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1. Introduction. Notations

o .

1. Approximation theory. Recovery of functions.
Deterministic model: given

y7;:f(wz'), v=1,....m, fe€0O.

Recover f € © (find an approximant of f). Error of approxi-

mation is measured in some norm || - ||.



Regression problem

-

2. Statistics. Regression theory.
a) Fixed design model. given

yi = f(x;) + €, w1,..., 2, — fixed,

e, —I.i.d., Fe; =0, f € ©.
Find an approximant for f (estimator 7). The unknown func-
tion f is called regression function. Error is measured by
expectation E(||f — f||?).



Random design

o .

b) Random design model: given
yi = [ (i) + €,

r1i,..., T, —random, distributed according px; ¢ — i.1.d. (in-
dependent of z;), Fe; = 0, f € ©. Error is measured by
expectation E(||f — f||?).



Further generalizations

o .

c) Distribution-free theory of regression.

Let X ¢ R?, Y C R be Borel sets, p be a Borel probability
measureon Z = X x Y. For f: X — Y define the error

() = E0) = [ (1) = vy

Consider p(y|z) - conditional (with respect to x) probability
measure on Y and px - the marginal probability measure
on X (for S C X, px(5) = p(S xY)). Define

fo(z) = /dep(y!w)-



Regression function

o .

The function f, minimizes the error £(f). It is known In
statistics as the regression function of p. Given: (x;,y;),
i =1,...,m, LLd. distributed according p, |y| < M a.e. Find

an estimator f for f,. Error: E(||f, — fH%Q(pX)). Assume
f» € ©. For a class © consider

E©,m, f) = suwp E([|lfo = [lZ,0)
S

E(©,m) := inf E(6,m, f).
f

Reference: a book by L. Gyorfy, M. Kohler, A. Krzyzak, and
H. Walk, A distribution-free theory of nonparametric regres-
Lsion, Springer, Berlin, 2002. J

.—p.



Learning theory
- .

The setting is similar to the above 2c¢). Our goal is to find an
estimator f,, on the base of given data

z = ((z1,91),- .-, (zm,ym)) that approximates f, (or its
projection) well with high probability. We assume that
(xi,9i), 1 =1,...,m are independent and distributed
accoding to p. Study the probability distribution function

Pz o = fall T o) = 1)

Let © = W2 — Sobolev class with smoothness s
(univariate). Stone, 1982, proved

E(W2,,m) > m .

LKohIer, 2000, proved the corresponding upper estimates. J



The entropy numbers

o .

The previous works in regression theory and learning
theory indicate importance of a characteristic of a class ©
closely related to the concept of entropy numbers. For a
compact subset © of a Banach space B we define the
entropy numbers as follows

en(0, B) :=inf{e: 3f,..., fon € O:
O C UZ,(f; + U (B)))

where U(B) is the unit ball of Banach space B. We denote
N(©,¢, B) the covering number that is the minimal number

of balls of radius ¢ needed for covering ©.

o -

.= p.



Priors

o .

In [DeVore, Kerkyacharian, Picard, T., 2004], [Konyagin,
T.1, 2004] the restrictions on a class © have been imposed
In the following forms:

en(©0,C0) < Dn™ ", n=12 ..., (1.1)
© c DU(C).
or
dp(0,C) < Kn™", n=12..., (1.2)
© C KU(C).

Here, d,, (O, B) Is the Kolmogorov width. Kolmogorov’s
n-width for centrally symmetric compact set © in Banach
Lspace B is defined as follows J

dn (0O, B) :=infsup inf ||f — ¢||B

L r~oacl,



Weaker priors

o .

en(©,La(px)) < Dn™", n=12,..., (1.3)

In [Konyagin, T.2, 2004] we impose a weaker restriction

© C DU(LQ(,OX)).
We will assume that p and © satisfy the following condition.

Forall fe0©, f:X —Y issuchthat (1.4)

f@)—yl <M ae.

.—p.1



2. Proper function learning

fFor a hypothesis space H denote T
fz,H — arg ?%171_(1 gz(f)a
1 m
E(f) == (f(zi) — i)

1=1
Is the empirical error (risk) of f. This f, 4 Is called the
empirical optimum.
There are many results on the upper bounds in the
following setting. Suppose that f, € ©. Then for n > 7,,(0)

for some estimator f, one gets an upper bound for

. p"{z E(f2) — E(fp) =} B

.—p.1
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Accuracy confidence function

=

We proposed to study the following function that we call the
accuracy confidence function. Let a set M of admissible
measures p, and a sequence E := {E(m)}>°_, of allowed
classes E(m) of estimators be given. For m € N, n > 0 we
define

Acm(Ma I, 77) =

inf  sup p"{z: ||fo — fzllL.(px) =1
nt s a1 = fillg > 1)

where E,, Is an estimator that maps z — f,. For a example,
E(m) could be a class of all estimators or a class of linear
estimators of the form

fz—z:wZ T1yeey T,y L)Y J

.—p.1



A class of measures

o .

We let 1 be any Borel probability measure defined on X and
let M (O, 1) denote the set of all p such that px = p, |y| <1,
fr € ©. We specify B = La(1) and assume that © C La(p).



Main theorem on optimality

-

Theorem 2.1 [T., 2005] Let ;1 be a Borel probability measure on
X. Assume r > 0 and © Is a compact subset of L, (1) such

that © C 5U(C(X)) and

en(©, Lo(p)) < n".

r

Then there exist 6o > 0 and n,,, < n;\,, n,, < n,;, <m ™
such that

AC,(M(O,p),n) = o Tor n < ng,;
Cre~ @M < AC, (M(O, 1), 1) < e™™ 5 > nf.

The lower estimate in this theorem is a corollary of the cor-
Lresponding lower estimates from [DKPT, 2004]. J

.—p.1
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Comments

=

Theorem 2.1 solves the optimization problem. Let us now
make some conclusions. First of all, Theorem 2.1 shows
that the entropy numbers {¢,(0, L2(1))} determine the
behavior of the sequence {AC,,(M (O, u),n)} of the

A C-functions. Secondly, it follows from the proof of
Theorem 2.1 that the optimal (in the sense of order)
estimator can be always constructed as a least squares
estimator. Theorem 2.1 discovers a new phenomenon —
sharp phase transition. The behavior of the accuracy
confidence function changes dramatically within the critical
interval [n,n]. It drops from a constant ¢, to an

exponentially small quantity exp(—cm!/(1+27)), One may
also call the interval [, ] the interval of phase transition.

-

.—p.1



3. Projection learning

o .

For a compact in La(px) set W denote by fy := (f,)w the
Lo(px )-projection of f, onto V. In other words

fw = arg]{relivgc‘?(f)-

Theorem 3.1 [Cucker, Smale, 2001], [DKPT, 2004] Assume that W
and p satisfy (1.1) and (1.4). Then for n > Ag(M, D, r)m™ 7%

p"E(faw) — E(fw) =} <

exp(—c(M)map).




Upper bounds

Theorem 3.2 [KT1, 2004] Assume that p and I satisfy (1.1)
and (1.4). Then we have the following estimates

Pz E(faw) — E(fw) =1} <

C(M7 D7 T) exp(—c(M)an),

provided r > 1/2, mn? > 1,
p"{z: E(faw) —E(fw) =20} <
C1(M, D, r) exp(—¢(M, D, r)ymn'/"),

provided r € (0,1/2), mn'/" > Cy(M, D, r).

.



Lower bounds

=

Theorem 3.3 [KT1, 2004] There exist two positive constants ¢y,
co and a class W consisting of two functions 1 and —1 such

that for every m = 2.3, ... and n > m~/2 there are two
measures pg and p; such that for any estimator f, € W for
one of p = pg or p = p; we have

Pz E(fz) — E(fw) = n} = crexp(—camn®).

Theorem 3.4 [KT1, 2004] For any r € (0, 1/2] and for every

m € Nthereis W c U(B(|0, 1]) satistying ¢,(W,B) < (n/2)~"
for n € N such that for every estimator f, € W thereisa p
such that |y| < 1 and

oMz E(f2) — E((fp)w) = m Ty = 1T

o -

.= p.L
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Accuracy confidence function

Let us make a comment on studying the accuracy T
confidence function for the projection learning problem.
Similarly to the case of the proper function learning problem
we introduce the corresponding accuracy confidence

function

ACL(W.En) = inf  sup g™z E(f) ~ E((f)w) 2 7°)

where sup, Is taken over p such that p, I satisfy (1.4).

.—p.1
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We note that the behavior of the ACP-function is well
understood only in the following special cases. Letr > 1/2
then (see [KT1, 2004], [T., 2005])

Chexp(—ci(M)mn*) < sup ACP (W,n)
WeST (D)

< C(M,D,r) exp(—cz(M)m774)

for n > m~Y4,

.—Pp.2
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Also for r > 1 (see [KT2, 2004])

C’lexp(—cl(M)mn4)§ sup  ACP (W, n)
WeSs (D)

< C(M,D,r)exp(—c3(M)mn*)

provided 1 > m~1/4,

.—p.2



Open problems

-

It would be interesting to find the behavior of

sup ACy, (W, n)

wes
In the following cases: I. S =S" (D), r <1/2; . § = &5 (D),
r<LII.S={W:WeS§/(D), W Isconvexi,
qg=1,2, oc.



4. Universal Estimators

o .

We now proceed to results on construction of universal
(adaptive) estimators. Let a, 3, be two positive numbers.
Consider a collection 7 (a, 3) of compacts J,, in C(X)
satisfying

N(Jp,e,C(X)) < (a(l+1/e))"n"", n=1,2,.... (4.1)



Least squares estimator (LSE)
- -

The following two theorems form a basis for construction of
universal estimators. We begin with the definition of our
estimator. Let as above J := J(a, 3) be a collection of
compacts J, in C(X) satisfying (4.1).

We define as above

fz,H — arg ?%171:(1 gZ(f)?

where

m

E(f) == (f(xi) — i)’

m ~
1=1

Is the empirical error (risk) of f. This f, 4 Is called the
Lempiric:al optimum or the least squares estimator. J

.—p.2



Penalized LSE
-

We take a parameter A > 1 and consider the following
estimator

f;l = f;l(j) = fZ,Jn(z)

with
Aj lnm)

n(z) := arg 1£r;i<nm(<§z(fzjjj) +-

Denote for a set L of a Banach space B

d(©,L)p :=sup inf || f — gl
feegel

.—p.2!



Main theorems on universality

=

Theorem 4.1 [T., 2005] For J := {J,}>°, satisfying (4.1) and
M > 0 there exists Ag := Ay(a, 5, M) such that for any

A > Ay and any p such that p, J,, n =1,2,... satisfy (1.4)
we have

4A71Inm
m

)

|2 = FollLatpwy < (i Bd(fo TN +

with probability > 1 — m )4,



=

Theorem 4.2 [T., 2005] Let compacts {.J,} satisfy (4.1) and
M > 0 be given. There exists Ay := Ag(a, 5, M) > 1 such
that for any A > Ay and any p satisfying

(fp7 )Lz (px) < Al/Qn—T’ n = 17 27 IR

and such that p, J,, n = 1,2, ..., satisfy (1.4) we have for
n > AV ()T

Mz 1S = Fllion) > 442} < Come O

.—p.2



Example 1

=

Corollary 4.1 Let £ = {L,}>° , be a sequence of
n-dimensional subspaces of C(X). For given positive
numbers D, My, M := M; + D there exists Ay := Ag(D, M)
with the following property. For any A > Ay, there exists an
estimator ' such that for any p with the properties:

ly| < M; a.e. with respect to p and

d(fpaLn)C(X) S Dn_ra n = 1727 SR fp < DU(C(X))

r

we have for n > Al/2(Lm) s

m

P2 2 Follnaton) = 4AY 20} < CemeBDmm - (4.9)

o -

.= p.2



A comment

o .

Corollary 4.1 is an extension of Theorem 4.10 from
IDKPTZ2]. Theorem 4.10 from [DKPT2] gives (4.2) with

e—c(M)mn* yaplaced by e—<M)m1" ynder an extra restriction
r<1/2.

.—p.2



Example 2

=

Corollary 4.2 Let L := {£,,}>°; be a sequence of collections
Ly = {sz}ﬁ1 of n-dimensional subspaces Lj, of C(X).
Assume N,, < n’™. For given positive numbers D, M,

M = M; + D there exists Ay := Ag(b, D, M) with the
following property. For any A > A, there exists an estimator

£A such that for any p with the properties: |y| < M; a.e. with
respect to p and

in d(f,, L/ < Dn~" —1.2.... DU(C(X
1;?%51\]” (f,07 n)C(X)— no, n y 9 3 pr ( ( ))

we have for n > Al/2(1m) s

m

- I D~ Foll ooy = 4420} < Ceme@Dm’ .

.—Pp.3
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