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n-transposition groupG = hDi : groupD : normal subset of involutions in G (union of conjugacy classes)

Definition (G;D) : n-transposition groupdef() 8a; b 2 D 9k � n s.t. (ab)k = 1
(9x; y 2 D s.t. order of xy = n)
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n-transposition groupG = hDi : groupD : normal subset of involutions in G (union of conjugacy classes)

Definition (G;D) : n-transposition groupdef() 8a; b 2 D 9k � n s.t. (ab)k = 1
(9x; y 2 D s.t. order of xy = n)

TargetsM (n = 6)  affine E8-diagramB (n = 4)  affine E7-diagramFi24 (n = 3)  affine E6-diagramn-transposition groups and vertex operator algebras – p.2/21



Outline� Notation and Terminology� Automorphisms of VOA� Miyamoto involutions� Sakuma’s theorem� n-transposition property (n = 6; 4; 3)� Application to the sporadic simple finite groups� Automorphisms of commutant subalgebras

n-transposition groups and vertex operator algebras – p.3/21



Notation and Terminology(V;Y(�; z); 1; !) : Vertex Operator Algebra (VOA)V =Mn�0Vn : N -graded vector space over RY(�; z) : V
V! V((z)) : vertex operator mapY(a; z)b =Xn2Za(n)b z�n�11 : the vacuum vector V0 = R1! : the conformal vector ! 2 V2, Y(!; z) =Xn2ZL(n)z�n�2=) [L(m); L(n)℄ = (m� n)L(m+ n) + Æm+n;0m3 � m12 
n-transposition groups and vertex operator algebras – p.4/21



Notation and Terminologye 2 V2 : Virasoro vector

0�Y(e; z) = Xm2Ze(m)z�m�1 =Xn2ZLe(n)z�n�21Adef() e(1)e = 2e() Y(e; z)Y(e;w) � 
e2(z� w)4 + 2Y(e;w)(z� w)2 + �wY(e;w)(z� w)() [Le(m); Le(n)℄ = (m� n)Le(m + n) + Æm+n;0m3 � m12 
e(U; e) : sub VOA def() ( U : subalgebra 3 1e 2 U2 : Virasoro vector(U;Y(�; z)jU;1; e) : VOAe 2 V : Virasoro vector Vir(e) : Virasoro sub VOA generated by en-transposition groups and vertex operator algebras – p.5/21



Commutant subalgebra (a.k.a. coset construction)V : VOA � U : sub VOAComV(U) := fa 2 V j [Y(a; z1);Y(u; z2)℄ = 0 for 8u 2 Ug=) ComV(U) : sub VOA s.t. U
ComV(U) ,! V

Vk+1(sl2) � Vk(sl2)
V1(sl2)ComVk(sl2)
V1(sl2)(Vk+1(sl2)) ' L(
k; 0)
k = 1� 6(k+ 2)(k+ 3) k = 1; 2; 3; : : :
1 = 12 
2 = 710 
3 = 45 
4 = 67 : : :
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Commutant subalgebra (a.k.a. coset construction)V : VOA � U : sub VOAComV(U) := fa 2 V j [Y(a; z1);Y(u; z2)℄ = 0 for 8u 2 Ug=) ComV(U) : sub VOA s.t. U
ComV(U) ,! V
Example [GKO] (unitary Virasoro VOAs)Vk+1(sl2) � Vk(sl2)
V1(sl2)ComVk(sl2)
V1(sl2)(Vk+1(sl2)) ' L(
k; 0) (simple Virasoro VOA)

where 
k = 1� 6(k+ 2)(k+ 3) , k = 1; 2; 3; : : : .
1 = 12 , 
2 = 710 , 
3 = 45 , 
4 = 67 , : : :n-transposition groups and vertex operator algebras – p.6/21



Automorphisms of VOAV : simple VOA G < Aut(V) : finite subgroupVG : G-invariant subalgebra� 2 Irr(G) M� : irr G-mod affording �=) V = M�2Irr(G)M�
C HomG(M�;V) x G
VGV� := HomG(M�;V) : VG-moduleV =L�2Irr(G)M�
C V� (as C [G℄
C VG-module)

V� 6= 0 8� 2 Irr(G) V� ' V� () � = �V� VG =) VG
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Automorphisms of VOAV : simple VOA G < Aut(V) : finite subgroupVG : G-invariant subalgebra� 2 Irr(G) M� : irr G-mod affording �=) V = M�2Irr(G)M�
C HomG(M�;V) x G
VGV� := HomG(M�;V) : VG-moduleV =L�2Irr(G)M�
C V� (as C [G℄
C VG-module)

Theorem [Dong-Li-Mason]

(1) V� 6= 0 (8� 2 Irr(G)) (2) V� ' V� () � = �

(3) V� : irr VG-module (=) VG : simple subalgebra)n-transposition groups and vertex operator algebras – p.7/21



Galois theory

Theorem [Dong-Mason, Hanaki-Miyamoto-Tambara]fsubgroups of G g  1:1��! f subalgebras of V � VGg
by G > H 7�! VH > VG

G = hgi � = e2�p�1=jgjV = V0 � V1 � � � � � Vjgj�1g : 1 � : : : �jgj�1V0 = Vhgi Vi V0=) V
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Galois theory

Theorem [Dong-Mason, Hanaki-Miyamoto-Tambara]fsubgroups of G g  1:1��! f subalgebras of V � VGg
by G > H 7�! VH > VG
The simplest case : G = hgi let � = e2�p�1=jgjV = V0 � V1 � � � � � Vjgj�1g : 1 � : : : �jgj�1V0 = Vhgi : simple sub VOA Vi : ineq irr V0-submod

=) V
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Galois theory

Theorem [Dong-Mason, Hanaki-Miyamoto-Tambara]fsubgroups of G g  1:1��! f subalgebras of V � VGg
by G > H 7�! VH > VG
The simplest case : G = hgi let � = e2�p�1=jgjV = V0 � V1 � � � � � Vjgj�1g : 1 � : : : �jgj�1V0 = Vhgi : simple sub VOA Vi : ineq irr V0-submod=) any finite automorphism of V is induced by an

irreducible decomposition w.r.t. its simple sub VOAn-transposition groups and vertex operator algebras – p.8/21



Miyamoto involution

Definition e : Ising vector () Vir(e) ' L(1=2; 0)
Fact irr L(1=2; 0)-mod : L(1=2; 0), L(1=2;1=2), L(1=2;1=16)

Every L(1=2; 0)-mod is semisimple=) V = Ve(0)� Ve(1=2)� Ve(1=16) (isotypical decomposition)

�e V�e := ( 1 Ve(0)� Ve(1=2)� 1 Ve(1=16)�e 2 Aut(V)
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Miyamoto involution

Definition e : Ising vector () Vir(e) ' L(1=2; 0)
Fact irr L(1=2; 0)-mod : L(1=2; 0), L(1=2;1=2), L(1=2;1=16)

Every L(1=2; 0)-mod is semisimple=) V = Ve(0)� Ve(1=2)� Ve(1=16) (isotypical decomposition)

Define a linear automorphism �e of V by�e := ( 1 on Ve(0)� Ve(1=2)� 1 on Ve(1=16)

�e 2 Aut(V)
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Miyamoto involution

Definition e : Ising vector () Vir(e) ' L(1=2; 0)
Fact irr L(1=2; 0)-mod : L(1=2; 0), L(1=2;1=2), L(1=2;1=16)

Every L(1=2; 0)-mod is semisimple=) V = Ve(0)� Ve(1=2)� Ve(1=16) (isotypical decomposition)

Define a linear automorphism �e of V by�e := ( 1 on Ve(0)� Ve(1=2)� 1 on Ve(1=16)
Theorem [Miyamoto] �e 2 Aut(V)n-transposition groups and vertex operator algebras – p.9/21



Miyamoto involution

Definition e : �-type on V () �e = idVe 2 Vh�ei = Ve(0)� Ve(1=2) =) e : �-type on Vh�ei

�e Vh�ei�e := ( 1 Ve(0)� 1 Ve(1=2)�e 2 Aut(Vh�ei)e 2 V � W =) �e 2 Aut(W)r� 2 Aut(h) ~r� = ead(f�)e�ad(e�)ead(f�) 2 Aut(g(A)))e � V 6=) e � W
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Miyamoto involution

Definition e : �-type on V () �e = idVe 2 Vh�ei = Ve(0)� Ve(1=2) =) e : �-type on Vh�ei
Define a linear automorphism �e of Vh�ei by�e := ( 1 on Ve(0)� 1 on Ve(1=2)
Theorem [Miyamoto] �e 2 Aut(Vh�ei)

e 2 V � W =) �e 2 Aut(W)r� 2 Aut(h) ~r� = ead(f�)e�ad(e�)ead(f�) 2 Aut(g(A)))e � V 6=) e � W
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Miyamoto involution

Definition e : �-type on V () �e = idVe 2 Vh�ei = Ve(0)� Ve(1=2) =) e : �-type on Vh�ei
Define a linear automorphism �e of Vh�ei by�e := ( 1 on Ve(0)� 1 on Ve(1=2)
Theorem [Miyamoto] �e 2 Aut(Vh�ei)
Remark e 2 V � W =) �e 2 Aut(W) : well-defined

(cf. r� 2 Aut(h) ~r� = ead(f�)e�ad(e�)ead(f�) 2 Aut(g(A)))

However, "e is of �-type on V" 6=) "e is of �-type on W"n-transposition groups and vertex operator algebras – p.10/21



Generalization 
m = 1� 6(m+ 2)(m+ 3) , 
1 = 12 , 
2 = 710 , 
3 = 45 , 
4 = 67 ; : : :e 2 V : simple 
 = 
m Virasoro vector ( Vir(e) ' L(
m; 0) )L(
m; 0)-modules: L(
m; h(m)r;s ) whereh(m)r;s := (r(m + 3)� s(m + 2))2 � 14(m + 2)(m+ 3) , 1 � s � r � m + 1=) V = M1�s�r�m+1Ve(h(m)r;s ) (isotypical decomposition)

Define �e := 8<: (�1)r+1 on Ve(h(m)r;s ) (m : even)(�1)s+1 on Ve(h(m)r;s ) (m : odd)

Theorem [Miyamoto] �e 2 Aut(V)n-transposition groups and vertex operator algebras – p.11/21



n-transposition groupG = hDi : groupD : normal subset of involutions in G (union of conjugacy classes)

Definition (G;D) : n-transposition groupdef() 8a; b 2 D 9k � n s.t. (ab)k = 1

(Symr;D = f(i j) j 1 � i 6= j � rg)(Altr;D = f(i j)(k `)g)Fi24M n = 6 B n = 4
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n-transposition groupG = hDi : groupD : normal subset of involutions in G (union of conjugacy classes)

Definition (G;D) : n-transposition groupdef() 8a; b 2 D 9k � n s.t. (ab)k = 1
Examples(Symr;D = f(i j) j 1 � i 6= j � rg) : 3-transposition group(Altr;D = f(i j)(k `)g) : 6-transposition group

Fi24M n = 6 B n = 4
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n-transposition groupG = hDi : groupD : normal subset of involutions in G (union of conjugacy classes)

Definition (G;D) : n-transposition groupdef() 8a; b 2 D 9k � n s.t. (ab)k = 1
Examples(Symr;D = f(i j) j 1 � i 6= j � rg) : 3-transposition group(Altr;D = f(i j)(k `)g) : 6-transposition groupFi24 : Fischer’s largest 3-transposition groupM : Monster (n = 6) B : Babymonster (n = 4)n-transposition groups and vertex operator algebras – p.12/21



3-transposition propertyV =Ln�0 Vn : VOA (over R)

If V1 6= 0 =) hV1i : affine VOA, V : ^g-mod, exp(g) � Aut(V)
In the following we assume V1 = 0 and V has a pos def inv form

h�e 2 Aut(V) j e : � ig�eg�1 = �ge g�eg�1 = �ge 8g 2 Aut(V)h�e 2 Aut(V) j e : � i (63 Fi24)
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3-transposition propertyV =Ln�0 Vn : VOA (over R)

If V1 6= 0 =) hV1i : affine VOA, V : ^g-mod, exp(g) � Aut(V)
In the following we assume V1 = 0 and V has a pos def inv form

Theorem [Miyamoto]h�e 2 Aut(V) j e : �-type Ising vectori : 3-transposition group

g�eg�1 = �ge g�eg�1 = �ge 8g 2 Aut(V)h�e 2 Aut(V) j e : � i (63 Fi24)

n-transposition groups and vertex operator algebras – p.13/21



3-transposition propertyV =Ln�0 Vn : VOA (over R)

If V1 6= 0 =) hV1i : affine VOA, V : ^g-mod, exp(g) � Aut(V)
In the following we assume V1 = 0 and V has a pos def inv form

Theorem [Miyamoto]h�e 2 Aut(V) j e : �-type Ising vectori : 3-transposition group

Remark Miyamoto involutions are nomal,

i.e., g�eg�1 = �ge and g�eg�1 = �ge (8g 2 Aut(V))

h�e 2 Aut(V) j e : � i (63 Fi24)
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3-transposition propertyV =Ln�0 Vn : VOA (over R)

If V1 6= 0 =) hV1i : affine VOA, V : ^g-mod, exp(g) � Aut(V)
In the following we assume V1 = 0 and V has a pos def inv form

Theorem [Miyamoto]h�e 2 Aut(V) j e : �-type Ising vectori : 3-transposition group

Remark Miyamoto involutions are nomal,

i.e., g�eg�1 = �ge and g�eg�1 = �ge (8g 2 Aut(V))
Theorem [Matsuo]h�e 2 Aut(V) j e : �-type Ising vectori : symplectic type (63 Fi24)n-transposition groups and vertex operator algebras – p.13/21



Sakuma’s theorem

Theorem [Sakuma]h�e 2 Aut(V) j e : Ising vectori : 6-transposition group

# E(1)8U1A U2A U3A U4A U5A U6A U4B U2B U3CU1A = L(1=2; 0)  ! CM (1A) = MU2A � L(1=2; 0)
 L(7=10; 0)  ! CM (2A) = 2A:BU3A � L(4=5; 0)
 L(6=7; 0)  ! CM (3A) = 3A:Fi24

n-transposition groups and vertex operator algebras – p.14/21



Sakuma’s theorem

Theorem [Sakuma]h�e 2 Aut(V) j e : Ising vectori : 6-transposition group

Theorem [Sakuma, Lam-Yamada-Y]

Sub VOA generated by two Ising vectors are classified

(9 cases, "# of nodes in E(1)8 "!!)

U1A U2A U3A U4A U5A U6A U4B U2B U3CU1A = L(1=2; 0)  ! CM (1A) = MU2A � L(1=2; 0)
 L(7=10; 0)  ! CM (2A) = 2A:BU3A � L(4=5; 0)
 L(6=7; 0)  ! CM (3A) = 3A:Fi24
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Sakuma’s theorem

Theorem [Sakuma]h�e 2 Aut(V) j e : Ising vectori : 6-transposition group

Theorem [Sakuma, Lam-Yamada-Y]

Sub VOA generated by two Ising vectors are classified

(9 cases, "# of nodes in E(1)8 "!!)

Dihedral VOAs : U1A, U2A, U3A, U4A, U5A, U6A, U4B, U2B, U3C

U1A = L(1=2; 0)  ! CM (1A) = MU2A � L(1=2; 0)
 L(7=10; 0)  ! CM (2A) = 2A:BU3A � L(4=5; 0)
 L(6=7; 0)  ! CM (3A) = 3A:Fi24
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Sakuma’s theorem

Theorem [Sakuma]h�e 2 Aut(V) j e : Ising vectori : 6-transposition group

Theorem [Sakuma, Lam-Yamada-Y]

Sub VOA generated by two Ising vectors are classified

(9 cases, "# of nodes in E(1)8 "!!)

Dihedral VOAs : U1A, U2A, U3A, U4A, U5A, U6A, U4B, U2B, U3CU1A = L(1=2; 0)  ! CM (1A) = MU2A � L(1=2; 0)
 L(7=10; 0)  ! CM (2A) = 2A:BU3A � L(4=5; 0)
 L(6=7; 0)  ! CM (3A) = 3A:Fi24n-transposition groups and vertex operator algebras – p.14/21



4-transposition property

Fix an Ising vector e 2 V and setI := ff 2 V j f : Ising vector; (ejf) = 2�5gG := h�f 2 Aut(V) j f 2 IiW := ComV(Vir(e)) � V
Define 'e : G �! Aut(W)g 7�! gjW

'e
h'e(�f) 2 Aut(W) j f 2 Ii
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4-transposition property

Fix an Ising vector e 2 V and setI := ff 2 V j f : Ising vector; (ejf) = 2�5gG := h�f 2 Aut(V) j f 2 IiW := ComV(Vir(e)) � V
Define 'e : G �! Aut(W)g 7�! gjW
Lemma 'e : well-defined group homomorphism

h'e(�f) 2 Aut(W) j f 2 Ii

n-transposition groups and vertex operator algebras – p.15/21



4-transposition property

Fix an Ising vector e 2 V and setI := ff 2 V j f : Ising vector; (ejf) = 2�5gG := h�f 2 Aut(V) j f 2 IiW := ComV(Vir(e)) � V
Define 'e : G �! Aut(W)g 7�! gjW
Lemma 'e : well-defined group homomorphism

Theorem [Höhn-Lam-Y]h'e(�f) 2 Aut(W) j f 2 Ii : 4-transposition groupn-transposition groups and vertex operator algebras – p.15/21



3-transposition property

Fix an Ising vector e 2 V and setJ := ff 2 V j f : Ising vector; (ejf) = 13 � 2�10; (� � �)gH := h�f 2 Aut(V) j f 2 JiX := ComV(Vir(ae;J)) � V (Vir(ae;J) ' L(4=5; 0))
Define  ae;J : H �! Aut(X)g 7�! gjX

 ae;J
h ae;J(�f) 2 Aut(X) j f 2 Ji
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3-transposition property

Fix an Ising vector e 2 V and setJ := ff 2 V j f : Ising vector; (ejf) = 13 � 2�10; (� � �)gH := h�f 2 Aut(V) j f 2 JiX := ComV(Vir(ae;J)) � V (Vir(ae;J) ' L(4=5; 0))
Define  ae;J : H �! Aut(X)g 7�! gjX
Lemma  ae;J : well-defined group homomorphism

h ae;J(�f) 2 Aut(X) j f 2 Ji
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3-transposition property

Fix an Ising vector e 2 V and setJ := ff 2 V j f : Ising vector; (ejf) = 13 � 2�10; (� � �)gH := h�f 2 Aut(V) j f 2 JiX := ComV(Vir(ae;J)) � V (Vir(ae;J) ' L(4=5; 0))
Define  ae;J : H �! Aut(X)g 7�! gjX
Lemma  ae;J : well-defined group homomorphism

Theorem [Höhn-Lam-Y]h ae;J(�f) 2 Aut(X) j f 2 Ji : 3-transposition groupn-transposition groups and vertex operator algebras – p.16/21



Application to the sporadic simple groupsV\ : the moonshine VOA over R [FLM]V\ =Mn�0V\n, V\0 = R1, V\1 = 0, has a pos def inv formAut(V\) = M : Monster, the largest sporadic finite simple group

There are two conjugacy classes of involutions in M :CM (2A) ' 2:B CM (2B) ' 21+24+ :Co1
where A:B stands for an extension 1! A! A:B! B! 1

V\ 3 e 1:1��! �e 2 M(M ; f�ege2V\)
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Application to the sporadic simple groupsV\ : the moonshine VOA over R [FLM]V\ =Mn�0V\n, V\0 = R1, V\1 = 0, has a pos def inv formAut(V\) = M : Monster, the largest sporadic finite simple group

There are two conjugacy classes of involutions in M :CM (2A) ' 2:B CM (2B) ' 21+24+ :Co1
where A:B stands for an extension 1! A! A:B! B! 1

Theorem [Conway, Miyamoto, Matsuo, Höhn]

Ising vectors in V\ 3 e 1:1��! �e 2 M : 2A-elements(M ; f�ege2V\) : 6-transposition group [Sakuma]n-transposition groups and vertex operator algebras – p.17/21



Application to the sporadic simple groups

Fix an Ising vector e 2 V\VB\;0 := ComV\(Vir(e)) : the Babymonster VOA

Theorem [Höhn, Y] Aut(VB\;0) ' B : Babymonster

I = ff 2 V\ j f : ; (ejf) = 2�5g=) (B ; f'e(�f)gf2I)'e(�f) B CB (2A) ' 2:2E6(2):2

B  1:1��! f'e(�f) j f 2 I � V\g 1:1��! L(7=10; 0) ,! VB\;0 �

n-transposition groups and vertex operator algebras – p.18/21



Application to the sporadic simple groups

Fix an Ising vector e 2 V\VB\;0 := ComV\(Vir(e)) : the Babymonster VOA

Theorem [Höhn, Y] Aut(VB\;0) ' B : Babymonster

Recall I = ff 2 V\ j f : Ising vector; (ejf) = 2�5g=) (B ; f'e(�f)gf2I) : 4-transposition group

Lemma 'e(�f) : 2A-element of B (CB (2A) ' 2:2E6(2):2)

B  1:1��! f'e(�f) j f 2 I � V\g 1:1��! L(7=10; 0) ,! VB\;0 �
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Application to the sporadic simple groups

Fix an Ising vector e 2 V\VB\;0 := ComV\(Vir(e)) : the Babymonster VOA

Theorem [Höhn, Y] Aut(VB\;0) ' B : Babymonster

Recall I = ff 2 V\ j f : Ising vector; (ejf) = 2�5g=) (B ; f'e(�f)gf2I) : 4-transposition group

Lemma 'e(�f) : 2A-element of B (CB (2A) ' 2:2E6(2):2)

Theorem [Höhn-Lam-Y]

2A-elements of B  1:1��! f'e(�f) j f 2 I � V\g 1:1��! L(7=10; 0) ,! VB\;0 (�-type)n-transposition groups and vertex operator algebras – p.18/21



Application to the sporadic simple groups

Recall J = ff 2 V\ j f : Ising vector; (ejf) = 13 � 2�10; (� � �)g ae;J 2 V\ : 
 = 4=5 Virasoro vectorVF\ := ComV\(Vir(ae;J)) � V\

Aut(VF\) � Fi24=) (Fi24; f ae;J(�f)gf2J)
Fi24  1:1��! f ae;J(�f) j f 2 J � V\g1:1���! L(6=7; 0) ,! VF\ �
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Application to the sporadic simple groups

Recall J = ff 2 V\ j f : Ising vector; (ejf) = 13 � 2�10; (� � �)g ae;J 2 V\ : 
 = 4=5 Virasoro vectorVF\ := ComV\(Vir(ae;J)) � V\
Proposition [Höhn-Lam-Y]Aut(VF\) � Fi24 : the largest Fischer group=) (Fi24; f ae;J(�f)gf2J) : 3-transposition group

Fi24  1:1��! f ae;J(�f) j f 2 J � V\g1:1���! L(6=7; 0) ,! VF\ �
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Application to the sporadic simple groups

Recall J = ff 2 V\ j f : Ising vector; (ejf) = 13 � 2�10; (� � �)g ae;J 2 V\ : 
 = 4=5 Virasoro vectorVF\ := ComV\(Vir(ae;J)) � V\
Proposition [Höhn-Lam-Y]Aut(VF\) � Fi24 : the largest Fischer group=) (Fi24; f ae;J(�f)gf2J) : 3-transposition group

Theorem [Höhn-Lam-Y]

2C-elements of Fi24  1:1��! f ae;J(�f) j f 2 J � V\g1:1���! L(6=7; 0) ,! VF\ (�-type)n-transposition groups and vertex operator algebras – p.19/21



McKay’s observationM � 2A-elements  affine E8 diagramm mL(1=2; 0) ,! V\  ! L(1=2; 0) ,! Vp2E8

B �  E7m mL(7=10; 0) ,! VB\;0  ! L(7=10; 0) ,! Vp2E7Fi24 �  E6m mL(6=7; 0) ,! VF\  ! L(6=7; 0) ,! Vp2E6
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Automorphisms of commutant subalgebrasNM (5A) = D10 � HNU5A : known (W5-algebra)

=) 9VH � V\Aut(VH) � HNNM (3C) = Sym3 � ThU3C : known (W9-algebra)

=) 9VT � V\Aut(VT) � Th
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