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n-transposition group

G = (D) : group

D : normal subset of involutions in G (union of conjugacy classes)

Definition | (G, D) : n-transposition group

&L YabeD 3k<n st (ab)k =1

(°x,y € D s.t. order of xy = n)

Te-transposition groups and vertex operator algebras — p.2/2



n-transposition group

G = (D) : group

D : normal subset of involutions in G (union of conjugacy classes)

Definition | (G, D) : n-transposition group

&L YabeD 3k<n st (ab)k =1

(°x,y € D s.t. order of xy = n)

Targets
M (n=06)
B (n=4)

Fiza (n=3)
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n-transposition group

G = (D) : group

D : normal subset of involutions in G (union of conjugacy classes)

Definition | (G, D) : n-transposition group

&L YabeD 3k<n st (ab)k =1

(°x,y € D s.t. order of xy = n)

Targets

M (n=6) ~~ affine Eg-diagram
B (n=4) ~~ affine E7-diagram

Fiopg (n=3) ~~ affine Eg-diagram
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Notation and Terminology

(V,Y(-,z), 1,w) : Vertex Operator Algebra (VOA)

V = ) V., : N-graded vector space over R
n>0

Y(,2) : VRV — V((2) : vertex operator map

Y(a,z)b = Z a(n)b z— "1
nez

1 : the vacuum vector Vp = R1

w : the conformal vector w € V3, Y(w,z) = Z L(n)z "2
nez

m3—m

—> [L(m), L(n)] = (m — n)L(m + n) + dm+n,0 12 ©

ne-transposition groups and vertex operator algebras — p.4/2




Notation and Terminology

e eV, Virasoro vector (Y(e,z) = Z e(m)z_m_1 = Z Le(n)z_“_2>
meZ nEZ
def
<— en)e = 2e
Ce 2Y (e,w) OnwY(e,w)
< Y(e,z)Y(e ~ | |
(e,2)Y (e, W) 2z —w)*  (z—w)2 (z—w)
e e e m> —m
< [L5(m), L%(n)] = (m — n)LE(m + n) + Om4n0——Ce
U : subalgebra> 1
(U, e) : sub VOA PN e € U, : Virasoro vector

(U,Y(:,2)|u,1,e) : VOA
e € V : Virasoro vector
~= Vir(e) : Virasoro sub VOA generated by e
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Commutant subalgebra (a.k.a. coset construction)
V:VOA DO U:subVOA

Comy(U) := {a € V| [Y(a,z1),Y(u,z2)] =0 for Yu € U}

—> Comy(U) : sub VOA s.t. U Comy(U) — V
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Commutant subalgebra (a.k.a. coset construction)
V:VOA DO U:subVOA

Comy(U) := {a € V| [Y(a,z1),Y(u,z2)] =0 for Yu € U}

—> Comy(U) : sub VOA s.t. U Comy(U) — V

Example | [GKO] (unitary Virasoro VOAS)

Vir1(sla) C Vi(slz) ® Vi(slz)
Comy, (s1,) @ Vi (str) (Vk+1(s12)) =~ L(ck,0) (simple Virasoro VOA)

6
(k +2)(k+3)’

where ¢, =1 — k=1,2,3,....

1 4 6
Ci]—=—, ChO=—, C3=—, CQ=—, ...
| 5 2 3 . 4 -
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Automorphisms of VOA
V : simple VOA G < Aut(V) : finite subgroup
VC : G-invariant subalgebra

x € Irr(G) M, : irr G-mod affording x

— V= P M, ®Homg(M,,V) ¥\ G®VC
x EIrr(G)

V, := Homg(M,, V) : Vé-module

V=08, crrc) Mx ®c Vyx  (as C[G] ®c VE-module)
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Automorphisms of VOA
V : simple VOA G < Aut(V) : finite subgroup
VC : G-invariant subalgebra

x € Irr(G) M, : irr G-mod affording x

— V= P M, ®Homg(M,,V) ¥\ G®VC
x EIrr(G)

V, := Homg(M,, V) : Vé-module

V=08, crrc) Mx ®c Vyx  (as C[G] ®c VE-module)

Theorem | [Dong-Li-Mason]

DV, #0 ("x €Irr(G) Vo=V, < x=u

(3) V,, : irr Vé-module (= V° : simple subalgebra)
X
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Galois theory

Theorem | [Dong-Mason, Hanaki-Miyamoto-Tambara]

{subgroups of G } PRILIN { subalgebras of V O V©}
by G>H — vH > ve
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Galois theory

Theorem | [Dong-Mason, Hanaki-Miyamoto-Tambara]

{subgroups of G } PRILIN { subalgebras of V O V©}
by G>H — vH > ve

The simplest case : G = (g) let ¢ = e2™V 1/l

V = VO o VI @ ... @ vlisl-1
e : 1 ¢ ¢lel—1

V0 = v{& : simple sub VOA Vi : ineq irr V2-submod
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Galois theory

Theorem | [Dong-Mason, Hanaki-Miyamoto-Tambara]

{subgroups of G } PRILIN { subalgebras of V O V©}
by G>H — vH > ve

The simplest case : G = (g) let ¢ = e2™V 1/l

V = VO o VI @ ... @ vlisl-1
e : 1 ¢ ¢lel—1
V0 = v{& : simple sub VOA Vi : ineq irr V2-submod

—> any finite automorphism of V is induced by an

Irreducible decomposition w.r.t. its simple sub VOA
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Miyamoto involution

Definition | e : Ising vector <= Vir(e) ~ L(1/2,0)

Fact | irr L(Y/2,0)-mod : L(/2,0), L(Y/2,12), L(/2,1/16)

Every L(1/2,0)-mod is semisimple

—> V = V(0) & Ve(1)/2) & Ve(1/16) (isotypical decomposition)
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Miyamoto involution

Definition | e : Ising vector <= Vir(e) ~ L(1/2,0)

Fact | irr L(Y/2,0)-mod : L(/2,0), L(Y/2,12), L(/2,1/16)

Every L(1/2,0)-mod is semisimple

—> V = V(0) & Ve(1)/2) & Ve(1/16) (isotypical decomposition)

Define a linear automorphism 7, of V by

. 1 on Ve(0) & Ve(l/2)
e °_{ —1 on Ve(l/6)
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Miyamoto involution

Definition | e : Ising vector <= Vir(e) ~ L(1/2,0)

Fact | irr L(Y/2,0)-mod : L(/2,0), L(Y/2,12), L(/2,1/16)

Every L(1/2,0)-mod is semisimple

—> V = V(0) & Ve(1)/2) & Ve(1/16) (isotypical decomposition)

Define a linear automorphism 7, of V by

. 1 on Ve(0) & Ve(l/2)
e °_{ —1 on Ve(l/6)

Theorem | [Miyamoto] 7 € Aut(V)
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Miyamoto involution

Definition | e: o-typeonV <— 7. = idy

e € V(™) =V (0) ® Ve(tfs) = e: o-type on VI
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Miyamoto involution

Definition | e: o-typeonV <— 7. = idy

e € V(™) =V (0) ® Ve(tfs) = e: o-type on VI
Define a linear automorphism o of V{7 by

. | on Ve(0)
ve °_{ —1 on V(i)

Theorem | [Miyamoto] oe € Aut(V{™)
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Miyamoto involution

Definition | e: o-typeonV <— 7. = idy

e € V(™) =V (0) ® Ve(tfs) = e: o-type on VI
Define a linear automorphism o of V{7 by

. | on Ve(0)
ve °_{ —1 on V(i)

Theorem | [Miyamoto] oe € Aut(V{™)

Remark | e € V C W —> 7 € Aut(W) : well-defined
(cf. ro € Aut(h) ¥ ¥, = e?dlfa)g—ad(ea)gad(fa) c Ayt(g(A)))

However, "els of o-type on V"' =% "els of o-type on W"
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- - 6 1 7 4 6
Generalization S T I Tt i i

e € V : simple ¢ = ¢, Virasoro vector ( Vir(e) ~ L(cm,0) )

L(cm, 0)-modules: L(cm,h( )) where

— 2))2 —
hﬁg‘);:(r(m+3) sm+2)" =1 i cr<mat
4(m 4+ 2)(m + 3)
— V= Ve(h?) (isotypical decomposition)

1<s<r<m-+1

(=)' on Ve(h{™) (m :even)

Define 7, :=
(=1)s*! on Ve(h!®) (m :odd)

Theorem | [Miyamoto] 7e € Aut(V)
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n-transposition group

G = (D) : group

D : normal subset of involutions in G (union of conjugacy classes)

Definition | (G, D) : n-transposition group

&L YabeD 3k<n st (ab)k=1

n-transposition groups and vertex operator algebras — p.12/1



n-transposition group

G = (D) : group

D : normal subset of involutions in G (union of conjugacy classes)

Definition | (G, D) : n-transposition group

&L YabeD 3k<n st (ab)k=1

Examples

(Sym,,D = {(ij) | 1 <i# j<r}): 3-transposition group

(Alt,, D = {(ij)(k £)}) : 6-transposition group
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n-transposition group

G = (D) : group

D : normal subset of involutions in G (union of conjugacy classes)

Definition | (G, D) : n-transposition group

&L YabeD 3k<n st (ab)k=1

Examples

(Sym,,D = {(ij) | 1 <i# j<r}): 3-transposition group
(Alt,, D = {(ij)(k £)}) : 6-transposition group
Fios . Fischer’s largest 3-transposition group

M : Monster (n = 6) B : Babymonster (n = 4)
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3-transposition property
V = @nZO V, : VOA (over R)

If V1 # 0 = (V;) : affine VOA, V: g-mod, exp(g) C Aut(V)

In the following we assume V; = 0 and V has a pos def inv form
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3-transposition property
V = @nZO V, : VOA (over R)

If V1 # 0 = (V;) : affine VOA, V: g-mod, exp(g) C Aut(V)

In the following we assume V; = 0 and V has a pos def inv form

Theorem | [Miyamoto]

(e € Aut(V) | e : o-type Ising vector) : 3-transposition group
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3-transposition property
V = @nZO V, : VOA (over R)

If V1 # 0 = (V;) : affine VOA, V: g-mod, exp(g) C Aut(V)

In the following we assume V; = 0 and V has a pos def inv form

Theorem | [Miyamoto]

(e € Aut(V) | e : o-type Ising vector) : 3-transposition group

Remark | Miyamoto involutions are nomal,

e, gog ! = Oge and oTeg 1 = Tge (Vg € Aut(V))
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3-transposition property
V = @nZO V, : VOA (over R)

If V1 # 0 = (V;) : affine VOA, V: g-mod, exp(g) C Aut(V)

In the following we assume V; = 0 and V has a pos def inv form

Theorem | [Miyamoto]

(e € Aut(V) | e : o-type Ising vector) : 3-transposition group

Remark | Miyamoto involutions are nomal,

e, gog ! = Oge and oTeg 1 = Tge (Vg € Aut(V))

Theorem | [Matsuo]

(e € Aut(V) | e : o-type Ising vector) : symplectic type (Z Fiza)
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Sakuma’s theorem

Theorem | [Sakuma]

(Te € Aut(V) | e : Ising vector) : 6-transposition group
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Sakuma’s theorem

Theorem | [Sakuma]

(Te € Aut(V) | e : Ising vector) : 6-transposition group

Theorem | [Sakuma, Lam-Yamada-Y]

Sub VOA generated by two Ising vectors are classified

(9 cases, "# of nodes in Egl)"!!)
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Sakuma’s theorem

Theorem | [Sakuma]

(Te € Aut(V) | e : Ising vector) : 6-transposition group

Theorem | [Sakuma, Lam-Yamada-Y]

Sub VOA generated by two Ising vectors are classified

(9 cases, "# of nodes in Egl)"!!)

Dihedral VOAS : Uja, Uza, Usa, Uga, Usa, Uga, Usg, Uz, Usc

n-transposition groups and vertex operator algebras — p.12/1



Sakuma’s theorem

Theorem

[Sakuma]

(Te € Aut(V) | e : Ising vector) : 6-transposition group

Theorem

[Sakuma, Lam-Yamada-Y]

Sub VOA generated by two Ising vectors are classified

(9 cases, "# of nodes in Egl)"!!)

Dihedral VOAS : Uja, Uza, Usa, Uga, Usa, Uga, Usg, Uz, Usc

U1A = L(l/z, O) <—— CM(IA) = M

Usa D L(l/z, 0) ® L(7/10, 0) +—— Cyw(2A) =2A.B

Usa D L(4/5, 0) ® L(6/7, 1)) +— Cu(3A) = 3A.Fix
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4-transposition property
Fix an Ising vector e € V and set

| := {f € V| f : Ising vector, (e|f) =275}
G:= (s € Aut(V) |f € )
W := Comy (Vir(e)) C V

Define Pe: G —> Aut(W)
g — glw
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4-transposition property
Fix an Ising vector e € V and set
| := {f € V| f:Ising vector, (e|f) =27°}
G:= (s € Aut(V) |f € )
W := Comy (Vir(e)) C V

Define Pe: G —> Aut(W)
g — glw

Lemma | e : Well-defined group homomorphism
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4-transposition property

Fix an Ising vector e € V and set

Define

Lemma

Theorem

| := {f € V| f : Ising vector, (e|f) =275}
G:= (s € Aut(V) |f € )
W := Comy (Vir(e)) C V

g — glw

we . Well-defined group homomorphism

[HOohn-Lam-Y]

(pe(Tr) € Aut(W) | f € I) : 4-transposition group
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3-transposition property
Fix an Ising vector e € V and set

J:= {f € V|f:lsing vector, (e|f) =13.2710 (...)}
H:= (rr € Aut(V) | f € J)
X := Comy(Vir(ae,y)) C V (Vir(aey) ~ L(*/5,0))

Define VYa,: H — Aut(X)
g —> glx
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3-transposition property
Fix an Ising vector e € V and set

J:= {f € V|f:lsing vector, (e|f) =13.2710 (...)}
H:= (rr € Aut(V) | f € J)
X := Comy(Vir(ae,y)) C V (Vir(aey) ~ L(*/5,0))

Define VYa,: H — Aut(X)
g —> glx

Lemma | 4, , : well-defined group homomorphism
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3-transposition property
Fix an Ising vector e € V and set

J:= {f € V|f:lsing vector, (e|f) =13.2710 (...)}
H:= (rr € Aut(V) | f € J)
X := Comy(Vir(ae,y)) C V (Vir(aey) ~ L(*/5,0))

Define VYa,: H — Aut(X)
g —> glx

Lemma | 4, , : well-defined group homomorphism

Theorem | [HOhn-Lam-Y]

(Va,.,(1r) € Aut(X) | f € J) : 3-transposition group
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Application to the sporadic simple groups
Vi : the moonshine VOA over R [FLM]

Vi = @VE Vg = R1, Vﬁ — 0, has a pos def inv form
n>0

Aut(V%) = M : Monster, the largest sporadic finite simple group

There are two conjugacy classes of involutions in M:
Cm(2A) ~ 2.B  Cy(2B) ~ 2117**.Coy

where A.B stands for an extension 1 - A — AB —-B — 1
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Application to the sporadic simple groups
Vi : the moonshine VOA over R [FLM]

Vi = @VE Vg = R1, Vﬁ — 0, has a pos def inv form
n>0

Aut(V%) = M : Monster, the largest sporadic finite simple group

There are two conjugacy classes of involutions in M:
Cm(2A) ~ 2.B  Cy(2B) ~ 2117**.Coy

where A.B stands for an extension 1 - A — AB —-B — 1

Theorem | [Conway, Miyamoto, Matsuo, Hohn]

Ising vectors in VA 5 e PLIN Te € M . 2A-elements

(M, {7Te}ecvt) : 6-transposition group [Sakuma]
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Application to the sporadic simple groups

Fix an Ising vector e € V&

VB0 := Comy: (Vir(e)) : the Babymonster VOA

Theorem | [Hohn, Y] Aut(VB%%) ~ B : Babymonster
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Application to the sporadic simple groups

Fix an Ising vector e € V&

VB0 := Comy: (Vir(e)) : the Babymonster VOA

Theorem | [Hohn, Y] Aut(VB%%) ~ B : Babymonster

Recall | = {f € V¥ | f : Ising vector, (e|f) = 25}

—> (B, {we(77) }sc1) : 4-transposition group

Lemma | @e(7) : 2A-element of B (Cg(2A) ~ 2.%2E¢(2).2)
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Application to the sporadic simple groups

Fix an Ising vector e € V&

VB0 := Comy: (Vir(e)) : the Babymonster VOA

Theorem

[Hohn, Y] Aut(VB%0) ~ B : Babymonster

Recall | = {f € V¥ | f : Ising vector, (e|f) = 25}

—> (B, {we(77) }sc1) : 4-transposition group

Lemma

Theorem

@e(T) : 2A-element of B (Cg(2A) ~ 2.%E¢(2).2)

[HOohn-Lam-Y]

2A-elements of B« {pe(Ts) | f €1 C VI

& L(Tho, 0) <> VBED  (o-type)
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Application to the sporadic simple groups
Recall J = {f € VA | f : Ising vector, (e|f) =13-2710 (...)}

> aey € VA1 ¢ =4/5 Virasoro vector

VFA := Comys(Vir(ae ) C VA
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Application to the sporadic simple groups
Recall J = {f € VA | f : Ising vector, (e|f) =13-2710 (...)}

> aey € VA1 ¢ =4/5 Virasoro vector

VFA := Comys(Vir(ae ) C VA

Proposition | [HOhn-Lam-Y]

Aut(VF%) D Fiys : the largest Fischer group

—> (Fi24, {®a.,(7¢) }rey) : 3-transposition group
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Application to the sporadic simple groups
Recall J = {f € VA | f : Ising vector, (e|f) =13-2710 (...)}

> aey € VA1 ¢ =4/5 Virasoro vector

VFA := Comys(Vir(ae ) C VA

Proposition | [HOhn-Lam-Y]

Aut(VF%) D Fiys : the largest Fischer group

—> (Fi24, {®a.,(7¢) }rey) : 3-transposition group

Theorem | [HOhn-Lam-Y]

2C-elements of Fiyg PELLLIN {Ya.,(ms) | FEIC Vh}

s L(S/r,0) —> W (o-type)
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McKay’s observation
M D 2A-elements ~~  affine Eg diagram

() ()
L(l/z, O) L < L(1/29 O) — V\/§E3
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McKay’s observation

M D 2A-elements ~~  affine Eg diagram

() ()
L(l/z, O) L < L(1/29 O) — V\/§E3

B O 2A-elements ~> affine E7 diagram

(i (s
L("/10,0) <> VBHO 5 L(7/10,0) —> V 3E,
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McKay’s observation

M D 2A-elements ~~  affine Eg diagram

() ()
L(l/z, O) L < L(1/29 O) — V\/§E3

B O 2A-elements ~> affine E7 diagram

(i (s
L("/10,0) <> VBHO 5 L(7/10,0) —> V 3E,

Fiog O 2C-elements ~~  affine Eg diagram

) ()
LE/7,0) = VI «— L(/7,0) =V s,
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Automorphisms of commutant subalgebras

Npi(5A) = Do X HN IVH C V4

—
Usa : known (Ws-algebra) Aut(WH) DO HN
N1 (3C) = Sym; X Th VT C VA

—

Usc : known (Wg-algebra) Aut(VT) DO Th
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Automorphisms of commutant subalgebras

Npi(5A) = Do X HN IVH C V4

—
Usa : known (Ws-algebra) Aut(WH) DO HN
N1 (3C) = Sym; X Th VT C VA

—

Usc : known (Wg-algebra) Aut(VT) DO Th

n-transposition groups and vertex operator algebras — p.221
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