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The background
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The background

Procedure

Mother colony

10* cells, doubling time 100min, 11-12 h growth, 30 xm thick,
2mm in diameter.

Hemispherical buds

Transparent zone of surfactin, 1h, 500-800 xm in diameter,
surfactin induces a thin layer of fluid
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The background

Dendrites elongated

10-14 dendrites, 1.5cm, supporters (10-12 flagella), swarmers
(24 flagella)
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Previous models

Previous models

ke

Involve nutrient concentration

otv(x,t) — DyAv(x,t) = —nvG(n, v),
of(x, t) = nH(n, v).

Gray-Scott, Beau-Jacob, C. A. Murra.

{ oin(x,t) — DpAn(x, t) = n[vG(n,v) — H(n, v)],
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The new experiment

Biologists propose that on rich media, nutrient is not the reason

for patten formation.
Are there models based on other ingredients that achieve this

type of pattern?. ..
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Motivation

Motivation

Keller-Segel system

din+ div(xnve) = An, xeR9,t>0
_DcAC + TCC = acn,

@ Traveling wave not natural
@ Blow up
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Motivation

Two models in literature

The Dolak-Schmeiser model

otn + dx(n(1 — n)dxc) = 0,
—Dca)z(c + ch = acn,

v

Model involves traveling wave

atn - 8)((”8)(8) = 0,
81‘5 — Dsa)z(s + Tss = Oésn,

A
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The full model

The system

oin+ div(n(1 — n)Ve — nVS) =0,

—DcAc + ¢ = aen, (1)
0tS — DsAS + 73S = as(mcol + f+ n),

0:f — div(DyVf) = Byn+ Bef + £(1/3 — ),

@ The density of the swarmers n(x, t)

@ The density of the supporters f(x, f)

@ The surfactin density s(x, t) (long range signal)
@ The chemical concentration c¢(x, t) (short range)
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The full model

Numerical results

Numerical scheme
@ ¢, S, f: P1 finite element;
@ n: Engquist-Osher scheme

Two branch movie
Four branch movie



The interesting behavior

What could be interesting for this system? )

© Stability.
© Traveling wave.



The interesting behavior

Reduced system

Instabilities can be observed on reduced system

din+ div(n(1 — n)Ve — nVS) =0,
—D:;Ac + ¢ = agn,
a[S — DsAS + TsS == asn,



The interesting behavior

Special regimes

Check for traveling pulses (n(x — ot), s(x — ot))

—on+div(n(1 — n)Vc - nvVS) =0,
—D:.Ac + ¢ = agn,
_US - DsAS + TsS == O[sn,

All parameters are non-negative
@ Steady state: 0 = 0.
@ Traveling wave: 7¢ = 0, Ds = 0, for Ds small.
@ Traveling wave: 7 = 0, Dg = O(1), for L small.
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Siellling

The steady state in 1d

(1—-nVec-VS=0, xe][0,L]
n=0, x ¢ [0,L]
—DcAc+ ¢ = agn,
—DsAS + S = asn,

@ For L small

@ When |D; — Ds| small
@ When D, > Dg, the global existence
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Siellling

Numerical results
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The traveling pules

First special case

Model without diffusion for surfactin

0t + dx(n(1 — n)0xc — ndxS) = 0,
— D) EEE 4 TE = I, xeR
618 = an.

There exists a 0 — 1 plateau like traveling plateau solution given
by
1, ot < x <L+ ot
n(X7 t) - ,
0 otherwise,

S(x. 1) Va, ot < x <L+t
"1 0 otherwise,
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The traveling pules

Existence

— DL 0 7@ = ), xeR

—o0xn+ Ox(N(1 — n)Oxc — ndxS) = 0,
—00xS = agn.

@ Verify n.
@ 0S8 =agn vx,o=-8, for x € [0, L], thus o0 = ,/ag.
@ o=-8, xe[0,L],S=0forx¢][0,L].
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The traveling pules

Stability

Stability of traveling pulse solutions

The traveling pulse solution consists of two shocks. For the first
shock at the location of x — ot =0 is

stable oxc(x —ot=0) >
linearly degenerate dxc(x —ot=0)=+/a .
unstable oxe(x —ot=0) < Ja

The second shock at x — ot = L is unconditionally stable.

Two equation hyperbolic system

dtn + Ox(n(1 — n)0xc — ndxS) = 0,
818 —an=0.

Check the Lax entropy condition.
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The traveling pules

Small diffusion

otn + Ox(n(1 — n)oxc — ndxS) = 0,
—D;02¢ + 1c€c = n, xeR
8[8 - Ezaxxs = Oésn

layer —_

_layer
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The traveling pules

@ Rescale ¢ = (x — ot)/¢, use the notation v = —0xS.
°

—on+ n(1 —n)oxc+vn=0,
—ov+an=v.

@ Four possible layers. n = 0,¢ < 0, then v(¢) = Ce,
bounded for all negative &, v(§) = 0.

o (v,n): (0,0) > (0,1 — 0/9xc(0)) > (0,1) — (ce~7,0).
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The traveling pules

Numerical results
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Figure 2: Numerical results of Eq. (8). The left column depicts the initial data
for n, the chemical substance ¢ by solid and dash dotted lines respectively (top)
and the velocity v (bottom). We can see the boundary layer on the left side for
n. a) e =001, a =0.05 17 =1and D. =0.01. b) ¢ =0.01, « =20, 7. =1
and D. = 0.01. With these parameters, the condition ﬁ < 0 is not satisfied.
In this when the first shock is unstable.
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Second special case when L =~ 0

L~0,7=0

—oln+ (1 —n)oxc—0xS =0, x¢e]0,1]
n=0, x ¢ [0,1]
—DgOxxC + L2c = acl?n,

—0L8yS — DsOxxS = asl?n,

Banach-Picard fixed point theorem. Difficulties
o n=1- 2525 the singularity when dxc = 0.
@ If Oxc(xg) = 0, 0 = —0xS(Xp).
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Second special case when L =~ 0

n =
OxC

OxS

@ ol =

o Fln =1— 2=kl

1— JL+8XS

acL2

<fo e@(
asL2 f

(yx

asl? [Xo oBE(y—x)
b Joo e

x € [0,1],
%) L (x—y)
n(y)dy — [ evoe"” n(y)dy) ,

n(y)dy.

n(y)dy, o is uniquely determined.

A= Lol with
1
A= fxz n(y dy . asDec
- 1 ’ - D ’
5 — X Qcls

Ly = L/\/Ds,Ly = L/\/Ds.
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Second special case when L =~ 0

Existence

@ L small enough, there is a unique speed (L) and a unique
solution n € C(0, L).

@ cis concave in (0, L).
@ sis non-increasing on R and s, := S (L) is uniquely
determined as a function of L.
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Numerical results

The interesting behavior
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Summary

@ For patten formation, instead of driven by nutrient
depletion, we develop a Keller-Segel type Logistic
hyperbolic model which will generate branching just using
force.

@ For reduced models, with parameters at different regime,
we explain several numerical observations: stability under
size condition and traveling plateaus.
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Future work

@ From the modeling side, improve the description of short
range effects of surfactin, expect different branching
instabilities

@ From the theoretical point of view, two dimensional effect,
further instability effect.
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