection Sy of all such inverse branches forms a conformal iterated
function system.
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Nice Sets Techniques

Theorem (B. Skorulski, M. U., 2014)

if f: C — C is a tame meromorphic function, then

(a) h=HypD(J(f)) = HD(J:(f))) = HD(Ju) for every nice set U.

(b) The h-dimensional Hausdorff measure Hy, restricted to each nice limit
set Juy, U € U, is finite.

(c) The h-dimensional Hausdorff measure Hy, restricted to J,(f) is

o-finite. )
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Nice Sets Techniques

Theorem (B. Skorulski, M. U., 2014)

Assume that a tame meromorphic function f : C — C is strongly
N-regular. Let N C C? be an open set and let {f,} e be an analytic
family (N > X\ — f\(z) € C is anallytic for all z € C) of meromorphic
functions with the following properties:

Q f\, = f for some \g € A\,

@ there exists a holomorphic motion H : A x Jy, — C such that each
map H) is a topological conjugacy between fy, and f\ on [J,.
Then the map

A3 A —s HD(J,(5))

is real-analytic on some neighborhood of \g.
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Nice Sets Techniques

Give rise to Lai-Sang Young Towers approach. This was exploited in:

o [F. Przytycki, J. Rivera—Letelier, 2007] (topological Collet-Eckmann
rational functions)

@ [M. Szostakiewicz, M. U., A Zdunik, 2015], (all rational functions)

e [M. Pollicott, M. U., 2018] (tame topological Collet-Eckmann rational
functions)

e [J. Kotus, M. U., 2019+] (elliptic functions)
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Non—Autonomous Conformal IFSs

e Systematically developed in [L. Rempe-Gillen, M. U., 2016]
@ Main result: Bowen's Formula.

@ Application to transcendental dynamics:
Let f : C — C be a non-linear, non-constant meromorphic function,
and let Tr(f) denote the set of transitive points of f.
Then
HD(Tr(f)) > HypD(J(f)).

@ Generalized to Conformal Non—Autonomous Graph Directed Markov
Systems in [Jason Atnip, 2017]
@ Application to transcendental dynamics:

Lower estimates of Hausdorff dimension of Julia sets of
non—autonomous perturbations of elliptic and V. Mayer's functions.

v
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Thank You!
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