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Chemotaxis = biased motion of cell in response to a chemical
cue.
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The Keller-Segel model

The Keller & Segel model involves two species:

• the cell density ρ(t, x),

• the chemoattractant concentration S(t, x).{
∂tρ = ∆ρ− χ∇ · (ρ∇S) t > 0, x ∈ Rd

−∆S = ρ

Parameters of the model are the chemosensitivity coefficient χ and
the total number of cells M.

In dimension d = 2, we have the following representation

S(t, x) = − 1

2π

∫
R2

log |x − y |ρ(t, y) dy
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Modeling features

• No cell division, no death: only motion.

• Competition between dispersion of cells (diffusion) and
aggregation.

• Rich model from the point of view of mathematical analysis.

• Poor model from the point of view of pattern formation.

• Unbounded solutions are an idealization of patterns.
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A simple dichotomy in R2

Theorem (Blanchet, Dolbeault & Perthame)

Assume the initial data ρ0

(
| log ρ0|+ (1 + |x |2)

)
∈ L1.

• If χM < 8π solution are global in time (dispersion).

• It blows up in finite time if χM > 8π (aggregation).

• In the subcritical regime χM < 8π, the density converges to a
self-similar profile.

There is a rich literature for this subject (prior to this theorem):
Nanjundiah; Childress & Percus; Jäger & Luckhaus; Nagai; Biler;
Herrero & Velázquez; Gajewski & Zacharias; Horstmann; Senba &
Suzuki. . .
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Other dimensions

The behaviour of solutions strongly depends on the space
dimension.

Theorem (Biler; Nagai; Corrias, Perthame & Zaag)

• In dimension d = 1 blow-up never occurs (more details will be
given later)

• In dimension d ≥ 3 solution is global in time if

‖ρ0‖Ld/2 < C

Solution blows-up if

Md/(d−2)∫
Rd |x |2ρ0(x) dx

> C



Analysis of KS Refined analysis Kinetic models E. coli

Proof of blow-up – the case d = 2
The second momentum of the cell density can be computed
explicitely:

d

dt

(
1

2

∫
R2

|x |2ρ(t, x) dx

)
= 2M

(
1− χM

8π

)
In the super critical regime χM > 8π a singularity must appear in
finite time.
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Proof of blow-up – the case d ≥ 3

d

dt

(
1

2

∫
R2

|x |2ρ(t, x) dx

)
= dM−ωd

∫∫
Rd×Rd

ρ(x)
1

|x − y |d−2
ρ(y) dxdy

Adapt Cauchy-Schwarz inequality:

Md/2+1

(∫
R2

|x |2ρ(x) dx

)1−d/2

≤ C

∫∫
Rd×Rd

ρ(x)
1

|x − y |d−2
ρ(y) dxdy

Conclude:

d

dt

(
1

2

∫
R2

|x |2ρ(t, x) dx

)
≤ dM

(
1− C

Md/2(∫
R2 |x |2ρ(t, x) dx

)d/2−1

)
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First attempt to prove global existence – the case d = 2
[Jäger & Luckhaus ’92]

d

dt

(
1

p − 1

∫
R2

ρp dx

)
= −4

p

∫
R2

∣∣∣∇ρp/2
∣∣∣2 dx + χ

∫
R2

ρp+1 dx

Need for functional analysis in order to compare things.
Recall the Sobolev embedding in dimension 2:

‖u‖Lq? . ‖∇u‖Lq , q? =
2q

2− q

‖u‖L4 . ‖u‖L2‖∇u‖L2

In the case p = 1:

d

dt

(∫
R2

ρ log ρ dx

)
= −4

∫
R2

|∇√ρ|2 dx + χ

∫
R2

ρ2 dx

≤ (−4 + CχM)

∫
R2

|∇√ρ|2 dx
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Global existence – the case d ≥ 3

Same story, but different Sobolev inequality.

d

dt

(
2

d − 2

∫
Rd

ρd/2 dx

)
≤
(
− 8

d
+ Cχ‖ρ‖Ld/2

)∫
Rd

∣∣∣∇ρd/4
∣∣∣2 dx
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Global existence – the case d = 2

The Keller-Segel system has an energy structure:

F [ρ] =

∫
R2

ρ log ρ dx +
χ

4π

∫∫
R2×R2

ρ(x) log |x − y |ρ(y) dxdy

d

dt
F [ρ(t)] = −

∫
R2

ρ |∇ (log ρ− χS)|2 dx ≤ 0

Need for refined functional analysis in order to compare things. . .
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Hardy-Littlewood-Sobolev inequality

Theorem (HLS inequality with logarithmic kernel)

In any dimension we have:

−
∫∫

Rd×Rd

f (x) log |x − y |f (y) dxdy ≤ M

d

∫
Rd

f log f dx + C

Consequence: the energy F is ”coercive” in the sub-critical case:

F [ρ0] ≥ F [ρ(t)] ≥
(

1− χM

8π

)∫
R2

ρ log ρ dx − C
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Asymptotics for the heat equation
Recall the long-time asymptotics of the heat equation:

∂tρ = ∆ρ

Rescale space and time (diffusive scaling): ρ(t, x) −→ u(τ, y),

ρ(t, x) =
1

t
u

(
τ,

x√
t

)
, τ =

1

2
log t

∂τu = ∆u +∇ · (uy)

The stationary state is the Gaussian kernel:

∇u + uy = 0 ↔ u = λ exp

(
−|y |

2

2

)
More precisely, u(τ, y)→ u(y) (exponentially fast in relative
entropy).
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Asymptotics for the Keller-Segel equation

ρ(t, x) =
1

t
u

(
τ,

x√
t

)
, S(t, x) = v

(
τ,

x√
t

)
We get the Keller-Segel with an additional drift:{

∂τu = ∆u +∇ · (uy − χu∇v)

−∆v = u

The rescaled energy has an additional confinement potential:

Frescaled [u] =

∫
R2

u log u dy +
1

2

∫
R2

|y |2u(y) dy

+
χ

4π

∫∫
R2×R2

u(x) log |x − y |u(y) dxdy

We have u(τ, y)→ u(y) in a weak sense (Blanchet, Dolbeault &
Perthame).
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Conclusion

• The Keller-Segel equation is equipped with an energy. This
helps the analysis in dimension d = 2.

• The virial argument is very convenient, but gives few
informations about how it blows-up.

• When diffusion dominates, it is important to rescale
space/time in order to visualize something.

• In dimension d ≥ 3 it is not easy to make the distinction
between global existence and blow-up.

• See the talk of N. Meunier next week for related issues
(concerning cell polarization).



Analysis of KS Refined analysis Kinetic models E. coli

Contents

Mathematical analysis of the Keller-Segel model – basics

Refined analysis in dimension d = 1

Kinetic models for chemotaxis – analysis

The journey of E. coli



Analysis of KS Refined analysis Kinetic models E. coli

Generalized Keller-Segel equation in 1D

No blow-up in 1D, so we generalize the equation to make it more
flexible.

We consider nonlinear diffusion (porous-medium type), and
nonlocal interaction:

∂tρ =
∂2ρα

∂x2
− χ ∂

∂x
(ρ∂xS) ,

∫
R
ρ(x) dx = 1

S = −W ∗ ρ , W (x) =
|x |γ

γ
, α ≥ 1 , γ ∈ (−1, 1) .

The free energy writes:

F [ρ] =
1

α− 1

∫
R
ρ(x)α dx +

χ

2γ

∫∫
R×R

ρ(x)|x − y |γρ(y) dxdy
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Cumulative distribution function

M(x) =

∫ x

−∞
ρ(y) dy , X (m) = M−1(m) , X : (0, 1)→ R , X ↗
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Alternative formulation of the energy F [ρ] = G[X ]:

G[X ] =
1

α− 1

∫
(0,1)

(X ′(m))1−α dm+
χ

2γ

∫∫
(0,1)2

|X (m)−X (m′)|γ dmdm′
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Gradient flow interpretation

Claim:
The Keller-Segel system is the gradient flow of the energy G[X ]
(in the classical L2(0, 1) sense):

∂tX = −∇G[X ]

[Jordan, Kinderlehrer & Otto, Otto]
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Key observations

• The energy G is not convex, because γ ∈ (−1, 1).

• Each contribution is homogeneous. If α− 1 + γ = 0 the two
contributions have the same homogeneity: the competition is
fair.

G[λX ] = λ1−αG[X ] ∀λ > 0
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The logarithmic case α = 1, γ = 0

The functional is almost zero-homogeneous.

G[X ] = −
∫

(0,1)
log(X ′(m)) dm +

χ

2

∫∫
(0,1)2

log |X (m)− X (m′)| dmdm′

G[λX ] = G[X ] +
(
−1 +

χ

2

)
log λ

Consequence:

∇G[X ] · X =
(
−1 +

χ

2

)
−∂tX · X =

(
−1 +

χ

2

)
d

dt

(
1

2
|X (t)|2

)
=
(

1− χ

2

)
Singularity if χ > 2: blow-up!
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The logarithmic case, ctd.(
Given a gradient flow of a convex energy G , and a critical point

∇G [A] = 0. Then X (t)→ A,

d

dt

(
1

2
|X (t)− A|2

)
≤ 0

If G is uniformly convex: D2G ≥ νId,

d

dt

(
1

2
|X (t)− A|2

)
≤ −ν|X (t)− A|2

)

Surprisingly, the same holds true here. If A is a critical point of the
energy,

d

dt

(
1

2
|X (t)− A|2

)
≤ 0

Problem: there exists a critical point only when χ = 2. . .
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The logarithmic case, ctd.
. . . Rescale space/time!

Grescaled [X ] = G[X ] +
1

2
|X |2

There exists a critical point if χ < 2:

∇G[A] + A = 0(
−1 +

χ

2

)
+ |A|2 = 0

Theorem (C, Carrillo)

In the sub-critical case χ < 2

d

dt

(
1

2
|X (t)− A|2

)
≤ −|X (t)− A|2

Explanation: the interaction part (concave) is ”digested” by the
diffusion contribution.



Analysis of KS Refined analysis Kinetic models E. coli

Fair competition – blow-up

Assume α− 1 + γ = 0.

The functional is (1− α)-homogeneous.

G[λX ] = λ1−αG[X ]

Consequence:

∇G[X ] · X = (1− α)G[X ]

−∂tX · X = (1− α)G[X ]

d

dt

(
1

2
|X (t)|2

)
= (α− 1)G[X ] ≤ (α− 1)G[X0]

Singularity if G[X0] < 0: blow-up!



Analysis of KS Refined analysis Kinetic models E. coli

Fair competition – critical parameter

In the case of fair competition there is a dichotomy which is similar
to (KS2D).

Theorem (C, Carrillo)

Assume 1 < α < 2, γ = 1− α. There exists χc(α) > 0 such that:

• if χ < χc the energy F is everywhere positive. The density
converges to a self-similar profile. The profile is unique.

• si χ > χc there exists a cone of negative energy. The density
blows-up in finite time if F [ρ0] < 0.

• The case F [ρ0] ≥ 0 and χ > χc is open.

• In higher dimension, the fair competition regime reads
d(α− 1) + γ = 0.
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Diffusion-dominating case
Assume α− 1 + γ > 0.

Typically, standard Keller-Segel equation in 1D.

The solution converges towards a unique stationary state µ.
µ is compactly supported if (α > 1, γ ≥ 0).
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Attraction-dominating case

Assume α− 1 + γ < 0.

Typically, standard Keller-Segel equation in 3D.

Several criteria for blow-up are available. For instance,

C

(
1

1− α
− 1

γ

)(∫
R
|x |2ρ0(x) dx

)(1−α)/2

+ F [ρ0] < 0 .

The solution is global in time if

‖ρ0‖Lp < C

where p =
2− α
1 + γ

> 1.
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Time discretization

Jordan, Kinderlehrer & Otto have proposed the following scheme
(time-implicit Euler’s scheme):

Xn+1 − Xn

∆t
= −∇G[Xn+1]

Xn+1 minimizes G[Y ] +
1

2∆t
‖Y − Xn‖2

Theorem (Blanchet, C, Carrillo)

In the subcritical case χ < 2, the JKO scheme converges towards a
weak solution of the Keller-Segel equation as ∆t → 0.

• The JKO scheme is well adapted to the energy structure.

• But it is more difficult to handle practically.
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Space discretization
The continuous functional G can be discretized using finite
differences for X (m).

G̃ [X ] = −∆m
N−1∑
i=1

log
(
X i+1 − X i

)
+
χ

2
(∆m)2

∑
i 6=j

log |X j − X i |

+
∆m

2

N∑
i=1

|X i |2 .

Theorem
The critical parameter is χ̃c = 2(1−∆m)−1.

• If χ > χ̃c the solution of the discrete gradient flow blows-up
in finite time (meaning that ∃i0 : X i0+1 − X i0 = 0 after a
finite number of steps).

• If χ < χ̃c the solution of the rescaled gradient flow converges
towards a unique stationary state at exponential rate.
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Numerical illustrations
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Convergence of the solution towards
the unique stationary state in self-
similar variables when χ < 2.
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Convergence towards the unique sta-
tionary state with porous-medium dif-
fusion α > 1 (without rescaling).
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Blow-up of the discrete gradient flow
when χ > 2.
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Conclusion

• Behind the dissipation of energy there is a nice gradient flow
structure (after appropriate change of viewpoint).

• The energy is homogeneous, and ”convex+concave”.

• Some results can be extended to higher dimension, but not all.

• The numerical scheme is a sort of ”particle method”, where
diffusion is deterministic (particles keep ordered).

• Using a very coarse space grid one gets an interesting
finite-dimensional reduction of the Keller-Segel PDE.
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Kinetic modeling

• Bacterial density f (t, x , v) is described at time (t), position
(x) and velocity (v).

• Velocity space V is bounded.

The Othmer-Dunbar-Alt model (’88) :

∂t f + v · ∇x f︸ ︷︷ ︸
run

=

∫
v ′∈V

T[S ](v , v ′)f (t, x , v ′) dv ′ − λ[S ]f (t, x , v)︸ ︷︷ ︸
tumble

• The tumbling kernel T[S ](v , v ′) denotes the frequency of
reorientation v ′ → v .

• λ[S ] =
∫
v ′∈V T[S ](v ′, v) dv ′ is the intensity of the Poisson

process governing reorientation.
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Numerical evidence, ctd.

.
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Numerical evidence, ctd.

Limited nutrient: coexistence of a stationary state and a traveling pulse
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Some quantitative features
In the case of a stiff response function φ = step, we obtain a
formula for the speed of the pulse σ:

χN − σ = χS
σ√

4DSα + σ2

The profile is a combination of two exponential tails.

ρ(z) =

{
ρ0 exp (λ−z) , z < 0

ρ0 exp (λ+z) , z > 0

Asymmetry of the profile is given by:

λ−

|λ+|
=

√
4DSα + σ2 + σ√
4DSα + σ2 − σ

It is strongly asymmetric when σ � 2
√

DSα (speed of chemical
diffusion).
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Traveling kinetic pulses

In fact...
The diffusion scaling is not valid for all experimental settings.
Traveling waves are likely to exist at the kinetic level too.
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Conclusions

• There is a hierarchy of mathematical models for collective cell
motion (micro-, meso-, macroscopic).

• The appropriate choice relies on a compromise between
accuracy of description and simplicity of formulation.

• The ODA kinetic model is suitable for bacterial motion. It is
possible to derive simplified model (of parabolic types) which
are better adapted than the usual ones.

• Existence of stable traveling pulses is linked to the stationary
chemotaxis problem (without nutrient).
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Thank you for your attention!


