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Anisotropic dyadic resolution of unity
Let o € S be such that

wo(x)=1 if |x]la<1l and suppyo C {x € R":|x|a <2},
and for each j € N let

P2(x) == po(27%x) — po(2(F 1), x e R".
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wo(x)=1 if |x]la<1l and suppyo C {x € R":|x|a <2},
and for each j € N let

P2(x) == po(27%x) — po(2(F 1), x e R".

Anisotropic Besov spaces
LetO<p <0, 0<g<oo, seER,then

oo

, ) . 1/q
BLA(R") = {f s |If | BRER")| = (Zz'sqn(so? )V|Lp(R”)||‘*) < oo}

j=0
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Traces |

Let I be a closed set in R" with || =0, T # ()
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Traces
Let I be a closed set in R" with || =0, T # ()

@ for any ¢ € S then trrp = |’ makes sense pointwise

@ assume that for some s > 0, 0 < p,q < oo there exists a
constant ¢ > 0 such that

lrrellp(MIl < clieBog RN, v €S

@ Sis dense in Byy'(R") and the inequality can be extended

to any f € By (R") and the resulting function is denoted by

trrf

v

Approximation numbers

Let A and B be two Banach spaces, T € L(A,B)
a(T) =inf{||T —L|| : L€L(AB), rankL <k}

R RRRRREERERERREES—————~I—I—hh—
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Anisotropic d —sets in R"

Let 0 < d < nand u a positive Radon measure in R" with
N=suppy, O0<p(R") <oo, |I|=0.TcCR"iscalledan
anisotropic d —set if

p(B(y,r) ~rd,  0<r<1,

where B3(vy,r) ={y e R": |y —qyla<r}and v €.
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Anisotropic d —sets in R"

Let 0 < d < nand u a positive Radon measure in R" with
N=suppy, O0<p(R") <oo, |I|=0.TcCR"iscalledan
anisotropic d —set if

p(B(y,r) ~rd,  0<r<1,

where B3(vy,r) ={y e R": |y —qyla<r}and v €.

Proposition:

For every 0 < d < n there exists an anisotropic d —set.
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2.1 Main result

3 Application 2.2 Proof of the main result
S.Applications

Main result

Let the anisotropic d-set I' and the Radon measure . be as in
the definition, and let

1 1 n n—d

O0<d<n, 1<p<oo, —+-5=1 —>s>

p P p
Let ay = ay(trr) be the approximation numbers of the compact
trace operator trr. Then there exist numbers ¢, ¢’ > 0 so that for
allk e N

ok G5 < ay(trr : B(R") < Ly(T)) < kiG>,
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2.1 Main result
2.2 Proof of the main result

Theorem 2.1,D.H.,E.T. ‘

Let0 < p < o0, S > 0p, 0 > 0, and a an anisotropy. Then

f € Boy (R" @f—ZZZABk‘BZ‘a— m), x €R",

BEN] j=0 mezZ"

with [|\[bS

| < oo, absolute convergence being in Lyax,p). Furthermore,
[If1Bpp (Rl ~ inf [[A[bp°]].
In addition, any f € Bpy*(R") can be optimally represented by

(=55 ¥ MO E@x-m), win [FBE)] ~ OB

BEN] j=0 mezZ"
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0 tPf =5 S (kS and Pt =5 ST A (K

jENg mezn j<J mezn

@ ||(trf — trf V) |Lp(D)| < c270%2°G—27%
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2.1 Main result

2.Results 2.2 Proof of the main result

r r
@ it => "> Al(fky and trf7F =" ST AP )k,
jENg mezn i< mezn

@ ||(trf — trf V) |Lp(D)| < c270%2°G—27%
@ weputL =tr’, T =tr?, and note that for j € No

rank< ZF )\ﬁn(f)kﬂ) <c2? = rank(trf?) <cd 2 <c'2"
i<J

mezn
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@ ||(trf — ) |Lp(N)]| < c27°22 =927
@ weputL =tr’, T =tr?, and note that for j € No

rank< ZF )\ﬁn(f)kﬂ) <c2? = rank(trf?) <cd 2 <c'2"
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mezn

n d n 1
@ au(tr’) <c27%2°G =279 o ay(trf) < c2 %2k

where 2%¢ ~ k

lmn_q_1
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2 Results 2.1 Main result

2.2 Proof of the main result

@ let
Mj q n A
2(x) = > 27 Pk(2%(x = 41)), ¢ €C, x€eR
1=1

~

Yi,l = 200-93m  with m e Z"

v
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2.2 Proof of the main result

Q let
fja(X) = Z Cj|2_J(S_5)k(2]a(X — ’yj’|)), Cj € C, xe€ R"
1=1

Mj %

@ we obtain that [|f?|Bsy (R")]| ~ (Z |Cj||p)
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and we get ‘ » M; 1/p
I67Lp(P)]| > c27E»)2 70 (Z lcm”)
1=1

v

Erika Tam asi Approximation numbers in anisotropic function spaces




2.1 Main result

2.2 Proof of the main result

Q let

o
fja(X) = Z Cj|2_J(S_5)k(2]a(X — ’yj’|)), Cj € C, xe€ R"
1=1

M, 1
P
@ we obtain that ||f?|By (R")|| ~ (Z |Cil|p)
=1

and we get

i(s— D .d M 1/p
[FFLp (M) > c27 16 p)270% (Z |Cj|\p)
=1

. n d
= RN > c2717 275 if f2BSA(R")|| ~ 1

v

Erika Tam asi Approximation numbers in anisotropic function spaces




2.1 Main result

2.2 Proof of the main result

Q let

)
fja(X) = Z Cj|2_J(S_5)k(2]a(X —71), ¢ €eC, xe R"

Mj 1
@ we obtain that [|f?|Bsy (R")]| ~ (Z |Cj||p) '

and we get 1/p

1)
ife_ Ny __:d
[FFLp (M) > c276p)27T% (Z |Cj|\p)
=1

jd

= [fRILp(N)I > c27¢7 9275 it [f2BRR(R")| ~ 1
@ letT: By (R") — Lp(I) be an arbitrary linear operator with
rank T < MJ —1

v

Erika Tam asi Approximation numbers in anisotropic function spaces




2.1 Main result

2.2 Proof of the main result

Q let

)
fja(X) = Z Cj|2_J(S_5)k(2]a(X —71), ¢ €eC, xe R"

Mj 1
@ we obtain that [|f?|Bsy (R")]| ~ (Z |Cj||p) '

and we get 1/p

1)
ife_ Ny __:d
[FFLp (M) > c276p)27T% (Z |Cj|\p)
=1

jd

= [fRILp(N)I > c27¢7 9275 it [f2BRR(R")| ~ 1
@ letT: By (R") — Lp(I) be an arbitrary linear operator with
rank T < |v|J — 1l —3ff: TEE=0, [|f3By (R")|| ~1

v

Erika Tam asi Approximation numbers in anisotropic function spaces




2.1 Main result

2.2 Proof of the main result

Q let

)
fja(X) = Z Cj|2_J(S_5)k(2]a(X —71), ¢ €eC, xe R"

Mj 1
@ we obtain that [|f?|Bsy (R")]| ~ (Z |Cj||p) '

and we get 1/p

1)
ife_ Ny __:d
[FFLp (M) > c276p)27T% (Z |Cj|\p)
=1

jd

= [fRILp(N)I > c27¢7 9275 it [f2BRR(R")| ~ 1
@ letT: By (R") — Lp(I) be an arbitrary linear operator with
rank T < |v|J — 1l —3ff: TEE=0, [|f3By (R")|| ~1

® |ltrr — T > [jtref® — O|Lp(P)]| > c27= 75

v

Erika Tam asi Approximation numbers in anisotropic function spaces




2.1 Main result

2.2 Proof of the main result

Q let

)
fja(X) = Z Cj|2_J(S_5)k(2]a(X —71), ¢ €eC, xe R"

Mj 1
@ we obtain that [|f?|Bsy (R")]| ~ (Z |Cj||p) '

and we get 1/p

1)
ife_ Ny __:d
[FFLp (M) > c276p)27T% (Z |Cj|\p)
=1

jd

= |[f2Lp()|| > c2717R)27% if |f2BSRA(RY)|| ~ 1
@ letT: By (R") — Lp(I) be an arbitrary linear operator with
rank T < |v|J -1 —3f2: TR=0, |PBRRY)]~1
® |ftrr — T > [jtref® — OLp(P)[| > c27= D5
ay, (trr) = inf{|ltrr = T|| :rank T <M 1} > c2le=p)lp

v
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1. Definitio
2.Results
pplications

2.1 Main result
2.2 Proof of the main result

@ Comparison with Farkas’ results for entropy numbers

n—d

g™ (R") — Ly, (1) ~ ok~ d

ex (tl’r : Bqu

where 0 < p1,p2,q goo,andnowletplzpzzq:pandd:er%
we get

e (trr : BIA(R") — Lp(N)) ~ ckdG 975~ ay(trr : BRA(R") — Lp(T)).
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2.1 Main result
2.2 Proof of the main result

@ Comparison with Farkas’ results for entropy numbers
n—d

g™ (R") — Ly, (1) ~ ok~ d

ex (tl’r : Bqu

where 0 < p1,p2,q goo,andnowletplzpzzq:pandd:er%
we get

e (trr : BIA(R") — Lp(N)) ~ ckdG 975~ ay(trr : BRA(R") — Lp(T)).

@ In view of the isotropic result, Triebel 2004, if we restrict the outcome to
the classical example of a compact d-set with 0 < d < n, then we have
the same result like in the anisotropic setting.
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3.Applications

Semi-elliptic operators

Property of approximation numbers

Let H be a Hilbert space and let T € L(H) be a compact,
non-negative and self adjoint operator. Then the approximation
numbers a, (T) of T coincide with its eigenvalues.
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3.Applications

Semi-elliptic operators

Let A be the operator defined by

s U(x)

( ) 325

+u(x),
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Semi-elliptic operators

Let A be the operator defined by

Au(x) = (1) ———= +-
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3.Applications

Semi-elliptic operators

Let A be the operator defined by

9Snu(x)

92s1u(x) N
x2S

__(_1\S
) = (-1

()T +u(x),

where%:%(i—f—m—s—i),siel\l,i:l,...,n,

And let
tr' =idrotrr : W5 #(R") — H, >¥(R"),
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3.Applications

Semi-elliptic operators

Let A be the operator defined by

Au(x) = (1) ———= +-

And let
=idrotrr : W,y %(R") — H, >¥(R"),

where idr : Lp(F) < H, >%(R")
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3.Applications

Semi-elliptic operators

Let A be the operator defined by

Au(x) = (1) ———= +-

And let
=idrotrr : W,y %(R") — H, >¥(R"),

where idr : Lp(T) — H, >%(R") and trr : W5 #(R") — Ly(I").
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1. Definitio

Theorem

Let ' ¢ R" be an anisotropic d-set with respect to the
anisotropy a. Let0 <d <n, 5 >s > "9, Then

T=Alotrl

is a compact, non-negative self-adjoint operator in W, %(R")
with null space

N(T) = {f € WS%R") : trrf =0}.

Let (Ak )ken be the sequence of all positive eigenvalues of T,
repeated according to multiplicity and ordered by their
magnitude. Then

A ~ k—3@sn+d) e N

v
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3.Applications

@ Comparison with Farkas’ results for the operator A= o tr"
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2.Results
3.Applications

@ Comparison with Farkas’ results for the operator A=t o tr"
2—d 2—d
r T %2 ~ e %2
tr': B "(R®) - By’ (R?)
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2.Results
3.Applications

@ Comparison with Farkas’ results for the operator A=t o tr" if n = 2:

)\k(A—l ° trr) o K (d+2t=2)

Erika Tam asi Approximation numbers in anisotropic function spaces



3.Applications

@ Comparison with Farkas’ results for the operator A=t o tr" if n = 2:
)\k(A—l o trr) - k—dl(d+2t—2)

@ In view of the isotropic result, Triebel 2004, for the operator
Bs = (id — A)°oid”
we have the same results like in the anisotropic case if we restrict the

outcome to the classical example of a compactd—setwith0 < d < n
andn—d <2s <n.
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3.Applications

Thank you for your attention!
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