
On uniform Diophantine exponents

Oleg German

Department of Number Theory
Faculty of Mechanics and Mathematics

Moscow State University

May 18, 2010

Oleg German On uniform Diophantine exponents May 18, 2010 1 / 8



Diophantine exponents Definitions

Consider a system of linear equations

Θx = y

with x∈Rm, y∈Rn and Θ an n×m real matrix.

Definition
The supremum of real numbers γ, such that there are infinitely many x∈Zm,
y∈Zn satisfying the inequality

|Θx−y|∞ ¶ |x|−γ∞ ,

is called the individual Diophantine exponent of Θ and is denoted by β(Θ).

Definition
The supremum of real numbers γ, such that for each t large enough there are
x∈Zm, y∈Zn satisfying the inequalities

0< |x|∞ ¶ t , |Θx−y|∞ ¶ t−γ,

is called the uniform Diophantine exponent of Θ and is denoted by α(Θ).
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Uniform exponents What was known before

Inequalities by Jarník and Apfelbeck

Theorem (Jarník)
If n = 1, m = 2, then

α(Θ)−1 +α(Θᵀ) = 1.

Theorem (Apfelbeck)
(i) We always have

α(Θᵀ)¾
nα(Θ) + n−1

(m−1)α(Θ) + m
.

(ii) If m> 1 and α(Θ)> (2(m + n−1)(m + n−3) + m)/n, then

α(Θᵀ)¾
1

m

�

n +
n(nα(Θ)−m)−2n(m + n−3)

(m−1)(nα(Θ)−m) + m− (m−2)(m + n−3)

�

.
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Uniform exponents New inequalities

New inequalities

Theorem 1
For all positive integers n, m, not equal simultaneously to 1, we have

α(Θᵀ)¾











n−1

m−α(Θ)
, if α(Θ)¶ 1,

n−α(Θ)−1

m−1
, if α(Θ)¾ 1.
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Individual exponents What was known before

Inequalities by Khintchine, Laurent, Bugeaud

Theorem (Khintchine)
If n = 1, then

β(Θ)

(m−1)β(Θ) + m
¶β(Θᵀ)¶

β(Θ)−m + 1

m
.

Theorem (Laurent, Bugeaud)
If n = 1, then

(α(Θ)−1)β(Θ)

((m−2)α(Θ) + 1)β(Θ) + (m−1)α(Θ)
¶β(Θᵀ)¶

¶
(1−α(Θᵀ))β(Θ)−m + 2−α(Θᵀ)

m−1
.
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Individual exponents What was known before

Dyson’s inequality

Theorem (Dyson)
For all n, m, not equal simultaneously to 1,

β(Θᵀ)¾
nβ(Θ) + n−1

(m−1)β(Θ) + m
.
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Individual exponents New inequalities

New inequalities

Theorem 2
For all positive integers n, m, not equal simultaneously to 1, we have three
inequalities

β(Θᵀ)¾
nβ(Θ) + n−1

(m−1)β(Θ) + m
,

β(Θᵀ)¾
(n−1)(1 +β(Θ))− (1−α(Θ))

(m−1)(1 +β(Θ)) + (1−α(Θ))
,

β(Θᵀ)¾
(n−1)(1 +β(Θ)−1)− (α(Θ)−1−1)

(m−1)(1 +β(Θ)−1) + (α(Θ)−1−1)
.
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Individual exponents New inequalities

The End
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