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Setting: V= @92V, is a Cy-cofinite VOA of CFT-type (dim Vy = 1)
Assume V = V' (restricted dual). In my talk, module means f.g.

Cy-Cofiniteness (dim V/{a_2b | a,b € V) < 00) guarantee
(1) Only finitely many simple modules.
(2) All (weak) mod. are N-gradable, N s.t. all weights € Z/NZ
(3) All intertwining operators have form (ZG p:the set of int. op.)
Y(w,z) = Zfio Y nez/NZ. w, 2 " tog' 2 (logarithmic)
(4) The existence of fusion (tensor) product K (as maximal one).
For f.g. V-mod A, B, f.g V-mod AKX B and ){%B € Iﬁ%B s.t.
Y eIl ¢ e Hom(AK B,C) st. {5 ) = .
(5) The existence of projective cover of modules.
P is projective (Def: any epi U — P will split).
(6) Modular invariance. For S : 7 — —1/7, the space of (pseudo)-trace
functions WY (v; 7) = Trfo(v)e? 7 O=¢/2) ig S_invariant.



Main Theorem V' Cs-cofinite, CFT-type, V = V' Then
all f.g. simple V-modules W are flat for fusion products.

ie. f0— A% B2 ¢ —0is exact (fLg. V-modules), then
0 ARW 2%, prw XYW 0”1 0 s also exact.

Theorem A (Equivalent) If P is a projective cover of V' (as a V-

module), then a projective cover of W is a direct summand of P X V.
We can tell "rationality of V7 by checking only V'

Corollary BV is rational (all modules are completely reducible) iff

V' is projective as a V-module.

Corollary C
V C u=vu same Virasoro elt.
Cs-cofinite VOA VOA of CFT-type
rational = U is rational and C,



Application to orbifold thoery is: my motivation

Corollary D

V<9> C Vv g € Aut(V)
rational, Cy finite order = V=9~ is rational
I want to take off. (Orbifold conjecture)

The half of proofs of the main theorem are essentially extensions of the
proofs of Verlinde formula given by Moore-Seiberg and Y.-Z.Huang.
(1) S-transformation diagonalizes the fusion rules. (<=Semisimplicity)
(2) Nonvanishing of the denominators of Verlinde-formula.

i.e. all simple mod. appear in S(Wy ), where Wy : trace function on V.
Theorem E This is true under our setting.

A very nice result (Dong-Li-Mason [2000])
Without the assumption of Cy-cofinitness on V<9~
S(Wy<e>) is a linear sum of parts of twisted-modules.



Qutline of the proof:

o VV (5-cofiniteness, etc. :

M

By using Fusing matrix,
Fo(Y")oi3(YV) : YV (0132(Y™Y)) # 0
(For rational, see Prop 5.1 in [H](Verlinde formula).)

e V-modules are semirigid =Nonvanishing of the denominator of V.F.

4

Today’s talk (a preprint with 14 pﬁﬁ?ﬁa)ctive cover of V
I X ] idw
iso
o: WHRW) KXW — W R(W KW)
| X idw idy | X |
vV KW (ZW) W XV

(Module theory) (See Preprint server [arxiv0906.1407] 19 pages)

e VV-modules are flat



We need preliminary results (1)~ (4). (Irrational Case)
(1): Skew int. oporator, Adjoint int. operator (and Ss-action ):
For Y e IX 5 (the space of intertwining oprators) ,

skew op. (c,012(Y)(b, 2)a) = (¢, e™hehazhp) 2L(=Dy) (g o= 5)p),
adi. op. {o25(V)(a, 2)e,b) = (e, ™A Y(eHV (7712 2) K0 g o Lypy

Here h4: conformal weight of A,
wt: semisimple part of L(0) What is (e ™z72)L0) ?

(efm'272)L(0)a - e(fﬂifﬂogz)L(O)a _ €(7Wi72logz)wte(fm?Qlogz)(L(U)fwt)a

_ e*ﬂwt(a)272wt(a) 22:0 ((=mi—2log ':r)LfL(O)*Wt))ma

Lemma 1 ([H] Rational) 0'%2 = 0'33 =1 and 012093012 = 093012093
(Irrational) Neither o1 nor ao3 are involutions, but o19093012 = 053 015 023

Denote it by o13.



Preliminary results (2) Trace function (by Y.Z.Huang)
Huang has introduced an operator U(1) satisfying

UDY (v, o) UL = V(UG ), ¢" — 1) = Vv, 2], (in Zhu’s paper)
where U(q%) := ¢*FOU(1) and ¢ := ™.
¢ central charge of V. For a V-mod. U and a pseudo-trace ¢,
T YV (U(g") Vi (w, @ — y)u!, ¢ ) g HO =2,

is absolutely convergent when 0 <|¢7| <|¢¥| <1 and 0<|¢"¥—1|< 1.
We extend it to a single valued analytic function

\IldU’(w, whix,y, ) = E(Tr‘gYU(Z/{(qy)yv‘{/’W/(w, r—yw, qy)qT(L(O)’C/M))
on a covering M2 of {(z,y,7) € C*xH | x—y & Z7+Z}.(We fix pathes.)



We extend the followings for logarithmic intertwining operators.

Lemma 2 For a logarithmic int. op. Y € IX 5, We have
<, 003(Y)U(z)a,2)b >= e ™ha < YUz 1) e ™V a, 271) | b >.

Lemma 3
OV U(g¥)b, ¢¥) = YU (g )b, ¢V 7)) (a)
U(g")Y(a,z —y)b = YU(q")a, ¢" — ¢*)U(g")b (b)



Preliminary results (3) Three transformations:

(i) S-transformation (7 — —1/7)

S(\P?}) (w, w;z,y,7) = \Ifé <(771)Wt w, (%)Wt w; %x, %y; %)

(ii) Huang’s two transformations with slight changes.

a(\llfjv(w,w’ CX,Y,T)) = \I/{fv(w,w’ cx,y+1,7) y+1=limoey 1 (y+1)
B (w,w' : z,y,7)) =V (w,w' 2, y,7) Y+ T =limoey(y + t7)
Remark: We don’t use projections to the actons of V.

Lemma 4 Sa = (S

In the proof of Verlinde formula:
a =diagonal matrix, § =Fusion rules.

One result: Since dim Hom(W KW' KV, V) =1, I\ # 0 s.t.
a(Vy(w,w' :z,y,7)) = AWy (w,w' : x,y,T).
S(Uy(w,w' : x,y,7) is f-invariant (upto scalar times).



A collaboration of 3 and trace-function:

Tr‘f,y{{/, EyV}%/UqT(L(o)fc/m)

action of f= Trgyvl{//’ sV U(q))g P02
Lemma 3 = - Trglyg/,’EqTL(O)yI%UqT(*C/QAL)
(pseudo)trace is symmetric= = Tr% VE o5 g O 22mir(=e/24)

So it replaces U by a middle of compositions of two int.op.



Outline of proof of the main theorem.
Suppose fale and let W be not semi-rigid. We will show
BIE(TGY Y (UG") Vi (a, = )b, ¢)g"HO=/2))
has no parts given by V= W K W’/ ker(-,-) for any U. (1)
On the other hand, since
(2) S(Vy(w,w : z,y,7)) is a C[r]-linear combination of
E(TrgYU(U(qx)yV‘f/’W,(a, x — )b, ¢¥)q"F0=¢/24)) which are given by V.
(3) S(Vy(w,w : x,y,7)) is f-invariant (upto scalar times).
This conflicts with (1).



Preliminary results (4) For the proof, we will use
Fusing Matrix(by Moore-Seiberg and Y.Z.Huang)
Fora € A,b e B,ce C,d € D, a composition of intertwining operators
(d, Y1(a,2)Va(b,y)c)
is absolutely convergent in |z| > |y| > 0. (Note: 0 < arg(z'/") < 27/N)
Extend it analytically to a single valued function
E(<d= yl(a7 x)yQ(ba y)C>)

on a covering M of {(x,y) € C* | zy(x — y) # 0}. (i.e. We fix pathes)
Similarly, we can define

E({d, Ya(Ys(a,z —y)b,y)c))
They span the same space. For bases {V1;Vs; | i},{Vsi(V5i) | i},

E({d, Y1(a,x)Y2;(b,y)c)
= ZF(ylijj : y4¢(y3¢))E(<d, y4,i<y3,i(aa T — y)bv y)c})

Fusing matrix



Relation among fusing matrices 1
Fusing matrix corresponds 4-cycle (1,2,3,4) on A, B,C, D. (Ss-action.)
From the direct calculation, we have:

F(y1y2 : yil(yiQ)) = F71(012(y1)(012(y2)) : 0120)1'1)0120}@'2))9 (1)

where Q = {012(V")012(Y?) : i} is a new basis.
This corresponds to (12)(34)(1234)(12)(34) = (2143) = (1234)~!

Similarly, we have: for a new basis Q' = {o123(V™")(0132(V™?)) | i}
F(V1 Y0, Y (V?)) = F0132(Va)0123(V1) : 0123(V?) (0132 (V))er - (2)

where 0193 = 012093, 0132 = 023012.



New notatoin of Bases: a€ A,be B,ce C,de D, Ys,; € IEB,

Similarly, the left side is E((d, 0132(V5 1) (a, 2)pYE (b, y)c))
E({d, Y1(a,2)Y2(b, y)c) =2_{d; Vai(Vsi(a, z — y)b,y)c))
because of fusion product 1&:AXRB - E

"Vigla,z —y)b
> E({d, Yui&i (V5 p(a, x — y)b,y)e))
similarly ¢/ s.t. = 3 E({d, 0123(VE p)Ei& VS pa, x — y)b,y)c))
E({(d, 0123(Ve p) (X2 i€) YR pa, © — )b, y)c))

where ) €&, € Hom(AX B, (CX D)’), p € Hom(BX C, (DX A)")

0123 = 012023,0132 = 023012

Use a basis {; | j} of Hom(AX B, (C' X D)’) to denote a basis of
E((d,0123(Ye,p)& V5 5(a, )b, )e))



Relation among fusing matrices 2
One advantage of our basis is:
X X X px
For Vi Y xor r and Vi 1, we choose Vi g S0 that

<dlvy1%&U’,T(yI%,U’(a7$ —y)b,y)c) = <d/7 yt%,U/&T(‘l,x)yE/,T(ba y)e).
Then the following equation holds for any m:
ZkF(yII/I/I//,Vy(‘J/’,U : UlS(%%/,U)fky%U/)F(yIIAA//&U',U:ky}],W : yW@U/XT,Wio(yI%&XIU’,T))
:ZSF(y[‘J/’,UyCI[{W:y(‘J/’><T,W:s(y(?’,T»F(yi‘//[V/,Vyl‘j[{&T,W:s :ywm//xU’&T,W:O(yW,U’XT))'

If nonsemirigid, then = 0

—0 < W P _ YW (VY
If we choose m = 0 s.t. Ywsvmrwm=0Yworr) = Ww (Vwvrsr)
Then
Lemma 5. If W is not semirigid, then

Zk F(yVV[I//,Vy(‘J/',U:yvVg&U’,U;kyI%,U')F<y1¥VV®U',U;ky%W:yW®U’xT7W:0(y%®U/,T)) =
0



Set ¢* = ¢"FO)=¢/24) " Actually, by the direct calculation, we have

BE(TY Y U@V (a2 = y)b, ¢)g"))

= E(TrgYU(U(qy”)yX/,W,(a, r— (y+7))b,¢"T7)q*) Def of /3

= E(Trg’,YU(yI‘,{,,W, U(G")w, ¢" —¢"T U (VT )w’, ¢¥T7)q*) Lem.3 (b)

= Zk: Fﬁl(YU(yl‘/I/f,W/) - 0 y‘%U’)fk ) yI%’,U) x  Defof F~, """ = ¢¥q"
x E(Txf o2 (V5 1) U(q)a, ¢) Vi o (UG q")b, ¢+ 7))

= Fﬁl(YU(yl‘/I/f,W') Lo yWU’)gk yW’ ) X Lem.3 (a)
x E(Txfoas(Viy0) U a, q7)q* &V o (U(g")b, ¢%))

= > W F YY) : 023V )exdiy ) X Tr? is symmetric

X E(Tx g 6 o UG, ¢*)oas (Vi ) UG )a, ¢7) ")

=k F_I(YUO}V‘{/,W'> : 023(371%U')fky%/,U)e_m(hﬁhy) X Lem.4

X B(Teyy Vi o (U(q)e™ a, ) oo (&5 o) U(g™)e™ b, ) ")

=D m Dk F_l(YU<yI‘/[//,W’) : ‘723(yW,U/)§ky§//,U> X Def of F'

X F(yWU’)O-%(gkyI%’ )+ 0123 (B Vi s oy (Vi) J e 2702 x

x E(Tr(wa')UHi’)(umnyW' (W><U’)’(u(q_y)yl%,W’(ewtha’ e™(@ = y)b,q7¥)q).

23(
(4
23(
(4



We may assume that oya3(poVs, 1 (WxU,),)(y%W,) is given by the
action of V, that is, = Y}y XV, wxv Vww)s

then the coefficient at i is

ZkF_l(YU(yI‘/[//,W’) : ‘723<y1%,U/) fky%',U)X

XF(yi%,U’J%(fkyl%’,U) : UlZS(ﬂOyI%XU/,(WXU’)’)(yI%,W’))

=>4 F(o1(Y")o12(Viw) = 012(023( Vi) (012(E6 i3 1)) X by 19, 0705
XF(“ﬁlisUQB(fky%/, )‘7132<yWU/) ‘7132<yWW/)(01230123(N0nyU' (WxU')/)))
= Zk F(0132012(yWW/)U123012(YU) 0123012(§kywl )(01320123(yW7U/)))><
XF(0—13(€kyI%’, )0132(yWU’) 0132(yWW’)(:u0yW><U’ wxun)) by o132

= YW AF iy Vi v 0136V 1) Vivr)) X Rewrite

XF<013<§ky%/, >0132(yWU/) 0132(yWW')(Noy%xU/,(WxU')f))

=0 by Lem.5

This completes the proof of the main theorem.

Note: Lem.5.

>k F(yli/[/l//,VyI‘J/’,U:yI%XU’,U;ky%U’>F<yi‘/[4//®U’,U;ky¥,W :yW@U’XT,WZO(yI%&U’,T))
=0
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