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What is adaptive dynamics ?

Adaptive dynamics (AD)

Adaptive dynamics: describe the evolution of a population by putting
emphasis on theecological interactions.

Grounded on models that are

• individual-based

• stochastic

• interactions are modelled in a realistic way

• population size can fluctuate

No fitness is given. It has to be deduced from the model.
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What is adaptive dynamics ?

AD: trait substitution sequence (TSS)

The trait substitution sequence (TSS, Metz et al., 1996) proceeds from
two assumptions.
• Assumption of rare mutations

• sufficient time is given to selection and genetic drift to eliminate
unlucky types between two mutations

• only one trait survives at a time on the mutation timescale
• evolution proceeds through a sequence of mutant invasions and

fixations: jump process over the trait space

• Assumption of large population
• only advantageous mutants can invade and fixate
• direction of evolution is deterministic (no genetic drift).
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What is adaptive dynamics ?

AD: canonical equation of adaptive dynamics

The canonical equation of adaptive dynamics (Dieckmann and Law,
1996) proceeds from an extraassumption of small mutationsapplied
to the TSS.

• Deterministic ODE (without genetic drift)

dx
dt

=
1
2
σ(x)2µ(x)n̄(x)

∂

∂y
f (x, x)

• σ2 variance of the mutation steps

• µ probability of mutation at each birth event

• n̄ equilibrium size of a purex-type population

• f (x, y) fitnessof a mutant typey in an equilibriumx-type resident
population

Our goal: keep populationfinite andstochasticto include genetic drift
in the TSS and the canonical equation

.
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The logistic branching process

Definition of the binary logistic branching process

• as in the pure branching process:
• each individual gives birth at rateb to one single other individual

(binary split)
• Each individual dies at rated.

• in addition,
each individual picks any other given individual at ratec and
then kills her.

• then the transition rates of the LB-process are{
i → i+1 at rateib,
i → i−1 at rateid + i(i − 1)c.
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The logistic branching process

Some properties of the logistic branching process

Logistic branching processes do not go to∞.

1 if d = 0, the logistic branching process converges in distribution
to ξ, whereξ is a Poisson variable of parameterb/c conditioned
to be nonzero.

2 if d 6= 0, the logistic branching processbecomes extinct with
probability 1.
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The multitype logistic branching process

Definition of the multitype logistic branching process

• as in the pure multitype branching process:
• each individual with typex gives birth at rateb(x) to one single

individual with traitx
• each individual of typex dies at rated(x).

• in addition,
each individual of typey picks any other given individual of type
x at ratec(x, y) and then kills her.

• for a finite population with no mutation, the dynamical
parameters are a birth vectorB, a competition (square) matrixC,
and a death vectorD.
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Logistic dominated (LD) populations

General self-regulated populations

A general birth-and-death process with mutation

• each individual is characterized by atrait x (individual size, age
at maturity,. . . ) in a closed subsetX of Rk

• a population ofN(t) individuals holding traitsx1, . . . , xN(t) ∈ X

is represented byνt =

N(t)∑
i=1

δxi

• b(x, ν) is the total rate of birth in thex-type subpopulation of a
population in stateν

• γµ(x) mutation probability (rare mutations:γ → 0)
• x + h mutant trait, whereh∼ M(x, dh)

• d(x, ν) is the total rate of death in thex-type subpopulation of a
population in stateν



Introduction Model TSS CDAD Logistic branching Invasibility coefficients More on AD

Logistic dominated (LD) populations

General self-regulated populations

A general birth-and-death process with mutation

• each individual is characterized by atrait x (individual size, age
at maturity,. . . ) in a closed subsetX of Rk

• a population ofN(t) individuals holding traitsx1, . . . , xN(t) ∈ X

is represented byνt =

N(t)∑
i=1

δxi

• b(x, ν) is the total rate of birth in thex-type subpopulation of a
population in stateν

• γµ(x) mutation probability (rare mutations:γ → 0)
• x + h mutant trait, whereh∼ M(x, dh)

• d(x, ν) is the total rate of death in thex-type subpopulation of a
population in stateν



Introduction Model TSS CDAD Logistic branching Invasibility coefficients More on AD

Logistic dominated (LD) populations

General self-regulated populations

A general birth-and-death process with mutation

• each individual is characterized by atrait x (individual size, age
at maturity,. . . ) in a closed subsetX of Rk

• a population ofN(t) individuals holding traitsx1, . . . , xN(t) ∈ X

is represented byνt =

N(t)∑
i=1

δxi

• b(x, ν) is the total rate of birth in thex-type subpopulation of a
population in stateν

• γµ(x) mutation probability (rare mutations:γ → 0)
• x + h mutant trait, whereh∼ M(x, dh)

• d(x, ν) is the total rate of death in thex-type subpopulation of a
population in stateν



Introduction Model TSS CDAD Logistic branching Invasibility coefficients More on AD

Logistic dominated (LD) populations

General self-regulated populations

A general birth-and-death process with mutation

• each individual is characterized by atrait x (individual size, age
at maturity,. . . ) in a closed subsetX of Rk

• a population ofN(t) individuals holding traitsx1, . . . , xN(t) ∈ X

is represented byνt =

N(t)∑
i=1

δxi

• b(x, ν) is the total rate of birth in thex-type subpopulation of a
population in stateν

• γµ(x) mutation probability (rare mutations:γ → 0)
• x + h mutant trait, whereh∼ M(x, dh)

• d(x, ν) is the total rate of death in thex-type subpopulation of a
population in stateν



Introduction Model TSS CDAD Logistic branching Invasibility coefficients More on AD

Logistic dominated (LD) populations

General self-regulated populations

A general birth-and-death process with mutation

• each individual is characterized by atrait x (individual size, age
at maturity,. . . ) in a closed subsetX of Rk

• a population ofN(t) individuals holding traitsx1, . . . , xN(t) ∈ X

is represented byνt =

N(t)∑
i=1

δxi

• b(x, ν) is the total rate of birth in thex-type subpopulation of a
population in stateν

• γµ(x) mutation probability (rare mutations:γ → 0)
• x + h mutant trait, whereh∼ M(x, dh)

• d(x, ν) is the total rate of death in thex-type subpopulation of a
population in stateν



Introduction Model TSS CDAD Logistic branching Invasibility coefficients More on AD

Logistic dominated (LD) populations

General self-regulated populations

A general birth-and-death process with mutation

• each individual is characterized by atrait x (individual size, age
at maturity,. . . ) in a closed subsetX of Rk

• a population ofN(t) individuals holding traitsx1, . . . , xN(t) ∈ X

is represented byνt =

N(t)∑
i=1

δxi

• b(x, ν) is the total rate of birth in thex-type subpopulation of a
population in stateν

• γµ(x) mutation probability (rare mutations:γ → 0)
• x + h mutant trait, whereh∼ M(x, dh)

• d(x, ν) is the total rate of death in thex-type subpopulation of a
population in stateν



Introduction Model TSS CDAD Logistic branching Invasibility coefficients More on AD

Logistic dominated (LD) populations

Remark: logistic case

Let n(x) be the size of thex-type subpopulation:

n(x) :=

∫
X

ν(dy)1x=y.

The multitype logistic branching process has

b(x, ν) = b(x)n(x)

and

d(x, ν) = d(x)n(x) +

(∫
X

c(x, y)(ν − δx)(dy)

)
n(x).
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Logistic dominated (LD) populations

LD-populations

We say that the previous model is aLD-populationsif it satisfies

• there is̄b such that for anyν andx, b(x, ν) ≤ b̄ n(x)

• there arec andc̄ such that for anyν andx,

c

(∫
X

(ν − δx)(dy)

)
n(x) ≤ d(x, ν) ≤ c̄ 〈ν, 1〉 n(x)

• if ν = δx, thend(x, ν) = 0. Then, extinction has zero probability.
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Logistic dominated (LD) populations

Basic result

Theorem

Consider a LD-population(νt; t ≥ 0) with no mutation. For any
initial condition, the fixation time T

T := inf{t ≥ 0 : |Supp(νt)| = 1}

is finite a.s.and from time T, the population remains monomorphic
with type, say, x. Then conditional on T and x, the post-T size process
(N(t); t ≥ T) is positive-recurrentand converges in distribution to a
random integerξ(x).

For a two-typeLD-population(Xt, Yt; t ≥ 0) with no mutation starting
with n ind. of typex (resident) andm ind. of typey (mutant),
{XT = 0} is calledfixation of the mutantandun,m(x, y) denotes the
fixation probability.
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Results

Two basic results

Let τ be the first mutation time.

Lemma

Whenν0 = nδx, (γτ, 〈νγ
τ−, 1〉) converges in law to(T, N) where T

and N are independent, T∼ Exp(β(x)) where

β(x) := µ(x)E(b(x, ξ(x)))

and

P(N = k) =
b(x, k)P(ξ(x) = k)

E(b(x, ξ(x)))

is the b(x, ·)-biased stationary population size.
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Results

Two basic results

Recall thatτ is the first mutation time.
Let ρ be the first time when the population gets monomorphic and let
V be the surviving trait at timeρ.

Lemma

Whenν0 = nδx + δy,
Pγ(ρ < τ) → 1 and
limγ→0 Pγ(V = y) = 1− limγ→0 Pγ(V = x) = un,1(x, y).
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Results

Convergence of the support

Let ρk be thek-th time when the population gets monomorphic, and
Vk the then surviving type.

Theorem

Assumeν0 = nδx. The process(Sγ
t ; t ≥ 0) defined as

Sγ
t =

∞∑
k=0

Vk1{ρk≤t/γ<ρk+1}

converges in law asγ → 0 onD(R+,X ) to the Markov process
(Zt; t ≥ 0) whose jumping rates q(x, dh) from x to x+ h are given by
q(x, dh) = β(x)χ(x, x + h)M(x, dh), where

χ(x, y) =
∑
n≥1

b(x, n)P(ξ(x) = n)

E(b(x, ξ(x)))
un,1(x, y).
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Results

Convergence of the population size

Theorem

For any0 < t1 < . . . < tn, (νγ
t1/γ , . . . , νγ

tn/γ) converges in law to

(ζt1, . . . , ζtn) whereζti = Nti δZti
such that

1 (Zt; t ≥ 0) is the TSS process of the previous theorem

2 Conditional on(Zt1, . . . , Ztn) = (z1, . . . , zn), the Nti are
independentand respectively distributed asξ(zi).

The convergence only holds for f.d.d.
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Preliminaries

Assumptions

We make the following assumptions.

• X = Rk for simplicity

• b(·, ν) andd(·, ν) are inC2
b, as well as the transition probabilities

of the embedded Markov chain
• the mutation kernel satisfies

• M(x, ·) has 0 expectation, i.e.
∫

Rk hM(x, dh) = 0
• the covariance matrix ofM(x, ·) has Lipschitz entries and is

uniformly elliptic in x
• the third order moments ofM(x, ·) are uniformly bounded inx

 un,m(x, y) andχ(x, y) are twice differentiable.
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Preliminaries

Scaling of the mutation kernel

We are going to apply alimit of small jumpsto the TSS, following the
heuristics leading to the canonical equation of adaptive dynamics.

• Replace the mutation lawM(x, dh) with its image byh 7→ εh
(ε > 0)

• Rescale time ast/ε2

 Rescaled TSS(Zε
t ; t ≥ 0) with generator

Aεϕ(x) =
1
ε2

∫
Rk

(ϕ(x + εh)− ϕ(x))β(x)χ(x, x + εh)M(x, dh)
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Results

Limit of the generator

Making a second-order expansion,

(ϕ(x + εh)− ϕ(x))χ(x, x + εh) = ε(h′∇ϕ(x))χ(x, x)

+ ε2(h′∇ϕ(x))(h′∇2χ(x, x)) +
ε2

2
(h′Hϕ(x)h)χ(x, x) + O(ε3‖h‖3)

SinceM(x, ·) has zero mean,
∫

Rk
(h′∇ϕ(x))χ(x, x)M(x, dh)=0.

 Aεϕ converges uniformlyto the functionA0ϕ

A0ϕ(x) =

∫
Rk

(h′∇ϕ(x))β(x)h′∇2χ(x, x)M(x, dh)

+
1
2

∫
Rk

(h′Hϕ(x)h)β(x)χ(x, x)M(x, dh).
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Results

The canonical diffusion of adaptive dynamics

Let σ(x) be the square root of the covariance matrix ofM(x, ·).

Theorem

Asε → 0, Zε converges in law onD(R+, Rk) to the diffusion process
solution to the SDE

dZt = β(Zt)σ
2(Zt) · ∇2χ(Zt, Zt)dt +

√
β(Zt)χ(Zt, Zt)σ(Zt) · dBt

where B is a standard k-dimensional Brownian motion, and∇2 is the
gradient w.r.t. the second variable.
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Results

Discussion

• We obtain adiffusion model of evolutiongrounded on a
microscopic realistic population dynamics

• Genetic driftproportional toβ(x), to the neutral fixation
probabilityχ(x, x) and to the covariance matrix ofM(x, ·).

• Directional selectionsimilar to the one of the canonical ODE

dx
dt

=
1
2
σ(x)2µ(x)n̄(x)

∂

∂y
f (x, x)

Proportional to

• thecovariance matrixof M(x, ·)
• the total mutant production rateβ(x)
• the gradient of the fixation probabilityχ(x, y) of ay-type mutant

in a stationaryx-type resident population.

• y 7→ χ(x, y) defines afitness landscapedepending on the current
state of the population
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The two-type logistic branching process

Parameters of the two-type logistic branching process

• the two-type logistic branching process is denoted(Xt, Yt; t ≥ 0),
with birth vectorB, competition matrixC and death vectorD

B =

(
b1

b2

)
, C =

(
c11 c12

c21 c22

)
, D =

(
d1

d2

)
• where1 refers to theresident type,

and2 refers to themutant type

• n = X0 is the initial number of residents

• m = Y0 is the initial number of mutants

• p = m/(n + m) denotes the initial frequency of mutants.
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Neutrality and near-neutrality

Neutrality

• the case when types are exchangeable is referred to as (selective)
neutrality , that is

B =

(
b
b

)
, C =

(
c c
c c

)
, D =

(
d
d

)
• under neutrality, the fixation probabilityu equals the initial

frequencyp of the mutant

un,m =
m

n + m
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Neutrality and near-neutrality

Five fundamental selection coefficients (1)

We will expressdeviations from neutrality as

B−
(

b
b

)
=

(
0
λ

)
, D−

(
d
d

)
=

(
0
σ

)
,

C−
(

c c
c c

)
=

(
0 0
δ δ

)
+

(
0 α
0 α

)
−

(
0 ε
ε 0

)
.

The coefficientsλ, δ, α, ε, σ are chosen to bepositivewhen they
confer anadvantageto the mutant, and are called the five
fundamental (additive)selection coefficients.
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Neutrality and near-neutrality

Five fundamental selection coefficients (2)

1 fertility , λ : positiveλ means increased mutant birth rate

2 defencecapacity,δ : positiveδ means reduced competition
sensitivity of mutant individuals w.r.t. the total population size

3 aggressiveness, α : positiveα means raised competition
pressure exerted from any mutant individual onto the rest of the
population

4 isolation, ε : positiveε means lighter cross-competition between
different morphs, that would lead, if harsher, to the exclusion of
the less abundant one

5 survival, σ : positiveσ means reduced mutant death rate.
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The fundamental result

Factorization of second-order terms

Theorem

As a function of the multidimensional selection coefficient
s = (λ, δ, α, ε, σ)′, the probability u is differentiable, and in a
neighbourhood ofs = 0 (selective neutrality),

u = p + v′.s+ o(s),

where theselection gradientv = (vλ, vδ, vα, vε, vσ)′ can be expressed
as

vι
n,m = p(1− p) gι

n+m ι 6= ε,

vε
n,m = p(1− p) (1− 2p) gε

n+m

And the g’s depend solely on the resident’s characteristics b, c, d, and
on the total initial population size n+ m. They are calledinvasibility
coefficients.
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The fundamental result

Fitness gradients

Using the previous theorem,

• χ(x, x) =
e−θ(x) − 1 + θ(x)

θ(x)2

• ∇2χ(x, x)=e−θ(x)(aλ(x)∇b(x)−aδ(x)∇1c(x, x)+aα(x)∇2c(x, x))

where, forι = λ, δ, α, theadaptive slopein theι-direction is

aι(x) =
∞∑

n=1

ngι
n+1(x)θ(x)

n−1

(n + 1)2(n− 1)!
.
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Characterization

A discrete harmonic equation

Proposition

The fixation probability un,m is the unique bounded solution to
(∆u)n,m = 0 for n, m > 0
un,m = 0 if m = 0
un,m = 1 if n = 0,

where∆ is the generator of the embedded Markov chain associated to
the two-type LB-process.
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Characterization

Characterization of the λ-invasibility coefficient

Let L be the linear operator defined (n≥ 2) as

(Lw)n = −b
n + 2
n + 1

wn+1+
[
b+c(n−1)+d

]
wn−(n−2)

(
c +

d
n− 1

)
wn−1

Theorem

The sequence uλ
n := n−1gλ

n is the unique bounded solution to

(Luλ)n =
1

n(n + 1)
, n≥ 2.
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Results

Fertility (λ-invasibility)

We need to defineq(2)
n

q(2)
n = Pn( atT2, the 2 living individuals have 2 distinct labels),

wherePn is the law of the labelled LB-process starting withn
distinctly labelled individuals, andT2 its first hitting time of 2.

Proposition

The invasibility coefficient gλ associated tofertility is given (n≥ 2) by

gλ
n = − dn

2bc(n− 1)
+

d(c + d)

2bcκ
nq(2)

n

n− 1
+

n
2c(n + 1)

.
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Results

Example

Assume that
• X = R
• c(x, y) = C(|x− y|) andC(0) = 1

 
∂c
∂x

(x, x) =
∂c
∂y

(x, x) = 0

• σ(x) is the standard deviation ofM(x, ·)

The canonical diffusion of adaptive dynamics is given by

dZt = r(Zt)dt + σ(Zt)µ(Zt)
1/2

(
b(Zt)

1− e−b(Zt)
− 1

)1/2

dBt

where

r(x) =
µ(x)σ(x)2

2

(
1 +

4
b(x)

+
b(x)− 4

1− e−b(x)

)
b′(x).
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More on Adaptive Dynamics

Basic ideas of AD

Adaptive dynamics: emphasis put on the ecological interactions.
 defines afitness landscapethat depends on the current state of the
population.

New features

• evolutionary cycle

• evolutionary suicide

• evolutionary branching
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More on Adaptive Dynamics

Picture
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More on Adaptive Dynamics

Classical TSS (Metz et al. 1996, C. 2003)

Based on the assumptions of
• rare mutations
• large populations.

Same idea as before, except for the following modifications

• Monomorphic LB-process logistic equation

ṅx = (b(x)− d(x)− c(x, x)nx)nx.

• Stationaryx-type distributionξ(x) equilibrium density
n̄x = (b(x)− d(x))/c(x, x).

• Fixation probability mutant invasion probability, positive iff
(n̄x, 0) is an unstable steady state for

ṅx = (b(x)− d(x)− c(x, x)nx − c(x, y)ny)nx

ṅy = (b(x)− d(x)− c(y, x)nx − c(y, y)ny)ny,

i.e. iff f (x, y) := b(y)− d(y)− c(y, x)n̄x > 0.
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ṅx = (b(x)− d(x)− c(x, x)nx)nx.

• Stationaryx-type distributionξ(x) equilibrium density
n̄x = (b(x)− d(x))/c(x, x).

• Fixation probability mutant invasion probability, positive iff
(n̄x, 0) is an unstable steady state for
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More on Adaptive Dynamics

TSS interpretation for evolutionary branching

Then, if a mutant invasion is possible, there can be eitherfixationof
the mutant orcoexistence.

If there is coexistence, the initialy monomorphic population becomes
dimorphic, which can be interpreted asevolutionary branching.
In the logistic case, coexistence can be shown to occur ifff (x, y) > 0
andf (y, x) > 0.
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More on Adaptive Dynamics

Some questions

• Correct definition ofd fitness as a function of the microscopic
parameters.

• Evolutionary branching is a general phenomenon. More general
criterion ? (not only in the limit of rare mutations)

• Support of the population.

• Number of coexisting branches.

• Branching in sexual populations.

• We have succeeded to include genetic drift in AD, but branching
then disappears. Is there a way to combine both ?
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More on Adaptive Dynamics

Many thanks for your kind attention!
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