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Function spaces on Rd

Sobolev spaces of fractional order, s ∈ R, 1 < p <∞.

Hs
p(Rd) = {f ∈ S ′(Rd) : ‖f |Hs

p‖ =

‖F−1[1 + |ξ|2]s/2Ff‖p <∞}

Besov spaces, s ∈ R and 1 ≤ p, q ≤ ∞,

Bsp,q(Rd) = {f ∈ S ′ : ‖f |Bsp,q‖ =

(
∞∑
j=0

2sjq‖F−1ϕjFf‖qp)1/q <∞} ,

ψ ∈ C∞0 ,0 ≤ ψ ≤ 1, suppψ ⊂ B(0,
3

2
), ψ(x) = 1 |x| ≤ 1.

ϕ0 = ψ, ϕ1(x) = ψ(
x

2
)− ψ(x), ϕj(x) = ϕ1(2

−j+1x)

Spaces of radial distributions

SO(d) - the group of rotations around the origin in Rd
ϕ ∈ C∞0 (Rd), ϕg(x) = ϕ(gx), g ∈ SO(d), g−1 - inverse

to g,

f ∈ S ′(Rd), fg is a distribution defined by

fg(ϕ) = f(ϕg
−1

), ϕ ∈ S(Rd).

f - radial if fg = f for any g ∈ SO(d).

RHs
p(Rd) = {f ∈ Hs

p(Rd) : f is radial},
RBsp,q(Rd) = {f ∈ Bsp,q(Rd) : f is radial}.
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Function spaces on symetric spaces X

G - noncompact connected semisimple Lie group with

finite center,

K - maximal compact subgroup of G,

X = G/K-asssociate symmetric space of dimension d,

X - connected homogeneous Riemannian manifolds,

G - acts transitively on X as a group of isometries,

o = eK, then K is an isotropy group of o,

∆ - Laplace operator on X

Ht = et∆, t ≥ 0 - positive, symmetric, semigroup

of contractuctions in Lp(X), 1 ≤ p ≤ ∞,such that

Ht1 = 1

S1(X) - L1-Schwartz space on X,

S ′1(X) - space of distributions.

Let s ∈ R and d ≥ 2

Sobolev spaces of fractional order on X, 1 < p <∞

Hs
p(X) =

{
f ∈ S ′1(X) :

∥∥∥f |Hs
p(X)

∥∥∥ =∥∥∥(I −∆)s/2f
∥∥∥
p
< ∞

}
.
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Besov spaces of fractional order on X,

1 ≤ p, q ≤ ∞, k > |s|2 .

Bsp,q(X) =
{
f ∈ S ′1(X){f ∈ S ′1(X) :

∥∥∥f |Bsp,q(X)
∥∥∥ =∥∥∥H0,kf

∥∥∥
p
+
( ∫ 1

0
t(k−s/2)q

∥∥∥ dk
dtk
Htf

∥∥∥q
p

dt

t

)1/q
<∞

}
,

H0,kf =
∑k−1
`=0

1
`!(−∆)`H1f f ∈ S ′1(X).

Remark(
H
s0
p (X), Hs1

p (X)
)
θ,q

= Bsp,q(X),

s = θs0 + (1− θ)s1, θ ∈ (0,1), s0 6= s1.

Spaces of radial distributions

If K acts transitively on sphere centred at o, then

f is radial ⇐⇒ is invariant w.resp. to the action of K

f(ϕk) = f(ϕ), ϕk(x) = ϕ(k · x), k ∈ K, x ∈ X.

RHs
p(X) =

{
f ∈ Hs

p(X) : f is radial
}
,

RBsp,q(X) =
{
f ∈ Bsp,q(X) : f is radial

}
.
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Sobolev embeddings

(A) RH
s0
p0(R

d) ↪→ RH
s1
p1(R

d), RBs0p0,q0(R
d) ↪→ RB

s1
p1,q1(R

d)

(B) RH
s0
p0(X) ↪→ RH

s1
p1(X), RBs0p0,q0(X) ↪→ RB

s1
p1,q1(X)

Continuity of Sobolev embedd. of radial functions

If p0 ≤ p1 and s0 − d
p0
≥ s1 − d

p1
=⇒

the embeddings (A) and (B) are bounded

(if s0 − d
p0

= s1 − d
p1

then q0 ≤ q1 for Besov spaces).

Compactness of Sobolev embedd. of radial functions

Let d ≥ 2. The embeddings (A) and (B) are compact

⇐⇒ p0 < p1 and s0 − d
p0
> s1 − d

p1
.
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Approximation numbers

X,Y - complex Banach spaces,

T : X → Y - bounded linear operator, k ∈ N,

ak(T ) := inf{‖T −A‖ : A ∈ L(X,Y ), rank(A) < k},
rank(T ) = dimT (X).

Properties of approximation numbers:

• ak(T )- decreasing sequence a1(T ) = ‖T‖
• ak → 0, for k →∞, ⇒ T is compact,

• an+k−1(T1 + T2) ≤ an(T1) + ak(T2),

• an+k−1(T1 ◦ T2) ≤ an(T1)ak(T2),

• ak(T ) = 0 ⇐⇒ rank (T ) < k.
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Asymptotic behaviour of ak in cases: Rd and X

Theorem 1 Let 1 < p0 < p1 ≤ ∞, (p0, p1) 6= (1,∞),

d ≥ 2, 1
p = 1

p0
− 1
p1

and t = min{p′0, p1}, s0−
d
p0
> s1− d

p1
,

then

ak(idA) ∼ k−β(A), ak(idB) ∼ k−β(B)

where β(A) =
d−1
p if 1 ≤ p0 < p1 ≤ 2or 2 ≤ p0 < p1 ≤ ∞,

d−1
p + 1

2 −
1
t if 1 ≤ p0 < 2 < p1 ≤ ∞, and d−1

p ≥
1
t ,

d−1
p

t
2 if 1 ≤ p0 < 2 < p1 ≤ ∞ and d−1

p < 1
t .

and β(B) =
s− 1

p if 1 ≤ p0 < p1 ≤ 2or 2 ≤ p0 < p1 ≤ ∞,
s− 1

p + 1
2 −

1
t if 1 ≤ p0 < 2 < p1 ≤ ∞ and s− 1

p ≥
1
t ,(

s− 1
p

)
t
2 if 1 ≤ p0 < 2 < p1 ≤ ∞ and s− 1

p <
1
t ,

where s = s0 − s1.
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Proof in case of Rd

Upper estimate on Rd - reduction to sequence
spaces.

Weighted seq. spaces: 1 ≤ p, q ≤ ∞], δ ≥ 0,
w : N0 → R+.

`q(2
jδ`p(w)) =

(sj,k)j,k : ‖sj,k|`q(2jδ`p(w))‖ =

 ∞∑
j=0

 ∞∑
k=0

2jδpw(k)|sj,k|p
q/p1/q

<∞

 . (??)
(with the usual modification if p =∞ or q =∞).

Lemma 1 Let p0 < p1 and 1 ≤ q0, q1 ≤ ∞,s0 > 0,
δ = s0 − s1 − d( 1

p0
− 1

p1
) and δ > 0, then there are

bounded operators S and T such that

RB
s0
p0,q0

(
Rd
)

S−→ `q0

(
2jδ`p0(wd−1)

)
id

y yId
RB

s1
p1,q1

(
Rd
)

T←− `q1

(
`p1(wd−1)

)
.

is commutative.

wα(k) = (1 + k)α (?) .
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Let 1 ≤ p0 < p1 ≤ ∞, (p0, p1) 6= (1,∞), 1
p = 1

p0
− 1

p1
,

α > 0, t = min{p′0, p1}.

Proposition 1 Let Dα be a diagonal operator

generated by the sequence σk = k−α, then

ak

(
Dα : `p0 → `p1

)
∼ C k−β

β =


α if 1 ≤ p0 < p1 ≤ 2 or 2 ≤ p0 < p1 ≤ ∞,
α+ 1

2 −
1
t if 1 ≤ p0 < 2 < p1 ≤ ∞, α > 1

t ,

α t2 if 1 ≤ p0 < 2 < p1 ≤ ∞, α ≤ 1
t .

Proposition 2 Let 1 ≤ q0, q1 ≤ ∞ and δ > 0, then

ak

(
Id : lq0(2

jδlp0(wα))→ lq1(lp1, (wα))

)
∼ k−β.

β =


α
p if 1 ≤ p0 < p1 ≤ 2 or 2 ≤ p0 < p1 ≤ ∞,
α
p + 1

2 −
1
t if 1 ≤ p0 < 2 < p1 ≤ ∞, α

p ≥
1
t ,

α
p
t
2 if 1 ≤ p0 < 2 < p1 ≤ ∞, α

p <
1
t .
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Lower estimates on Rd - by trace operator to the
weighted function spaces.

For s0 > s1 > 0 the following diagram is commutative

B
s0
p0,q0(R+, w(d−1)

p0

, [1,∞))
ext−−→ RB

s0
p0,q0(Rd, [1,∞))

Id2

y yId
B
s1
p1,q1(R+, w(d−1)

p1

, [1,∞))
tr∗←−− RB

s1
p1,q1(Rd, [1,∞)),

Theorem 2 Let 1 ≤ p0 ≤ p1 ≤ ∞, (p0, p1) 6= (1,∞),
1 ≤ q0, q1 ≤ ∞, −∞ < s1 < s0 < ∞ and α > 0 and
α 6= s0 − s1 − ( 1

p0
− 1
p1

) =: δ̃,
then

ak(B
s0
p0,q0

(
R, wα) ↪→ B

s1
p1,q1(R)

)
∼ k−κ,

where

κ =



min{α, δ̃} if 1 ≤ p0 < p1 ≤ 2

or 2 ≤ p0 < p1 ≤ ∞,
min{α, δ̃}+ 1

2 −
1
t if 1 ≤ p0 < 2 < p1 ≤ ∞,

and min{α, δ̃} > d
t ,

min{α, δ̃} · t2 if 1 ≤ p0 < 2 < p1 ≤ ∞,
and min{α, δ̃} ≤ d

t .

α = (d− 1)
(

1
p0
− 1
p1

)
, min{α, δ̃} = α.
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Proof in case of X

Local part (near origin o) - as on Euclidean ball.

`q(2
jδ`γ2

j

p (w)) =(sj,k)j,k ∈ `q(2jδ`p(w)) : sj,k = 0 if k > γ2j

.
Lemma 2 Let γ > 0, then

ak(id : `q0(2
jδ`γ2

j

p0
(wα))→ `q1(`

γ2j
p1

(wα))) ∼ k−β,

β =



δ+ α
p for 1 ≤ p0 < p1 ≤ 2

or 2 ≤ p0 < p1 ≤ ∞ ,

δ+ α
p + 1

2 −
1
t for 1 ≤ p0 < 2 < p1 ≤ ∞

and δ+ α
p ≥

1
t ,

(δ+ α
p)

t
2 for ≤ p0 < 2 < p1 ≤ ∞

and δ+ α
p <

1
t ,

α = d− 1, δ = s0 − s1 − d
(

1
p0
− 1
p1

)
, wα = (?).
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Global part (out of origine o ) - by trace operator

on geodesic rays γ to weighted function spaces.

tr : RBsp,q(X \B(o, τ)) 7→ Bsp,q(γ[τ,∞), vp),

ext : Bsp,q(γ[τ ;∞), vp) 7→ RBsp,q(X \B(o, τ)).

τ > 0

ak
(
B
s0
p0,q0(R, vp0) ↪→ B

s1
p1,q1(R, vp1)

)
∼

ak
(
`q0

(
2jδ`p0(vα)

)
↪→ `q1

(
`p1

))
vp(t) = expϑ|t|p if |t| ≥ 1

Lemma 3 Let α, δ > 0,then

ak
(
id : `q0(2

jδ`p0(vα))→ `q1(`p1)
)
∼ k−κ,

κ =



δ if 1 ≤ p0 < p1 ≤ 2

or 2 ≤ p0 < p1 ≤ ∞,
δ+ 1

2 −
1
t if 1 ≤ p0 < 2 < p1 ≤ ∞

and δ > 1
t ,

δ t2 if 1 ≤ p0 < 2 < p1 ≤ ∞
and δ ≤ 1

t .

vα(j, k) = exp(α2−jk) α = ϑ
p.
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Entropy numbers of idA and idB

Theorem 3 Let 1 < p0 < p1 ≤ ∞, 1 ≤ q0, q1 ≤ ∞,

s0 − s1 − d
(

1
p0
− 1
p1

)
> 0.

ek(idA) ∼ k
−d
(

1
p0
− 1
p1

)

ek(idB) ∼ k−(s0−s1)
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