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1. Browder's result

Let M2" (n > 0) be a closed manifold equipped with a framing ¢.
This framing determines a map

at : H"M = H"(M;Z/2) — 7Z/2
such that one has

Az +vy) = a(x) + a(y) + (z — y, [M])

for all x and y in H®"M. In other words q; is a quadratic form
(the Kervaire quadratic form) associated to the non-degenerate
symmetric bilinear form

H"M x H"M — Z/2 , (x,y) — (x—1y, [M]) .

The Kervaire invariant of (M,t), let us say «(M,t), is the Arf
invariant of gq;. One shows that x(M,t) depends only on the
class of (M,t) in the cobordism group QI .



Recall of Browder’s definition of Kervaire’'s quadratic form

Browder considers the map Q; : H"M — m,(S A Kp) (Ky 1=
Kn(Z/2,n)) sending a class x to the class of the composed map

SAx

g2n Thom ma|o> Th(z/M) %) S/\M_|_ SN g A K,

and defines q; : H*M — Z/2 by the composition (the composed map
mon(S A Ky) — Z/2 which appears below is in fact an isomorphism)

HPM 2 0 (S A Ky) = Flro, (S A Kp)

p— n+1 n
L EXtA(HH*(S A Ky), z/2) =29 Batm, 4

(A denotes the mod 2 Steenrod algebra, the Adams filtration for
the Adams spectral sequence associated to mod2 cohomology
is generically denoted by FO 5 F1 5 F2 5 ... and ~ is the ele-
ment in Tor(Z/2,H*(S A Ky))) corresponding to the unstability
relation Sq™" 1., = 0).




TH 1 (Browder, 1969).| Let x be the canonical anti-automor-

phism of A. Then there exists an element b, in Toré(Z/Q,Z/Q)
represented by a relation in A of the form

n .
Sqn—l—l(XSqn—I—1> 4+ Z Sqn—l—l—zai — 0
1=1

such that the Kervaire invariant k : an — Z/2 coincides with
the following composed map

QF 2 75,8 = F210,S — Ext2(Z/2,2/2) —2 7,/2

Rm. | A canonical form for the relation defining b, is the following one:

- TL—I—].—'—Z n —1 n —1
Z( . )Sq+1 XSq"tTt =

1=0 ¢



COR.| The Kervaire invariant is trivial if n + 1 is not a power

of 2. Ifn+1 is of the form 2k then it is non-trivial if and only if
in the Adams spectral sequence (the same than the one evoked
above) the element h? in E? persists to E*.

Fourty years later we know, thanks to Hill, Hopkins and Ravenel,
that h% does not persist to E® for k > 7 (we knew it persisted
for k <5).



2. Kervaire invariant and manifolds with boundary

TH 2 (L. 1981).|Let by be the element in Tor{(Z/2, H*(MO/S))
represented by the following relation in H*MO:

n .
3 Sa" (U — vivg1) = 0
i=0

(observe that H*(MQO/S) identifies with the kernel of the res-
triction H*MO — H*S = 7Z/2). Then the following diagram

Flro,11(MO/S) — Exti(H*(MO/S),Z/2)
|= Jos
TonS - Z7./2
iIs commutative.



About the relation bq
® quku = U — VL

e From the very definition of xy one has
Y Sa'((U —v;) —z) =U — Sg¥z
i+j=k
for any = in H*BO.

e We take k =n+1 and z = v, 47 then U — V?%—|—1 appears on
both sides. Hence the relation.



Theorems 1 and 2 are equivalent because b, and by correspond
to each other via the isomorphism

Torb(2/2,7./2) & Tory (Z/2, H*(MO/S))

T hree of the ingredients coming into the proof of Theorem 2

e First the interpretation m5,41(MO/S) = QS’T;L-

e [ hen the two following propositions.

PROP A.|Let F be a finite-dimensional Z /2-vector space equip-
ped with a non-degenerate quadratic form q. Let I be a subspace
of E with I = I+ and u be an element in E such that one has
d(x) = w.x for all x in I. Then:

Arf(a) = a(u)




Proof of Proposition A

1st case: q(I) = 0. Then Ex~ H(I) (H(I) denotes the hyperbolic
quadratic space on I), uw € I and q(u) = 0. ]

2nd case: q(I) # 0. Then d|; is @ non-zero linear form; let J be
its kernel and v be an element in I with q(v) = 1. Let FF C E be
the subspace generated by v and v. The equality

vu wov| |0 1
vau vl |10
implies dmF =2 and E=F® FL+ ~ F@H(J).

If g(u) =0 then F~ H(Z/2); if q(u) = 1 then F is isomorphic to
(Z/2)? equipped with the quadratic form (z,y) — 22 + zy + y2.
[]



Now let N2"*t1 pe a compact manifold whose boundary is M.
Let us take E = H"M and I = im(H"N — H"M). The value
of the Kervaire quadratic form on [ is given by the following

formula:

PROP B.| For all y in H®*N one has:

Qt(y|M) — <Vn—|-1(I/N7t>vy7 [N]> )
Vaoit1 (v, t) denoting the relative Wu class defined in H" T1(N, M)
using the framing t.



Proof of Proposition B

The data (IV,y, M, t) determine an element [N, y, M, t] in 72,+1((MO/S) AK,)
whose image in m,(S A Ky) is [M,t,yu].
One considers the exact sequence of A-modules

0 — H*(MO/S) ® H*K,, — H*MO ® H*K,, — H*K,, — 0
e The element ., in H*K, lifts to U ® ¢, in H*MO ® H*K,; Sq"™ (U ® ¢,)

identifies with an element in H*(MO/S) ® H*K,,, let us say wi. The image of
[N,y, M,t] by the homomorphism

Ton+1((MO/S) A Ky,) -, 7.]2
is at(yr) -

e Let us denote by ws the element (Uv,+1) ® 1, of H*(MO/S) ® H*K,,. The
image of [N,y, M,t] by the homomorphism

7T2n+1((MO/S) N Kn) & Z/Q
is (Vpr1(vn,t) — y, [N]).

Now one checks that the images of the classes w; and ws in
Torg(Z/2, H*(MO/S) ® H*Ky,) coincide. O



Observations

e Proposition B implies the invariance of Arf(qg;) under framed
cobordism.

e Proposition B implies v,,41(vy) = 0. Therefore the class
Vp+1(vN,t) belongs to the image of the connecting homomor-

phism
O:H'M — H"TL(N,M) ;
let u be a class in H®M with du = v,,41(vN,t) then one has

ai(z) = (u—=z, [M])
for all z in I =im(H®N — H"M). Hence Proposition A gives

Arf(as) = ai(u)



Proof of Theorem 2

We are left with the task to link the class [N, M, t] in F1Q3 | =
Flms,11(MO,S) with the class Q:(u) thought of as a class in
F17T2n_|_1(5, S A Kn_l_) = 7T2n—|—1(57 S A Kn_l_) = 715,(S A Kyp). This
is done by thinking of N x [0,1] as a cobordism between N and
M x [0,1], equipped with some suitable normal structure (the

“half-sock cobordism™).

Following Browder, one introduces the space BO(v,,11) fibre of
the map v, 41 : BO — K, 41 and one |looks at the commutative

diagram of spaces
— BO(Vn+1>

l |

*x @ — BO
and at the induced diagram of stable vector bundles.



The half-sock cobordism

l <ln+1> \ g i
¥ — BO | \
i
|
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The half-sock cobordism shows that the images of [N, M,t] and Q:(u) in
Flr,+1 (MO, MO(v,+1)) (diagram below) coincide.

Flr,11(MO,S) — Flu,1 1 (MO, MO({v,11)) «— Flm,11(S,S A Kug)
| | = s
72 S 7/2 S 72
Now let g € Tor{(Z/2,H*(MO, MO(v,11))) be the element corresponding to
the relation

n .
N Sq" T (U — viVp1) = 0
i=0

in H*(MO,MO(v,,11)), then @ induces b; in Tor}(Z/2,H*(MO,S)) and
>y = Sq" @a Zu, in Tor}(Z/2,H*(S,S A Kny) = ZH*(S A Ky)).

Eventually we do get

(b1, [N, M, t]) = ar(u) = (M, 1)

Q. E. D.
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3. Kervaire invariant and manifolds with a corner of codimension 2

Now we climb further up in the MO-spectral sequence:

TH 3 (Miller-L.).| Let b be the element in H*(MO/S A MO/S)
whose image in H*(MO A MO) is:

mn
> (U—vurq ) X (U—vvy11)
i=0

Then the following diagram

7T2n_|_2(|\/|O/S AN MO/S) — H2n+2(MO/S AN MO/S)

l |
TonS — 7.]2

IS commutative.
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Let bg be the class of b in Tor§(Z/2, H*(MO/S A MO/S)).

Theorem 1 (Browder's theorem) and Theorem 3 are equivalent
because the left vertical arrow of the diagram above is surjective
and bg is the image of by, under the monomorphism

Tor5(Z/2,7./2) — Torh(Z/2, H*(MO/S A MO/S))

13



Proof of Theorem 3
~ (Oafr)Q
o To,42(MO/SAMO/S) = 25,45

Let P be a (2n+ 2)-dimensional compact manifold with a corner
of codimension 2. One denotes by M this corner and by N the
boundary of P, N is the union of two manifolds with boundary,
N1 and N», whose intersection is M (their common boundary).

One assumes one has a splitting vp = v1 @ v such that:

— there exists a trivialisation, let us say t1, of the restriction of
v1 to Ny;

— there exists a trivialisation, let us say to, of the restriction of
vy to No.

t1 and to determine a trivialisation of v,; which is denoted by t.

2
The group Qg%fg is the cobordism group of such Ps.
14
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® Given a (2n+2)-dimensional compact manifold P with a corner of codimen-
sion 2, one produces a Z/2-vector space E equipped with a non-degenerate
symmetric bilinear form and a lagrangian subspace I. In this part there are no
normal structures involved, we are just playing with Poincaré duality (that is
to say the conjunction of Spanier-Whitehead duality and Thom isomorphism).

One sets FF = H"M; F is equipped with the “intersection pairing’ .

One sets G = H"T1(P,N1) @ H*T1(P, N>); one equips G with the symmetric
bilinear form

(21,2’2).(2’372/2) — <Z1 ~ ZIQ + zll — 22, [P] >
(G is canonically isomorphic to the hyperbolic space on H”+1(P, N1) because

H"t1(P, N>) is Poincaré-dual of H,1(P, N1)).

One defines E as the orthogonal sum F & G. One defines I as
the image of the natural map

HPHL(P, Ny [T Vo) Z2 HPM @ (HPTL(P, Ny) @ H'TL(P, N)) .
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e Now one assumes that M is equipped with a framing ¢t. One
equips F with the quadratic form qg; and G with the *hyberbolic
quadratic form”, let us say gy, defined by

dn(z1,22) = (21 — 22, [P])

(G equipped with this quadratic form is again canonically isomorphic to the
quadratic hyperbolic space on H"T1(P,N;)). One equips E with the
quadratic form q; & . The value of this quadratic form on I is
given by the following formula:

PROP C.

For all z in H"T1(P, N1 ][ N>) one has:

At(p(2)) + an(o(2)) = (Vp41(vp,t) — 2z, [P]),

Vnoi1(vp,t) denoting the relative Wu class defined in H*T1(P, M)
using the framing t.
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e Eventually one assumes P equipped with an (O, fr)2-structure.

Then Proposition A and Proposition C imply

Arf(a: ®ap) =

n

> A Vag1-i(1,t1) — (vi(v2,t2) — Vur1(v2,t2)), [P])
i=0

Now one has Arf(a; @ anp) = Arf(q¢) hence one has

n

Arf(ay) = Y (Vpg1_i(v1,t1) — (vi(v2,t2) — Vuq1 (2, t2)), [P]) .
i=0

Q. E. D.
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