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Chemotaxis = biased motion of cell in response to a chemical
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The Keller-Segel model

The Keller & Segel model involves two species:

o the cell density p(t, x),
e the chemoattractant concentration S(t, x).

Oep=0Dp—xV-(pVS) t>0, xc R
—AS =p

Parameters of the model are the chemosensitivity coefficient x and
the total number of cells M.

In dimension d = 2, we have the following representation

1
(1) = == [ log b= ylo(e.0) dy
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Modeling features

No cell division, no death: only motion.

Competition between dispersion of cells (diffusion) and
aggregation.

Rich model from the point of view of mathematical analysis.

Poor model from the point of view of pattern formation.

Unbounded solutions are an idealization of patterns.
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A simple dichotomy in R?

Theorem (Blanchet, Dolbeault & Perthame)

Assume the initial data po (| log po| + (1 + |x|?)) € L .
e If xM < 8 solution are global in time (dispersion).
e [t blows up in finite time if YM > 8w (aggregation).

e [In the subcritical regime xM < 8w, the density converges to a
self-similar profile.

There is a rich literature for this subject (prior to this theorem):
Nanjundiah; Childress & Percus; Jager & Luckhaus; Nagai; Biler;
Herrero & Veldzquez; Gajewski & Zacharias; Horstmann; Senba &
Suzuki. ..
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Other dimensions

The behaviour of solutions strongly depends on the space
dimension.

Theorem (Biler; Nagai; Corrias, Perthame & Zaag)

e In dimension d = 1 blow-up never occurs (more details will be
given later)

e In dimension d > 3 solution is global in time if
llpoll a2 < C

Solution blows-up if
Md/(d=2)

>C
fRd |X‘2p0(X) dx
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Proof of blow-up — the case d = 2

The second momentum of the cell density can be computed

explicitely:
d (1 5 xM
— | = t,x)dx | =2M (1 - =—
& (5 xBoteox) o) =2m (1= 31)

In the super critical regime xM > 8 a singularity must appear in
finite time.

Blow up with radial synetry

“macro 50" u 13
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Proof of blow-up — the case d > 3

i (2 o) o) = e [ o) sty v

Adapt Cauchy-Schwarz inequality:

1-d/2
M2+ </ Ix|2p(x) dx>
R2

<cff, o —y W2M)“”

Conclude:

d/2
d (1/ IxI2(t, x) dx> <daMm(1-¢C M "
dt \ 2 Jp2 (f]R2 Ix[2p(t, x) dX)
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First attempt to prove global existence — the case d = 2
[Jager & Luckhaus '92]

d 1 4
= = Pdx | = ——
dt(p—l/Rzp X> p/Rz

Need for functional analysis in order to compare things.
Recall the Sobolev embedding in dimension 2:

2
Vppﬂ) dx—l—x/zp’”rl dx
R

2
lullo S Vulla,  qr= ﬁ
lull s < lull 2l Vull2

In the case p=1:

d
— (/ plogpdx> :—4/ |V\/ﬁ|2 dx—l—x/ p? dx
dt R2 R2 R2
<-4+ CxM) [ [V dx
R2
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Global existence — the case d > 3

Same story, but different Sobolev inequality.

d 2 d/2 8 / d/4l?
i < | =
p (d—2/de dX> < < i CprLd/z) y )Vp ( dx
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Global existence — the case d = 2

The Keller-Segel system has an energy structure:
f[ﬂ]z/ plogde+// x) log |x — y|p(y) dxdy
]R2><]R2
d
SO == [ pIV (logp = xS dx <0
R2

Need for refined functional analysis in order to compare things. ..
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Hardy-Littlewood-Sobolev inequality

Theorem (HLS inequality with logarithmic kernel)

In any dimension we have:

M
—// f(x)log|x—y\f(y)dxdy§/ flogfdx+ C
RY xRd d Jgd
Consequence: the energy F is "coercive” in the sub-critical case:

Flpol = Flp(t)] = (1_);\:/) /R2p|ogp dx — C
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Asymptotics for the heat equation

Recall the long-time asymptotics of the heat equation:
Op = Ap

Rescale space and time (diffusive scaling): p(t,x) — u(7,y),

(t,x) = * 1I t
X) = — _ = — 10
p Y t u 7-7 \/E Y T 2 g

Oru=Au+V - (uy)

The stationary state is the Gaussian kernel:
ly[?
Vu+uay =0« u=Aexp —

More precisely, u(T,y) — u(y) (exponentially fast in relative
entropy).
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Asymptotics for the Keller-Segel equation

ot x) = % u <T, \2) S(Ex) = v <T, \2)

We get the Keller-Segel with an additional drift:

O-u=Au+V - (uy —xuVv)
—Av=u

The rescaled energy has an additional confinement potential:

}—rescaled[u] / UIogu dy + - / |y,2 ) y

s [[ - utxtoghe = yluty) oy
R2xR2

We have u(7,y) — ©(y) in a weak sense (Blanchet, Dolbeault &
Perthame).
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Conclusion

e The Keller-Segel equation is equipped with an energy. This
helps the analysis in dimension d = 2.

e The virial argument is very convenient, but gives few
informations about how it blows-up.

e When diffusion dominates, it is important to rescale
space/time in order to visualize something.

e In dimension d > 3 it is not easy to make the distinction
between global existence and blow-up.

e See the talk of N. Meunier next week for related issues
(concerning cell polarization).
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Generalized Keller-Segel equation in 1D

No blow-up in 1D, so we generalize the equation to make it more
flexible.

We consider nonlinear diffusion (porous-medium type), and
nonlocal interaction:

02 p* 0
Op = 5 5 ~ Xz, (POxS) /RP(X)dx—l
Y
S=-Wxp, W(X)j, ax>1l, ye(-11).

The free energy writes:

Fiol = =5 [ oot 55 [ sl yToly) dy
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Cumulative distribution function

X

Me) = [ pdy. X(m)=Mim), X:0) R, X/

—0o0

Alternative formulation of the energy F[p] = G[X]:
1

o —

= ()0 dmt2X m)—X(m")|” dmdm’
o) = g [ Xyl [ XX amd
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Gradient flow interpretation

Claim:
The Keller-Segel system is the gradient flow of the energy G[X]
(in the classical L2(0, 1) sense):
X = =VG[X]
[Jordan, Kinderlehrer & Otto, Otto]
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Key observations

e The energy G is not convex, because vy € (—1,1).

e Each contribution is homogeneous. If & — 1+~ = 0 the two
contributions have the same homogeneity: the competition is

fair.
GINX] = \2GIX] VA >0

E. coli



Analysis of KS Refined analysis Kinetic models E. coli
The logarithmic case a =1, v =0

The functional is almost zero-homogeneous.

g[X]= /(0 ) log(X'(m))dm + % //0 1 log |X(m) — X(m)| dmdm’
GIX] = GIX] + (~1+ 5) log A

Consequence:
VaIX] - X = (~1+2)
—9X X = (-1+ %)
2 ()13

Singularity if x > 2: blow-up!
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The logarithmic case, ctd.

Given a gradient flow of a convex energy G, and a critical point

VG[A] = 0. Then X(t) — A,

& (Gxo-ap) <o

If G is uniformly convex: DG > vId,

o (X0 - A7) < —ix() - a2 )

Surprisingly, the same holds true here. If A is a critical point of the

energy, .
X(t) =A%) <
dt < (X () = Al > <0

Problem: there exists a critical point only when y = 2. ..
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The logarithmic case, ctd.
... Rescale space/time!

1
gresca/ed[x] = g[X] + EIXF

There exists a critical point if y < 2:

VG[A|+A=0
X 2 _
(—1+§)+1Ay =0

Theorem (C, Carrillo)

In the sub-critical case x < 2
d (1

— [ ZIX(1) = A?) < —|X(t) — A]?
& (Gx@-ap) < -ix - 4

Explanation: the interaction part (concave) is "digested” by the
diffusion contribution.
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Fair competition — blow-up

Assume o — 1 4+~ = 0.

The functional is (1 — «)-homogeneous.
GIAX] = N°g[X]
Consequence:

VGIX]- X = (1 - a)GIX]
09X X = (1- )01
& (3X0F) =@ - 0olx] = (a - Dol

Singularity if G[Xo] < 0: blow-up!
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Fair competition — critical parameter

In the case of fair competition there is a dichotomy which is similar
to (KS2D).

Theorem (C, Carrillo)

Assume 1 < o <2, v=1—«. There exists x-(«) > 0 such that:

o if x < xc the energy F is everywhere positive. The density
converges to a self-similar profile. The profile is unique.

® si x > X there exists a cone of negative energy. The density
blows-up in finite time if F|[pg] < 0.

e The case F[po] > 0 and x > x. is open.

e In higher dimension, the fair competition regime reads
dla—1)+~v=0.
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Diffusion-dominating case
Assume o — 1 + v > 0.

Typically, standard Keller-Segel equation in 1D.

The solution converges towards a unique stationary state .
L is compactly supported if (o« > 1, > 0).
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Attraction-dominating case

Assume o — 1+ v < 0.
Typically, standard Keller-Segel equation in 3D.

Several criteria for blow-up are available. For instance,

(1) ([ semtoa) " sl <o

The solution is global in time if

lpollee < €

where p =
1+~
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Kinetic models

Time discretization

Jordan, Kinderlehrer & Otto have proposed the following scheme
(time-implicit Euler's scheme):

Xn+1 - Xn

At = _vg[XnJrl]

1
Xnr1 minimizes Q[Y]+EHY—X,,HZ

Theorem (Blanchet, C, Carrillo)
In the subcritical case x < 2, the JKO scheme converges towards a

weak solution of the Keller-Segel equation as At — 0.

e The JKO scheme is well adapted to the energy structure.
e But it is more difficult to handle practically.
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Space discretization

The continuous functional G can be discretized using finite
differences for X(m).

N—1
GIX] = —AmY_ log (X1 — X7) + %(Am)2 3 log X7 - X'|
i=1 i£j

Theorem
The critical parameter is . = 2(1 — Am)~1.

e If x > X the solution of the discrete gradient flow blows-up
in finite time (meaning that Jip : X0+t1 — X0 =0 after a
finite number of steps).

e If x < Xc the solution of the rescaled gradient flow converges
towards a unique stationary state at exponential rate.
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Numerical illustrations

Lo

Convergence of the solution towards Convergence towards the unique sta-

the unique stationary state in self- tionary state with porous-medium dif-
similar variables when x < 2. fusion a > 1 (without rescaling).

Blow-up of the discrete gradient flow Blow-up of the discrete gradient flow
when x > 2. when x > 4 ’
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Conclusion

Behind the dissipation of energy there is a nice gradient flow
structure (after appropriate change of viewpoint).

The energy is homogeneous, and " convex-+concave”.
Some results can be extended to higher dimension, but not all.

The numerical scheme is a sort of " particle method”, where
diffusion is deterministic (particles keep ordered).

Using a very coarse space grid one gets an interesting
finite-dimensional reduction of the Keller-Segel PDE.
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Collaborations

Benoit Perthame (Univ. Paris 6)

José A. Carrillo (Univ. Autonoma Barcelona)
Adrien Blanchet (Univ. Toulouse 1)

Lucilla Corrias (Univ. Evry - Val d'Essonne)

Abderrahman Ebde (Wolfgang Pauli Institute, Vienna)
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Kinetic modeling

e Bacterial density f(t, x, v) is described at time (t), position
(x) and velocity (v).

e Velocity space V is bounded.
The Othmer-Dunbar-Alt model ('88) :

Otf +v-Vif = / T[S](v, V) f(t, x,v')dv' — A[S]f(t, x, V)
v'eV

-~

run tumble

e The tumbling kernel T[S](v, V') denotes the frequency of
reorientation v/ — v.

o A[S] = [, cy TISI(V/,v) dV' is the intensity of the Poisson
process governing reorientation.
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Numerical evidence, ctd.

1

Position along the channel (cm)
(ODsoo: x 10" cells / ml)

06 08
Time (hours)
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Numerical evidence, ctd.
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Limited nutrient: coexistence of a stationary state and a traveling pulse

E. coli
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Some quantitative features

In the case of a stiff response function ¢ = step, we obtain a
formula for the speed of the pulse o

(2

XN =0 =XS——F——
V4Dsa + o2

The profile is a combination of two exponential tails.

poexp(A~z), z<0
p(z) = N
poexp(ATz), z>0
Asymmetry of the profile is given by:
A~ 4Dsa+ 0% + o

AT B V4Dsa + o2 — o

It is strongly asymmetric when o >> 21/Dsa (speed of chemical
diffusion).
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Traveling kinetic pulses

In fact...

The diffusion scaling is not valid for all experimental settings.

Traveling waves are likely to exist at the kinetic level too.

E. coli



Conclusions

There is a hierarchy of mathematical models for collective cell
motion (micro-, meso-, macroscopic).

The appropriate choice relies on a compromise between
accuracy of description and simplicity of formulation.

The ODA kinetic model is suitable for bacterial motion. It is
possible to derive simplified model (of parabolic types) which
are better adapted than the usual ones.

Existence of stable traveling pulses is linked to the stationary
chemotaxis problem (without nutrient).

E. coli
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¢ Benoit Perthame (Univ. Paris 6)
¢ Nikolaos Bournaveas (Univ. Edinburgh)

¢ Jonathan Saragosti, Axel Buguin and Pascal Silberzan
(Institut Curie, Paris)
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Thank you for your attention!



