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Function spaces on R?

Sobolev spaces of fractional order, se R, 1 < p < .

HS(RY = {feS'®RY:|fIHS| =
|F~L1 + €252 F fllp < oo}
Besov spaces, s R and 1 < p,q < oo,
B RY ={feS :|fIBS,| =
OO .
(Y 25949 F Lo FFIDY < o0},
j=0

3
¥ ECE,0< ¥ <1, suppy € BO,2), $(@) = 1| < 1.

p0 = v, 01(2) =0(3) — (), ¢j(2) = p1(277Ta)

Spaces of radial distributions

SO(d) - the group of rotations around the origin in R¢
Y € CSO(RCZ), 0I(z) = o(gx), g € SO(d), g~ - inverse
to g,

f e S'(RY), f9is a distribution defined by

190 = F@9 ), peSRY.
f - radial if f9 = f for any g € SO(d).

d
RH;(Rd)
S
RBS (R%)

{f € HSRY) : fis radial},
{f € B5 ,(RY) : fis radial}.



Function spaces on symetric spaces X

G - noncompact connected semisimple Lie group with
finite center,

K - maximal compact subgroup of G,

X = G/K-asssociate symmetric space of dimension d,
X - connected homogeneous Riemannian manifolds,
(G - acts transitively on X as a group of isometries,
o = eK, then K is an isotropy group of o,

A - Laplace operator on X

H;, = etD, + > 0 - positive, symmetric, semigroup
of contractuctions in Ly(X), 1 < p < oo,such that
Hel =1

S1(X) - L{-Schwartz space on X,

S7(X) - space of distributions.

Let se R and d > 2
Sobolev spaces of fractional order on X, 1 < p < o0

Hy(X) = {f € S1(X) : ||f|HH(X)| =
|(r - A)S/Qpr < oof.




Besov spaces of fractional order on X,
1 Sp,qéoo,k>|%|-

Bs ((X) = {f € SI(X){f € SI(X) : 1B} ,(X)| =

1 hes dF dt\1/a
(rons], + ( f, 84/ erary ) <o)

Horf = Sh_s A(=D)H f f € SH(X).

Remark
(Hp°(X), Hp' (X)), = B} (X)),

s =0sg+ (1—-0)s1,0 € (0,1),s0 7 s1.

Spaces of radial distributions
If K acts transitively on sphere centred at o, then

f is radial <= is invariant w.resp. to the action of K

F(e") = f(), F(z) = p(k-x),k €K, z € X.

RH,(X) = {f € Hy(X) : fis radial},

RBy (X) = {f € By (X): fis radial}.



Sobolev embeddings

(A) RHQ(RY) — RHpL(RY), RB;Y . (RY) — RBp! , (RY)

(B) RHp2(X) — RHpY(X), RBpJ 40(X) — RBp! 4 (X)

Continuity of Sobolev embedd. of radial functions
If po <py1 and So—pio>81—pi:=>
the embeddings (A) and (B) are bounded

(if sg — p% = 51 — p_l then ¢gg < g1 for Besov spaces).

Compactness of Sobolev embedd. of radial functions

Let d > 2. The embeddings (A) and (B) are compact

d d
< po < p1 and So—p—0>81—p—1.




Approximation numbers

X,Y - complex Banach spaces,
T : X —Y - bounded linear operator, k € N,

ap(T) :=inf{||T — Al : A€ L(X,Y), rank(A) < k},
rank(7T) = dimT'(X).

Properties of approximation numbers:

e a;(T)- decreasing sequence a1 (T) = ||T]
ap — 0, for £ — oo, = T is compact,
antk—1(T1 + T2) < an(T1) + ar(1>),
antk—1(T10T2) < an(Tr)ap(T2),

ap(T) =0 < rank(T) < k.



Asymptotic behaviour of a; in cases: R¢ and X

Theorem 1 Let 1 < pg < p1 < o0, (po,p1) # (1,00),

11 1 L d d
> 2, - = = "~ po n
d>2, 5= -~ andt=min{py,p1}, s0— 55 > s1— 5
then

a(idg) ~ kPO, ay(idg) ~ kBB
where B(A) =
’d;1 ifl<pg<p; <20r2<pg<p; < oo,
<d—1_|_1_l ifl1< <2< < 0 andd_—1>l

p 2 1 = Po P1 = ©0 p = U
d—1t i =1 1
- if1 <pp<2<py <ocoand ™= < 4.
and 3(B) =
(51 if 1 <pg<ppr<20r2<pg<pyr < oo,
<s—%+%—% if1§p0<2<p1§003nd3_%2%’

N g , 1 1

\<5_§§ if1<pp<2<p;<occands—: <,

where s = sg — s7.



Proof in case of R¢

Upper estimate on R? - reduction to sequence
spaces.

Weighted seq. spaces: 1 <p,qg <], § > 0,
w . NO — R_|_

0q(27°tp(w)) = {<sj,k>j,k - 185 .k1€q(270p(w)) || =

o0 o0 . q/p\ 1/q
> (Z QJépw(kNSj,Mp) ) <00 p. (%*)

7=0 \k=0
(with the usual modification if p = 0o or ¢ = ).

Lemma 1 Let pg < p1 and 1 < qg,q1 < 00,50 > O,

d = sg — 81 — d(p% — pil) and 6§ > 0, then there are
bounded operators S and T" such that

S .
Rng,qo (Rd) — Lqq (2‘75%0 (wq—1 ))

idl lId
T
RBp} ¢4 (Rd) — Lg (Epl(wd—1)> -

IS commutative.

wa(k) = (1 + k)% (x) .



Let 1 < pg < p1 < o0, (po,p1) # (1,00), %: o = P
a>0,t= min{pb,pl}.

Proposition 1 Let D, be a diagonal operator
generated by the sequence o, = k=%, then

ak(Da  lpy — epl) ~ Ck=P

o' if 1 <pg<pp<20r2<pg<p < oo,
B=1a+3—-7 ifl<pyg<2<p;<oo, a>r,
\C\{% if1§p0<2<p1§oo,oz§%.

Proposition 2 Let 1 <qp,q1 <oo and 6 > 0, then

ag (Id : lqO(Qj(Slpo(sz)) — lql(lpp (wozD) ~ k_ﬂ-

~

[VIOTIOTIO
N~
|
S

if 1 <pop<pp <20r2<pg<p; < oo,
it 1 <pgp <2< p; <o,
if 1 <pg<2<p; <o0,

B =5

Y

DILTIL
NIV
SRS
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Lower estimates on R? - by trace operator to the
weighted function spaces.

For sp > s; > 0 the following diagram is commutative

ext
B]gg,qO(R—Iﬂw(d—l)a [1700)) L) RB;S,Qo(Rd7 [1700))

Po

o] e

tr*
Bz%,Cﬂ (R—|—7 W(d—1); [17 OO)) A RB;i,ql Rd) [17 OO))7

b1

Theorem 2 Let 1 < pg < p1 < o0, (po,p1) # (1,00),
1 <qgp,91 < 00, —00 < 81 < sg < o0 and a >0 and

a#80—81—(i—%)=15,

po P
then
ay,(Bpg,qo (Rv wa) = Bplg (R)) ~ k7,
where
min{a, 0} if 1 <pg<p <2

or 2 < pg < p1 < 0,
min{a,8} +5 -1 if1<pg<2<p; <oo,
and min{a,3} > ¢,
min{a,&} - 5 if 1 <po<2<py<oo,
and min{«, 3§} < <.

\

a=(d-— 1)(1%0—2%1), min{a,} = a.
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Proof in case of X

Local part (near origin o) - as on Euclidean ball.

0270077 (w)) =

{(sj,k)j,k € £(27%0(w)) : 85, =01if Kk >~2J }

Lemma 2 Let v > 0, then
ar(id : L (210002 (w4)) — £y (% (wa))) ~ k7P,

(5 + 2 for 1 <pg<pp <2
or 2 <pg<p1 < o0,

6+ 2% for <pp<2<p; <
md5+%<%,

a=d-—1, 5=30—81—d<pl0—pi1),wa=(*).
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Global part (out of origine o ) - by trace operator
on geodesic rays v to weighted function spaces.

tr © RB, ,(X\ B(o,7)) — By ,(v[1,0),vp),
ext : Bp . (v[r;00),vp) — RB, (X \ B(o,7)).

>0
U (ngvqo(R’ vpg) — Bpi,q (R, Up1)> ~
ak (Lao (27lpo (va) ) = Lgy (€py))

vp(t) = exp% if [t| > 1
Lemma 3 Let o, § > 0O,then

ar (i Lgg(27po(va)) — Loy (bpy)) ~ k™%,

(

0 if 1 <pg<p1<2
or 2 <pg <p1 < oo,
%_<5+%—% if 1<pg<2<p<oco
- and 6§ > 1,
5% if 1<pp<2<p; <x©
\ and § < 1.

va(j, k) = exp(a277k)

Q
|
T %
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Entropy numbers of id, and idy

Theorem 3 Let 1 <pg<p; <oo, 1 <qp, qg1 < o0,

So—sl—d(pio—pil)>o.

er(idy) ~ o5 m)

ex(idg) ~ k~(50751)
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