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Introduction

The Dynkin diagrams of the finite dimensional simple complex Lie
algebras are
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Introduction

The following graph shows a section of the Dynkin diagram of the
fake monster algebra




Introduction

This Lie algebra is related to the Eisenstein series

E14(7') =1- 242 013(n)q”
n>1
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Generalized Kac-Moody algebras

Let (a;) be a real quadratic matrix with

1. ajj = aji
2. a;<0 fori#j
3. 23,'_,'/3,',' S/ if a; >0

The generalized Kac-Moody algebra associated to (aj;) is defined
as the Lie algebra with generators {e;, h;, f;} and relations
1 lei, f;] = dijhi
2 [hi, ] = ajjej,  [hi, fi] = —ajjf;
3. ad(e)'™?%/%e; = ad(f;)1722i/%if; =0 ifa; >0, i #j
4. e, e =1[fi,fl=0 ifa;=0
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Generalized Kac-Moody algebras

As in the finite dimensional case there is a denominator identity
e’ H(l — e)mult(e) — Z det(w)w(ep Ze(a)eo‘) :
a>0 weWw

Outer automorphisms give twisted denominator identities. These
are sometimes automorphic forms on orthogonal groups.
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Let L be an even lattice. A root of L is a primitive vector o of
positive norm such that the reflection o,(x) = x — 2(x, a)a/a?
is an automorphism of L. The level of L is the smallest positive
integer N such that NA2/2 € Z for all X in L'.

Let L be an even lattice of level N and « a root of L with norm
a? = 2k. Then k|N and a € LN kL'. Conversely a vector « in L
with a? = 2k and o € LN kL' where k|N is a multiple of a root.
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Let L be an even lattice of level N and v an element in the
discriminant form of norm 72/2 = 1/k mod 1 where k|N. We say
that v corresponds to roots if

1. The order of ~ divides k.
2. If there is a vector ae € LN kL' of norm
a? = 2k with a/k = v then « is a root.

If N is squarefree then the roots of L are the vectors in L N kL' of
norm 2k with k|N and the elements in the discriminant form
corresponding to roots are the v of norm 742/2 = 1/k mod 1 and
order k with k|N.
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The Well representation

Let L be an even lattice of even dimension and D = L'/L. The
Weil representation of SLy(Z) on C[D] is defined by

po(T)e" = e(—?/2) e’
_ e(sign(D)/8) 3
Sle" = —=————+~ e((v,0))e
po(S) B ﬁEeD (v, B3))

A holomorphic function F(7) = > F,(7)e on the upper
halfplane is a modular form for pp of weight k if

1. F(M7) = (c7 + d)*pp(M)F (1)
for all M = (25) in SL,(Z).

2. f is meromorphic at co.
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The Well representation

Suppose L is a positive definite even lattice of even dimension 2k.
For v € D define 0,(7) = > e\ 41 q**/2. Then

0(r) =) 0,(r)e
yeD

is a modular form for the dual Weil representation pp of weight k.

Theorem
Let M= (25) € SLy(Z). Then

po(M)e” = V1Pl S~ (a2 2)e(biy)e(—bdn? j2)e

|D| ,BGDC*

where £ = e(sign(D)/4) [T &p.
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The Well representation

Theorem

Suppose L has level dividing N. Let f be a modular form on I'g(N)
with character xp and Sg an isotropic subgroup of D. Then

Frsy = > > flmpp(M)e?

MeTo(N)\SL2(Z) vESo

is a modular form for pp.

We will use this result to construct reflective modular forms and
vector valued Eisenstein series.
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Automorphic products

Let L be an even lattice of signature (n,2), V=R ® L and
D ={Z c V| dim(Z) = 2,Z negative definite}. Then O*(V)
acts on D and D has a realization as tube domain H in C".

A meromorphic function f on H is an automorphic form of weight
k for T c O*(L) if

f(MZ) = j(M, 2)<f(2)

forall MinT.
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Automorphic products

Let L be an even lattice of signature (n,2), n > 2 and n even. Let
F be a modular form of weight 1 — n/2 for pp with a pole at oo
and 6, the Siegel theta function of L. Then

o(2) = /f Fr)a(z, T)y"xy &

is formally invariant under O"(L, F). The function

V(Z) = exp(P(Z)) is an automorphic form on OT(L, F) with a
nice product expansion. The zeros and poles of W lie on divisors
Dy ={Z € D|Z L \} where X is a primitive vector in L of positive
norm. Their orders are determined by the principal part of F.
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Symmetric and reflective forms

Let L be an even lattice of level N and signature (n,2) with n even
and n > 2. Let F be a modular form for the Weil representation of
L.

We say that F is symmetric if F is invariant under the
automorphisms of the discriminant form.

An automorphic product is called symmetric if it is the theta lift of
a symmetric modular form.

We say that F is reflective if
1. F has weight 1 — n/2.
2. The only singular terms of F are of the form g~/¥ and
come from components F, with 7 corresponding to roots.
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Symmetric and reflective forms

Let F be a reflective modular form on L. For elements ~ in the
discriminant form with 42/2 = 1/k mod 1 and kv = 0 where k|N
we denote the coefficient of F, at ¢~/ by ¢, k. Then ¢, x is 0 or
1. F is called completely reflective if ¢, , =1 for all v
corresponding to roots.

We say that an automorphic product W is reflective if it is the
theta lift of a reflective modular form F.

Let A be a root of L of norm 2d. Then the divisor Dy has order
C\/d,d -

Let A be a primitive vector of positive norm in L. Suppose D) has
positive order. Then X is a root of L.
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Moonshine for Conway's group

Cog is the automorphism group of the Leech lattice A. The
characteristic polynomial of an element g of order n in Cog can be
written as Hk‘n(xk — 1)b and the symbol [] k? is called the cycle
shape of g. The eta product

ng(r) = [ [ nkr)™
is a modular form of level N. N is called the level of g.

Cog acts naturally on the fake monster algebra. This is a
generalized Kac-Moody algebra describing the physical states of a
bosonic string moving on the torus R25’1/II2571. The corresponding
twisted denominator identities are automorphic forms of singular
weight on orthogonal groups.
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Moonshine for Conway's group

If g has squarefree level N and nontrivial fixed point lattice A8 this
can be proved as follows

g—1/ng — Fimpo—V
where Fy/, o is a modular form for the Weil representation of
N @ Ih1® ”1,1(N) .

WV is symmetric and reflective, has singular weight and can be
identified with the twisted denominator identity of g.

The nicest special case is
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Moonshine for Conway's group

Theorem

Let N be a squarefree integer such that o1(N) divides 24. Then
there is an element g in Mb3 of cycle shape Hk“\, k24/01(N) " The
expansion of W at any cusp is given by

eIl TI (- en)t/mdei2) = 5™ det(w)w(ng ()

d|N ae(LndL’)+ weW

where L = A8 @ [l 1, p is a primitive norm 0 vector in /l; ;1 and W
is the full reflection group of L. The identity is the denominator
identity of a generalized Kac-Moody algebra whose real simple
roots are the simple roots of W and imaginary simple roots are
the positive multiples np of the Weyl vector with multiplicity

24 0¢((N, n))/o1(N).
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Moonshine for Conway's group

The theorem gives 10 generalized Kac-Moody algebras similar to
the fake monster algebra.
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The residue theorem

Let L be an even lattice of even dimension. Let F =) F,e” be a
modular form for the Weil representation p of weight 2 — k and

E = E, e the Eisenstein series for p of weight k. The unitarity
of p implies that ) F,E, is a scalar valued modular form for
SL>(Z) of weight 2. Hence ) F,E,d7 defines a meromorphic
1-form on the Riemann sphere with a pole at co. By the residue
theorem its residue has to vanish. This implies that the constant
term in the Fourier expansion of ) F,E, is 0.
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The residue theorem

Theorem

Suppose L has signature (n,2) with n > 2 and squarefree level N.
Let F be a symmetric and reflective modular form on L of weight
2 — k where k = 1+ n/2 with singular coefficients ¢4 and constant
coefficient 2(k — 2) in Fp. Then the condition takes the following

form
k 1 L(k,¢) mk Z o N, Vme|De| Nk .
k—2 Bk¢ L k X) Nk dIN 2 /m|D| dek—l
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The residue theorem

If the Jordan components of L have even rank and all singular
coefficients of F are 1 then the condition can be written

ko1 1 S\, )
ms—kﬂm<e”<?> (P2 2] =1
pIN

For N = 1 the only solution of this equation is k = 14 and
corresponds to the fake monster algebra.
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Classification results

The fast growth of Bernoulli numbers implies

Theorem

The number of automorphic products of singular weight which are
symmetric and reflective on lattices of signature (n,2) with n > 2,
squarefree level and p-ranks at most n+ 1 is finite.

We have explicit bounds on the solutions of the necessary condition
and therefore can determine them by computer search. We find

Theorem

Let L be an even lattice of signature (n,2) with n > 2, prime level

p and p-rank at most n+ 1. Suppose WV is an automorphic product
of singular weight on L which is symmetric and reflective. Then L

is one of the following lattices
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Classification results

k L

3| 32(2373)(1,23)

4 | lls2(573) (5), ls2(5%5) (1),
lls2(117%) (1,11)

5| lg2(37%)(3), s2(377) (1),
13 2(77°) (1,7)

6 | 1ho2(252) (2), tho2(25*°) (1),
Iho2(57°) (1,5)

8 | 1ha2(378)(1,3)

10 | Ihg2(2;*) (1,2)

The numbers in brackets give the root lengths of the divisors of V.
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Classification results

The automorphic form W corresponds to a unique class of order p
in Cog and can be obtained by lifting 1/n, or an Atkin-Lehner
transformation thereof.

Theorem

Let L be an even lattice of signature (n,2) with n > 2 and
squarefree level N. Suppose L splits Il 1 & Il 1(N). Let G be a
generalized Kac-Moody algebra whose denominator identity is a
completely reflective automorphic product of singular weight on L.
Then G can be constructed from an element of order N in Mo3.

Nils Scheithauer Classification results



Further results

Gritsenko and Nikulin proved classification results for certain
generalized Kac-Moody algebras of rank 3 with automorphic
denominator function.

Gritsenko and Grandpierre recently derived classification results for
automorphic forms obtained by restricting the denominator identity
of the fake monster algebra.
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Generalized Kac-Moody algebras are natural generalizations of
the finite dimensional simple Lie algebras which are defined by
generators and relations.

Modular forms for [o(/N) can be lifted in a natural way to modular
forms for the Weil representation.

The singular theta correspondence is a map from modular forms
for the Weil representation to automorphic forms on orthogonal
groups.

A vector valued modular form is reflective if its poles correspond to
roots. The divisors of the theta lift of a reflective form come from
roots and have order 0 or 1.
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Conway's group Cog acts on the fake monster algebra. The
corresponding twisted denominator identities are automorphic
forms of singular weight. The elements of squarefree order in Ma3
give 10 generalized Kac-Moody algebras similar to the fake
monster algebra.

Multiplying a modular form for the Weil representation of weight
2 — k with the Eisenstein series for the dual Weil representation
of weight k we obtain a modular form of weight 2. The constant
coefficient of this function is 0. We calculate this condition
explicitly for lattices of squarefree level and modular forms which
are symmetric and reflective.
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There are only finitely many automorphic products of singular
weight which are symmetric and reflective on lattices of signature
(n,2) with n > 2, squarefree level and p-ranks at most n+ 1.

In the prime order case they all correspond to automorphisms of
the Leech lattice with nontrivial fixed point lattice.

The 10 generalized Kac-Moody algebras coming from elements
of squarefree order in Mp3 are the only generalized Kac-Moody
algebras whose denominator identities are completely reflective
automorphic products of singular weight on lattices of squarefree
level splitting 2 hyperbolic planes.

Nils Scheithauer Classification results



	Introduction
	Generalized Kac-Moody algebras
	Lattices
	The Weil representation
	Automorphic products
	Moonshine for Conway's group
	The residue theorem
	Classification results
	Further results
	Summary

