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Motivation and Background

Dynamical Moduli Space

Definition
For d > 2, the dynamical moduli spaces of rational maps and
polynomials are

Mg = Endg(C)/Mob(€) and ME = Endy(C)/ Méb(C)

N

Here Endy(C) and Endy(C) are the rational maps and
polynomials of degree d, respectively, and Mob(C) and Méb(C)
are the groups of Mdbius transformations and affine

transformations, respectively, acting by conjugation.
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Motivation and Background

Coordinates on Polynomial Moduli Space

@ Easyto see

d-2

MO~ {f(z2) =29+ ag_pz9 % +... + ay}/Cy_1

where Cq_1 is the group of rotations by (d — 1)-th roots of
unity w, acting on coefficients by

(. ..., 84-2) = (w'ag, a1, wap, ..., w? 3aqy_,).
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Motivation and Background

Coordinates on Polynomial Moduli Space

@ Easyto see

ME =~ {f(z) = 29 + ag_pz972

+...+an}/Cq-1
where Cq_1 is the group of rotations by (d — 1)-th roots of
unity w, acting on coefficients by

(. ..., 84-2) = (w'ag, a1, wap, ..., w? 3aqy_,).

@ Simple description as a quotient of C4~1 by a finite cyclic
group (not acting freely), but coefficients ax do not have an
obvious dynamical significance.
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Motivation and Background

Coordinates on Polynomial Moduli Space

@ Easyto see

d-2

MO~ {f(z2) =29+ ag_pz9 % +... + ay}/Cy_1

where Cq_1 is the group of rotations by (d — 1)-th roots of
unity w, acting on coefficients by

(. ..., 84-2) = (w'ag, a1, wap, ..., w? 3aqy_,).

@ Simple description as a quotient of C4~1 by a finite cyclic
group (not acting freely), but coefficients ax do not have an
obvious dynamical significance.

@ Are there better (dynamically significant) coordinates?
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Motivation and Background

Coordinates on Rational Moduli Space

Theorem (Milnor 1993)

My ~ C2. More explicitly, quadratic rational moduli space has
global coordinates given by the symmetric functions

01 = fi4 + pi2 + p3 @nd op = pqpip + pq g + pppg of the three
multipliers 1, o, ug of fixed points.
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Motivation and Background

Coordinates on Rational Moduli Space

Theorem (Milnor 1993)

My ~ C2. More explicitly, quadratic rational moduli space has
global coordinates given by the symmetric functions

01 = fi4 + pi2 + p3 @nd op = pqpip + pq g + pppg of the three
multipliers 1, o, ug of fixed points.

@ Obviously, these coordinates o1 and o, have dynamical
significance.
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Motivation and Background

Coordinates on Rational Moduli Space

Theorem (Milnor 1993)

My ~ C2. More explicitly, quadratic rational moduli space has
global coordinates given by the symmetric functions

01 = fi4 + pi2 + p3 @nd op = pqpip + pq g + pppg of the three
multipliers 1, o, ug of fixed points.

@ Obviously, these coordinates o1 and o, have dynamical
significance.

@ In higher dimensions things are more complicated and less
explicit, see Silverman for an algebraic approach.
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Motivation and Background

Rigidity of Multipliers and Lattes Locus

Definition

A rational map f is a flexible Lattés map if there is a doubly
periodic non-constant meromorphic g : C — C and an integer
n > 2 with f(g(z)) = g(nz) for all z. The flexible Lattés locus Ny
is the corresponding subset of M.
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Motivation and Background

Rigidity of Multipliers and Lattes Locus

Definition

A rational map f is a flexible Lattés map if there is a doubly
periodic non-constant meromorphic g : C — C and an integer
n > 2 with f(g(z)) = g(nz) for all z. The flexible Lattés locus Ny
is the corresponding subset of M.

Theorem (McMullen 1987)

Outside of the flexible Lattés locus, the Mdbius conjugacy class
of a rational map is determined up to finitely many choices by
the set of all multipliers of periodic points.
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Motivation and Background

Rigidity of Multipliers and Lattes Locus

Definition

A rational map f is a flexible Lattés map if there is a doubly
periodic non-constant meromorphic g : C — C and an integer
n > 2 with f(g(z)) = g(nz) for all z. The flexible Lattés locus Ny
is the corresponding subset of M.

Theorem (McMullen 1987)

Outside of the flexible Lattés locus, the Mdbius conjugacy class
of a rational map is determined up to finitely many choices by
the set of all multipliers of periodic points.

Note that deformations of the torus associated to g give rise to
a complex one-dimensional family in My with all multipliers
constant.
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Motivation and Background

Rigidity of Multipliers, quantitatively

Corollary (McMullen 1987)

For every d > 2 there exist Ny and Ky such that the multipliers

of periodic points up to period Ny determine at most Ky points
in My \ Ng-
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Motivation and Background

Rigidity of Multipliers, quantitatively

Corollary (McMullen 1987)

For every d > 2 there exist Ny and Ky such that the multipliers

of periodic points up to period Ny determine at most Ky points
in My \ Ng-

What are the minimal pairs (Ny, Kq)?
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Motivation and Background

Rigidity of Multipliers, quantitatively

Corollary (McMullen 1987)

For every d > 2 there exist Ny and Ky such that the multipliers

of periodic points up to period Ny determine at most Ky points
in My \ Ng-

What are the minimal pairs (Ny, Kq)?

@ Milnor: Nb = K> = 1 is optimal.
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Motivation and Background

Rigidity of Multipliers, quantitatively

Corollary (McMullen 1987)

For every d > 2 there exist Ny and Ky such that the multipliers

of periodic points up to period Ny determine at most Ky points
in My \ Ng-

What are the minimal pairs (Ny, Kq)?

@ Milnor: Nb = K> = 1 is optimal.
@ For all € > 0 there exists C. > 0 such that Ky > C.d"/2.
(Silverman, using non-flexible Lattés maps.)
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Motivation and Background

Rigidity of Multipliers, quantitatively

Corollary (McMullen 1987)

For every d > 2 there exist Ny and Ky such that the multipliers

of periodic points up to period Ny determine at most Ky points
in My \ Ng-

What are the minimal pairs (Ny, Kq)?

@ Milnor: Nb = K> = 1 is optimal.
@ For all € > 0 there exists C. > 0 such that Ky > C.d"/2.
(Silverman, using non-flexible Lattés maps.)

@ There are d independent multipliers of fixed points, and
dmMg=2d—-2>dford > 3,s0 Ny >2ford > 3.
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Results and Proof Sketches

Generic rigidity definition

Definition

For d > 2, Ny, Ky > 1, we say that multipliers up to period Ny
generically determine at most Ky points in dynamical moduli
space My if there exists an open dense subset My C My
such that this holds in M.
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Generic rigidity definition

Definition

For d > 2, Ny, Ky > 1, we say that multipliers up to period Ny
generically determine at most Ky points in dynamical moduli
space My if there exists an open dense subset My C My
such that this holds in M.

Theorem (G., Epstein)

For d > 3, multipliers up to period Ny = 2 generically determine
at most a finite number Ky of points in dynamical moduli space.
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Generic rigidity definition

Definition

For d > 2, Ny, Ky > 1, we say that multipliers up to period Ny
generically determine at most Ky points in dynamical moduli
space My if there exists an open dense subset My C My
such that this holds in M.

Theorem (G., Epstein)

For d > 3, multipliers up to period Ny = 2 generically determine
at most a finite number Ky of points in dynamical moduli space.

@ Gorbovickis 2015: Multipliers of 2d — 2 distinct periodic
cycles, under mild additional conditions, are algebraically
independent. Requires that at least one cycles has period
> 3, so generic rigidity with Ny = 3 follows.
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Results and Proof Sketches

Generic rigidity, idea of proof

° Endd((@) is an irreducible affine variety, and generic rigidity
follows from the fact that the rank of the derivative of the
multiplier map i : Endg(C) — C™is 2d — 2 on an open
dense set. (Here us maps to the multipliers of periods 1
and 2, and we have to avoid multipliers equal to 1.)
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Results and Proof Sketches

Generic rigidity, idea of proof

° Endd((@) is an irreducible affine variety, and generic rigidity
follows from the fact that the rank of the derivative of the
multiplier map 5 : Endg(C) — C™is 2d — 2 on an open
dense set. (Here us maps to the multipliers of periods 1
and 2, and we have to avoid multipliers equal to 1.)

@ The set of points determined by finitely many multiplier

conditions is a subvariety, so it suffices to show this result
locally at one point, namely in a neigborhood of f(z) = z¢.
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Results and Proof Sketches

Generic rigidity, idea of proof, continued

2% ay_ 129 "+, . 4a;z .
1+bdd,11z+...+b12d711 with

a,b € C?" we can calculate the partial derivatives of all
the multipliers of period 1 and 2 with respect to a and b at
a=b=0.

@ Parametrizing as f;5(2) =
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Results and Proof Sketches

Generic rigidity, idea of proof, continued

d d—1

Tbyszrbize T With
a,b € C9-" we can calculate the partial derivatives of all
the multipliers of period 1 and 2 with respect to a and b at
a=b=0.

@ Interesting observation: The matrix of derivatives of fixed
point multipliers with respect to a is up to constants the
Vandermonde matrix of the (d — 1)-th roots of unity.

@ Parametrizing as f;5(2) =

Lukas Geyer Dynamical moduli spaces and multipliers of periodic points



Results and Proof Sketches

Generic rigidity, idea of proof, continued

. d a1 _
@ Parametrizing as f,(2) = ﬁj;jd:‘;r jb;';iz with

a,b € C9-" we can calculate the partial derivatives of all
the multipliers of period 1 and 2 with respect to a and b at
a=b=0.

@ Interesting observation: The matrix of derivatives of fixed
point multipliers with respect to a is up to constants the
Vandermonde matrix of the (d — 1)-th roots of unity.

@ Computationally it helps that 1/f; (1/2) = fp a(2), so that
fap and fp 5 have the same multipliers, which means that
we really only need the partial derivatives with respect to a.
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Results and Proof Sketches

Rigidity for polynomials, preliminaries

@ All the same questions can be asked for the polynomial
moduli space MF, where the situation is considerably
nicer.
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Results and Proof Sketches

Rigidity for polynomials, preliminaries

@ All the same questions can be asked for the polynomial
moduli space MF, where the situation is considerably
nicer.

@ Multipliers of fixed points determine a unique point in M5
only ford =2 and d = 3. For d > 4, pick integers a,b > 2
with a+ b = d and let f,(2) = z + (z — a\)’(z + b\)2.
Then fy is a one-dimensional non-constant family of monic
centered polynomials of degree d with all fixed point
multipliers equal to 1.
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Results and Proof Sketches

Holomorphic index of a fixed point

The holomorphic index of f at a fixed point z; is the residue

1 az
Ut z0) =55 /|ZZO:, f(z) -z

for sufficiently small r > 0.
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Holomorphic index of a fixed point

The holomorphic index of f at a fixed point z; is the residue

1 az
Ut z0) =55 /|ZZO:, f(z) -z

for sufficiently small r > 0.

@ For a simple fixed point with A = f/(z) # 1, we have
u(f,z9) = /\%1 by simple complex analysis.

Lukas Geyer Dynamical moduli spaces and multipliers of periodic points



Results and Proof Sketches

Holomorphic index of a fixed point

The holomorphic index of f at a fixed point z; is the residue

1 az
Ut z0) =55 /|ZZO:, f(z) -z

for sufficiently small r > 0.

@ For a simple fixed point with A = f/(z) # 1, we have
u(f,z9) = /\%1 by simple complex analysis.

@ The holomorphic index is invariant under analytic
conjugation.
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Results and Proof Sketches

Fixed point data rigidity for polynomials

Definition
The fixed point data of a polynomial f is the collection of all
multiplicities and holomorphic indices of fixed points.
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Results and Proof Sketches

Fixed point data rigidity for polynomials

The fixed point data of a polynomial f is the collection of all
multiplicities and holomorphic indices of fixed points.

Theorem (G., Epstein)

For every d > 2, any given fixed point data determines at most
(d — 2)! points in dynamic moduli space M.
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Results and Proof Sketches

Fixed point data rigidity for polynomials

The fixed point data of a polynomial f is the collection of all
multiplicities and holomorphic indices of fixed points.

Theorem (G., Epstein)

For every d > 2, any given fixed point data determines at most
(d — 2)! points in dynamic moduli space M.

@ Fujimura 2007: Generically, multipliers determine (d — 2)!
points in M¥.
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Results and Proof Sketches

Fixed point data rigidity for polynomials

The fixed point data of a polynomial f is the collection of all
multiplicities and holomorphic indices of fixed points.

Theorem (G., Epstein)

For every d > 2, any given fixed point data determines at most
(d — 2)! points in dynamic moduli space M.

@ Fujimura 2007: Generically, multipliers determine (d — 2)!
points in M¥.

@ Sugiyama 2017: Fiber structure of the multiplier map for
polynomials without multiple fixed points.
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Results and Proof Sketches

Fixed point data rigidity for polynomials

The fixed point data of a polynomial f is the collection of all
multiplicities and holomorphic indices of fixed points.

Theorem (G., Epstein)

For every d > 2, any given fixed point data determines at most
(d — 2)! points in dynamic moduli space M.

@ Fujimura 2007: Generically, multipliers determine (d — 2)!
points in M¥.

@ Sugiyama 2017: Fiber structure of the multiplier map for
polynomials without multiple fixed points.

@ Gorbovickis 2016: Any collection of multipliers of d — 1
distinct periodic points is algebraically independent.
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Results and Proof Sketches

Fixed point data proof idea

Write /
f(2)=z+ [[(z— )™ =z +pe(2)
k=1

where ¢ are distinct with 37} _, mkCx = 0.
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Results and Proof Sketches

Fixed point data proof idea

Write /

f(2)=z+ [[(z— )™ =z +pe(2)
k=1

where ¢y are distinct with 37 _, mkCx = 0. Then f; is monic,
centered, with fixed points {x of holomorphic index

1 o\ M1 1
O = Gy (6,) U e=gm
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Fixed point data proof idea

Write /

f(2)=z+ [[(z— )™ =z +pe(2)
k=1

where ¢y are distinct with 37 _, mkCx = 0. Then f; is monic,
centered, with fixed points {x of holomorphic index

) = # <8> ! H ;
TRST= (e = 1)1 \ 9ck o (Ck —¢)™

and
I

z- Qo) M
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Results and Proof Sketches

Fixed point data proof idea

Write /

f(2)=z+ [[(z— )™ =z +pe(2)
k=1

where ¢y are distinct with 37 _, mkCx = 0. Then f; is monic,
centered, with fixed points {x of holomorphic index

0o ()
TRST= (e = 1)1 \ 9ck o (Ck—¢)™°
and

1
Q)= m; Resg, (Z—C/w =: 8y

By the holomorphic fixed point formula, 2221 ayj = 0 for all J,
and the vector (1,1,...,1) is in the kernel of Dr;.
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Results and Proof Sketches

Fixed point data proof idea, continued

If v =(vy...,Vv)isinthe kernel of Dr;, then

/
myvi  _ _
Res¢, /Z; =)@ - Res, 9(z) = 0.
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Results and Proof Sketches

Fixed point data proof idea, continued

If v =(vy...,Vv)isinthe kernel of Dr;, then

/
myvi  _ _
Res¢, /Z; =)@ - Res, 9(z) = 0.

@ Then g is a rational function with all zero residues,
vanishing at oo to order > d + 1, so there exists a
non-constant rational anti-derivative G with G' = g,
vanishing at oo to order > d, so deg G > d.
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Results and Proof Sketches

Fixed point data proof idea, continued

If v =(vy...,Vv)isinthe kernel of Dr;, then

/
myvi  _ _
Res¢, /Z; =)@ - Res, 9(z) = 0.

@ Then g is a rational function with all zero residues,
vanishing at oo to order > d + 1, so there exists a
non-constant rational anti-derivative G with G' = g,
vanishing at oo to order > d, so deg G > d.

@ On the other hand, multiplicity of pole at ¢; is < m;, so
deg G < ijj =d.
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Results and Proof Sketches

Fixed point data proof, conclusion

@ So G is a rational function of degree d without finite zeros,
and 1/G is a polynomial of degree d with zeros of
multiplicities m; at (;, which implies 1/G(z) = cp¢(2).
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Fixed point data proof, conclusion

@ So G is a rational function of degree d without finite zeros,
and 1/G is a polynomial of degree d with zeros of
multiplicities m; at (;, which implies 1/G(z) = cp¢(2).

@ This implies

—

/ m;
92)=C@) =22 = ep(a)

J=1

’
sov=—;(1,1,...,1).
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Results and Proof Sketches

Fixed point data proof, conclusion

@ So G is a rational function of degree d without finite zeros,
and 1/G is a polynomial of degree d with zeros of
multiplicities m; at (;, which implies 1/G(z) = cp¢(2).

@ This implies

—

—Gl(z) = 1 m
=0 = L = (e
sov=-1(1,1,...,1).

@ This shows that the kernel of n is spanned by (1,1,...,1),
so the rank of D is d — 1.
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Results and Proof Sketches

Hutz-Tepper Conjecture

A natural question is whether one can trade off more multipliers
(increase Ny) to reduce the ambiguity (decrease Ky).
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Hutz-Tepper Conjecture

A natural question is whether one can trade off more multipliers
(increase Ny) to reduce the ambiguity (decrease Ky).

Theorem (G., Epstein)

For d > 4, the multipliers up to period Ny = 2 generically
determine a unique point in (polynomial) dynamical moduli
space M.
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Hutz-Tepper Conjecture

A natural question is whether one can trade off more multipliers
(increase Ny) to reduce the ambiguity (decrease Ky).

Theorem (G., Epstein)

For d > 4, the multipliers up to period Ny = 2 generically
determine a unique point in (polynomial) dynamical moduli
space M.

@ Hutz and Tepper showed this for d < 5 using explicit
algebraic computations of Groebner bases and
conjectured that this holds generally.
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Hutz-Tepper Conjecture

A natural question is whether one can trade off more multipliers
(increase Ny) to reduce the ambiguity (decrease Ky).

Theorem (G., Epstein)

For d > 4, the multipliers up to period Ny = 2 generically
determine a unique point in (polynomial) dynamical moduli
space M.

@ Hutz and Tepper showed this for d < 5 using explicit
algebraic computations of Groebner bases and
conjectured that this holds generally.

@ Polynomials f o g and g o f always have the same
multipliers, so uniqueness only holds generically.
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Hutz-Tepper Conjecture

A natural question is whether one can trade off more multipliers
(increase Ny) to reduce the ambiguity (decrease Ky).

Theorem (G., Epstein)

For d > 4, the multipliers up to period Ny = 2 generically
determine a unique point in (polynomial) dynamical moduli
space M.

@ Hutz and Tepper showed this for d < 5 using explicit
algebraic computations of Groebner bases and
conjectured that this holds generally.

@ Polynomials f o g and g o f always have the same
multipliers, so uniqueness only holds generically.

@ Could it be (non-generically) unique in prime degree d?
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Hutz-Tepper Conjecture proof idea

@ There is exactly one point in M# with d — 1 multipliers
zero, represented by Py(z) = 5%z + 29,
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Hutz-Tepper Conjecture proof idea

@ There is exactly one point in M# with d — 1 multipliers
zero, represented by Py(z) = 5%z + 29,

@ Standard construction using quasiconformal surgery
shows that a neighborhood of P, can be analytically
parametrized by the multipliers A = (\y,..., \g_1) € D9,
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Hutz-Tepper Conjecture proof idea

@ There is exactly one point in M# with d — 1 multipliers
zero, represented by Py(z) = 5%z + 29,

@ Standard construction using quasiconformal surgery
shows that a neighborhood of P, can be analytically
parametrized by the multipliers A = (\y,..., \g_1) € D9,

@ Similarly, any tuple of attracting multipliers
A= (M,...,\g_1) € D91 is obtained this way.
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Hutz-Tepper Conjecture proof idea

@ There is exactly one point in M# with d — 1 multipliers
zero, represented by Py(z) = 5%z + 29,

@ Standard construction using quasiconformal surgery
shows that a neighborhood of P, can be analytically
parametrized by the multipliers A = (\y,..., \g_1) € D9,

@ Similarly, any tuple of attracting multipliers
A= (M,...,\g_1) € D91 is obtained this way.

@ Ambiguity comes from permuting the cyclic order of
multipliers, which can be done in (d — 2)! ways.
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Hutz-Tepper Conjecture proof idea

@ There is exactly one point in M# with d — 1 multipliers
zero, represented by Py(z) = 5%z + 29,

@ Standard construction using quasiconformal surgery
shows that a neighborhood of P, can be analytically
parametrized by the multipliers A = (\y,..., \g_1) € D9,

@ Similarly, any tuple of attracting multipliers
A= (M,...,\g_1) € D91 is obtained this way.

@ Ambiguity comes from permuting the cyclic order of
multipliers, which can be done in (d — 2)! ways.

@ Explicitly compute the derivatives of period 2 multipliers

with respect to fixed point multipliers and show
non-symmetry w.r.t. (non-cyclic) permutations.
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Open questions

@ What are the minimal pairs (Ng, Ky) for McMullen’s original
question? Some non-trivial bounds on minimal Ny?
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Open questions

@ What are the minimal pairs (Ng, Ky) for McMullen’s original
question? Some non-trivial bounds on minimal Ny?

@ Silverman showed that one always has an ambiguity Ky of
at least the class number of Q[v/—d] (which is the number
of equivalence classes of tori admitting a multiplication by
iv/d). Is this bound sharp?
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Open questions

Open questions

@ What are the minimal pairs (Ng, Ky) for McMullen’s original
question? Some non-trivial bounds on minimal Ny?

@ Silverman showed that one always has an ambiguity Ky of
at least the class number of Q[v/—d] (which is the number
of equivalence classes of tori admitting a multiplication by
iv/d). Is this bound sharp?

@ Using the fact that f o g and g o f have the same multipliers,
the ambiguity K for polynomials of degree d is at least the
number of prime factors of d. Is this bound sharp?
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Open questions

Open questions

@ What are the minimal pairs (Ng, Ky) for McMullen’s original
question? Some non-trivial bounds on minimal Ny?

@ Silverman showed that one always has an ambiguity Ky of
at least the class number of Q[v/—d] (which is the number
of equivalence classes of tori admitting a multiplication by
iv/d). Is this bound sharp?

@ Using the fact that f o g and g o f have the same multipliers,
the ambiguity K for polynomials of degree d is at least the
number of prime factors of d. Is this bound sharp?

@ Do multipliers of period up to 2 generically determine a
unique point in rational moduli space?
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