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MtDNA
AGGAATCCTCTTCTCTTC
AGGAATCCTTTTCTCTTC
GAGGACCCTCTTCCCTTT
GGAGACCCCCTTCCCTTC
GGGAATCCTCTTCTCTTC
GGGAGTCCTCTTCTCTTC
GGGGACCCTCCCCcCCTTT
GGGGACCCTCCCTCCTTT
GGGGACCCTCTTCCCCCT
GGGGACCCTCTTCCCCTT
GGGGACCCTCTTCCCTTC
GGGGACCCTCTTCCCTTT
GGGGACCTTCTTCCCTTC
GGGGACTCTCTTCCTTTC
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Frequency spectrum of a mutation

Observed frequency spectrum, the distribution of segregating
sites with 1,2,... mutations.

MtDNA data example
Relative frequencies of sites with 1,2,... mutations

Mutations 1 2 3 4 . 12 18 24
Frequency 5/55 3/55 3/55 2/55 - 1/55 1/55 3/55



20

15

10

Frequency Spectrum: Y Chromsome Data of Wilder et. al. 2004

DNA Sequences from Alu Elements in World-wide Sample of 389 Males

Total of 40 mutant sites
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Number of Chromosomes with the Mutation (N=389)
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General binary coalescent trees

{T;,7 =mn,...,2} are times while n, ..., 2 ancestors
of n individuals.

e [y,..., T are continuous random variables.

e The ancestral tree is binary, and such that when there are k

—1
ancestral lines each pair has probability (g) of being the

next pair to coalesce.



Examples of general binary trees

{T5,7 =n,...,2} are times while n, ..., 2 ancestors
of n individuals.

e Coalescent process where 1y, ..., I5 are independent expo-
nential with means 2/n(n —1),...,2/2(2 —1).

e Coalescent process with a non-homogeneous population size
N(t) = Ng/v(t) at time t back. S; =T+ -+ 1Ty,
with SP' 1 = 0. {S%} form a reverse I\/Iarkov Process with
tranS|t|on density of SV given ";+1 — ¢ of

f(s;t) = (;)V(S) exp(— (;) /t V(u)du),s > t.



An ancestral tree of a sample of n individuals taken from
under a neutral or selected mutation of frequency x in the
population.

An ancestral tree of a sample of n individuals taken at a
locus linked to a selectively favoured allele.

A general death process tree with rates u.(t) at time ¢ back.
A general binary birth process tree grown forward in time.

An ancestral tree of a sample of n individuals taken from a
birth and death process at a time when > n individuals exist.



Classical de Finetti urn
k edges

ﬂ 4

(a) Put one red ball and k£ — 1 white balls in an urn.

(b) At each trial draw a ball at random and replace with an
additional ball of the colour chosen.

(c) Stop when n balls.

Forward in time branching in the subtree is equivalent to drawing
a red ball. The distribution of the number of red balls is the same
as the family size distribution of the mutation.




Family size of a mutation

/\
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The probability that a particular family has size b is

(n—b—l)
k—2
pn,k(b) — T n—1

(h-1)
In the population limit as n — oo, and b/n — z, 0 < x < 1, the
relative frequency of a particular family has a Beta density

(k—1)(1-=z)"2,0<z<1.




Frequency spectrum in a general binary tree

A mutation is observed in b out of n genes in a sample, where
0<b<n.

What is the probability distribution of the number of copies of
b?

It is helpful in this problem to label mutations as independent
uniform random variables on [0,1]. Then the probability that a
mutation has a label in (z,z + h) is h.



Let C}), = C(x,b, h) denote the event that there is a mutation
with label U in the interval (z,z 4+ h) C (0,1) that subtends b
copies in the sample.

P(Cy | Ty T2) = 3 pui(0) (KTics h + o(h)
k

Averaging over the distribution of 1}, ..., 15

Oh
P(C) ~ o Z kp,1(b)E(T}), as h — 0.
k

Summing over b, the probability that there is a mutation with
label in (z,x + h) is

6h
N—-ZkE(Tk), as h — 0.
2 k



The probability that a particular mutation has b copies is thus
ti—o kpnk(b) E(T},)

dnbh = , 0<b<n
" o KE(T})
General formula
2T,

Ly - sum of edge lengths subtending b leaves
L - total sum of edge lengths

If the wild and mutant sites are unidentifiable then the wrapped
frequency spectrum is

;)b T dnn-b 1= b<n/2
qn,b o q/n/,,n//27 . even and b — n/27



Kingman Coalescent process

E(T),) = (’;)_1, k=n.. . .2

b—l
Z?:lj 1
The mean number of mutations in the distribution is
n—1
K= 1 ._
Z;’L:l] 1
As n — 00,
mn 2 n2

o v

'LLNlogn’ 2logn



Models of population growth

Coalescence times S/, ... ,52’/ can be easily simulated succes-
sively from the distribution

j S
P(S; >s| S =1) =exp ( - (2> /t V(u)du>
by setting the probability equal to a uniform random variable on

[0,1], and solving for S; = s.

The frequency spectrum can then be found from the simulated
mean times E(T1}),..., E(TY).



Multiple Merger Coalescents

Tnj ; merger rate to 7 from n edges.
Tn = ] _o9Tpj ; total merger rate while n edges.

Cnj = rm/frn . probability of a merger from n edges to 7 edges.

(k)

an . probability of a merger from n edges to 7 edges, conditional
on hitting k£ edges in the future.

n—1 b o
pk®) = 3 M (ji ”pjk(b—m—j))
j=n—b+1

Prr(l) = 071



A-coalescents

n

Tnj = ( > /[0,1] "I —2)? T IA(de), 1< G <m

where A is a finite measure on [0, 1].
‘The total rate is

7 —1

1—(1—2)" —na(l —z)" 1
0,1] T2

T'n =

A(dx)
and Cnj = 'rnj/"“n-

Cannings, Pitman, Sagitov, Mohle



Beta-Coalescent

A(dz) = B(a,b) 12?711 — 2)* ldz

n )am—j—l)b(j—l) )

<71 <
j—1 (a+b)p_o =7

rnj:(

a- coalescenta =2 — o, b =«

Birkner, Blath, Capaldo, Etheridge, Mohle, Schweinsberg, Wakol-
binger



Conditioned on hitting k

uq(q,k) . probability of hitting & from n.

NOM Z erju® , u® =

ORI OYNG

Cnj = Cngl;
Mean coalescence times

n—1

En(Ty) = Y  cniEj(Ty), n >k, Ep(Ty) = 1/ry,
=k



Frequency spectrum

" ok b)En (T
Aoy = k=9 pnk() n( k),0<b<n

ZZZQ kEn(Tk)




The frequency spectrum of neutral mutations under a selected
mutation of frequency x

If the generator of the process of the selected mutation
{X(t),t > 0} is

1 ? o

then the generator of the reverse process { X *(¢),t > 0} back in
time starting at x is
1 0% 1

1 0,
L = 51‘(1 — x)@ — iﬁaz(l — x)coth <§ﬁ(1 — a:))a—x



The reverse process partitions the population into selected and
non-selected types, and the behaviour of a coalescent taken in
the selected group is a stochastic variable-population-size model
with

N(t) = NoX*(t), X*(0) =z

‘The mean coalescence times can be calculated by simulation, on
each run simulating { X*(%)}, then using the variable population
size simulation to obtain E(1y,),..., E(15).



Moran model and diffusion process limit

Let {Z(t),t > 0} be a birth and death process on {0,1,..., N}
with rates {A"} (M),

Denote X (t) = Z(t)/N, AZ(t) = Z(t+dt)— Z(t), and similarly
for AX(1).

Then as 0t — O,

AN V)

E(AX#t) | X(t)=2) = = ~ =5t + o(dt)
(N) ", (V)

var(AX (1) | X(1) = 2) = 22 TH2 5 oot)




To obtain a diffusion process limit with parameters
o?(x) = (1 — ) and pu(x) suppose that as N — oo

A — ) ()
( )N (N) -
N N

)\Z + Lz

N2:u 0_2(33)

That is

MY~ IN(No () + p(a)

M~ IN(NO?(2) — ()

(1)

(2)

The sets of equations (1) and (2) are of interest, the former
as a diffusion limit, and the latter as a birth and death process

approximation to a diffusion process.



Diffusion process for the population frequency of a mutation

The relative frequency { X (¢),t > 0} has generator

%_+(@a
(92'u ox

o*(z) =x(1—z), plz)=B(z)z(l— )
Transition density reversibility

m(z) f(z,p;t) = m(p)f(p,,;t)

where m(x) is the speed density.

m(z) = [o%(x)s(z)] ™

12
L—2 ()

where

s(y) = exp { — [ 26(e)de}, 0<y <1



Examples:

Genic selection

p(a) = 3B2(1 — x), m(z) = [o(1 - z)]"le= A"

Balancing selection

u(x) = %6(2:1: — Dz(1 —z), m(z) = [z(1 — z)]Lefr(l-2)



Trajectory of a mutation

1 1
X T
0 - O e
Today oSS

Reversibility argument. An allele A arises in a pure a population,
and is observed to have frequency x at a time later. The dis-
tribution of the trajectory of A back in time is the same as the
distribution until the time of its eventual loss, from frequency x,

conditional on eventual loss.



Frequency spectrum

The probability that there are 0 < b < m mutant copies of a
gene in a sample of n, conditional on at least one copy is

fol (Z) :L'b(l — ac)"_bm(ac)uo(az)dx

dn.b = fol(l — 2" — (1 — z)")m(x)ug(z)dx
ug(xz) = P(Absorption at 0, starting from x)
_ Ja 5(y)dy
Jo s(y)dy

In the frequency spectrum as n,b — co with b/n — x

In,b ~ m(x)up(x)



Frequency spectrum

Large sample size n — oo, b/n — x.

qn,p ~ M(T)up(T)
Neutral model

1
dnb ~ —
xr

Genic selection
11— P2

R O YE
Balancing selection

eBr(l—x) f:cl e~ By (1=Y) dy
r(1—xz) [LeBu(l-v)qy

dn.b ™~
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Frequency spectrum plots, 8 = 20




Frequency spectrum derivation

oI5 S (3)2"( = @) f (o, s ) dd
=0 [5° Jg (1 — 2" — (1 —a)") f (p, z; t)dad
J3 (7)1 — 2)"bm(x) 5 f(x, p; t)dtdz
Jo (1 —am — (1= 2)")m(x) J§° f (z, p; t)dtdx
fol (Z’) acb(l — :L')n_bm(:c)uo(:c)daf;
fol(l — 2" — (1 — z)?)m(z)ug(z)dz
T he calculation supposes a uniform prior of time when the fre-

quency is observed between when the mutation arose and was
fixed or lost.

dnb —




