Manifolds with bounded geometry

(X, g)- connected d-dimensional Riemannian manifold
with Riemannian metric tensor g

X is called a manifold with bounded geometry if:

(i) X is complete and connected.

(i) rm] inf{z € X : r;p(x)} >0,

(iii) |VFR| < Cp, k = 0,1,2,..., ( i.e. every covari-
ant derivative of the Rlemannlan curvature tensor is
bounded.)

Examples: compact manifolds, symmetric spaces, Lie
groups with left (right) Riemannian structure.

/
Define the space of distribution D/(X) = (CgO(X))

and identify functions with distributions via Rieman-
nian measure vol.

The Laplace-Beltrami operatoron X, Af =divVf, is
a negatively defined essentially self-adjoint operator.
H; = et®, t > 0, — the heat semi-group;

Huf(2) = [ F )iz, y)dvol(y)

k— 11
f=3 A AYHf +

i=o0*
Hok = 255 7 (—A)H;

(k—1)! / (= D) H, f_



Function spaces on manifolds

(i) Sobolev spaces 1 < p < o0, s € R.

({f:f=U—-D)"52hhe Ly(X)}, if s>0,

Ly(X), if s=0,

{(f:f=U—-A)"h, he H™TY,
meN, 2m+s >0, f s <O,

HE(X) =

|R HZ™ TS, if s <0

Hef (- )|2dt)

h ) 0
||f| S|| {H ||p7 Zf s >

A ~ s +[ ([ 1425

dtk

(ii) Besov spaces, 1 <p<oo, 1 <qg<o0, secR.

BS (X) ={f € SLX): IfI% < oo},

(k) Lo dt
7" = IHons], + ([ 12 0L g |2 )

If s > 0 then in both cases ||Hg f||[p can be replaced
by || f1lp-



(iii) Characterization via uniform localization.
{B(zj,7)}; - a uniformly locally finite covering of X
by balls of radius r < rjy;,

{p;}; C Cg°(X) - a corresponding resolution of unity,

O0<p<oo, 0<g<oo, p=g=o0,seR

By p(X) ={f € D'(X) : IfIB;,(X)N =

1/p
(Z ¢ f o €XPg; |B£,p(Rd)||p> < 00},
J

In the same way one can define H;(X) spaces.

(iv) Real interpolation

S S
Bpo(X) = (Bp%(X), Bpp(X)),

= (H°(X), Hp" (X)), .

s =0sg+ (1 —0)sq, s1 # sg € R.



Weighted function spaces on manifolds

Definition 1 (a) We call a function w : X — (0, 00)
an admissible weight on noncompact manifold X if:

w € C*°(X),

Sup Sup w(y)
2€X yeB(z,1) w(zx)

< 00,

< o0

(8
Ya € Ng sup Viw(z)]
rxeX w(m)

(b) An admissible weight w is called radial with respect
to xo € X if there is a positive function w : [0,00) —
[0,00) such that w(x) ~ w(d(xo,x))

(©) Bj (X, w) = {f e D(X):wfe Bg’q(X)}
and ||f|By (X, w)|| = [lwf|By (X))

We put

1 1
U = VOl (B(wo,m+§)\B(:Bo, m—§)> : m=1,2,...



Theorem 1 Let 0 < p1,p2,91,92 < oo and si,so €
R. Let w(x) = w(|z|) be a radial weight defined on
manifold X.
(i) The embedding By} 4, (X,w) — Bp2 4,(X) holds if
and only if

0
Y w(m) P um<oo if pf<oo, (1)
m=1
or supw(m) l<oo if pf=oc (2)
™m
and
1 1 d
31—32—d(———> — if ¢ =00, (3)
pP1 P2 p
1 1 d
81—82—d(———> > — f g < oo, (4)
p1 P2 p
where

1 11 1 11
— === and — === .
p p2 P14 q a2 4914

(i) The embedding Bp} 4, (X, w) — Bp2 4,(X) is com-
pact if and only if the conditions (1)—(4) hold and in
addition

1 1 d ,
Sl—SQ—d(———)>—* if q° = o0, (5)
pP1 P2 p

and

. N . . .
rml/g’loow(m)—oo if p* = 0. (6)



Wavelet frames on manifolds

{B(zm,1)}m- a uniformly locally finite covering of X.
{om}- a resolution of unity corresponding to the cov-
ering. Then

1/2
1712000 ~ (3 Iems) 0 expzt [La®D2) . (7)

(emf)oexpy,, € Lo(RY), supp(pmf)oexpy,, C Be(0,1).

¢- an orthogonal scaling function on R,

gEECNl and suppcgc[—NQ, N>] ,Ni,N> €N

QZ— one corresponding wavelet.

Tensor product ansatz vields:

a scaling function ¢ and associated wavelets
V1, 4, defined on RE Then

¢, ;e CN1 and  supp¢, supp; C [-N3, N3]¢, .

We shall use the standard abbreviations
b;o(x) = 2992 (29 —0) and ¢, j o(x) = 2992 4 (2Iz—10) .

The family {¢g ¢} U {®; ¢} is an orthogonal basis in
Lo>(R%).



Loo={¢€Z%: Be(0,1) Nsupp ¢ 7 0} and
Lij={t€Z": Be(0,1) Nsuppy; e 7 0}
L0yl ~ i gyl ~ 2% Then

(emf)oexpyt = Y < (omf)oexpl, P00 >e Poy
EELO’O

2d_1 oo

+ 3 3 > < (pmf)oexpu, Vi >e Vi

1=1 7=0 EELZ’,]’

where <, >, - the scalar product in Ly(R%). Moreover
| (emf) o expgt [La(RY| ~
1/2

Z | < (@mf) o eXD;,i,QbO,e >e |2 +
EEL0,0

1/2

+ > 92 > I<(emf)o eXp;ﬁlLa%,j,e >e |

1=1 | 7=0 EELi’j

We put

o me(x) = em(@) (]9l " 0.0)(€xPy, (), £ € Lo,
Wime(@) = em(@) (]9l 150 (expy,, (2)), €€ Ly j,

and extend the functions out side the ball B(xg,1) by
Zero.



Then

< (omf) o expyt, dos >e,
< (omf)oexpy i ip>e .

where <, > is the scalar product of the space Lo(X).

1 f 1 Lo (XD ~

< f, (DO,m,E >
< fsWime >

1/2

Z Z |<f7¢0,m,£>|2 +
m EEL0,0
1/2

2d_1 | ~ ,
+ Z Sj Sj Sj |<fawi,m,j,€>|

1=1 j=0 m EELZ',]'

Thus the family {®q ,, o} U{W; jm e}, IS @ frame on the
manifold X.

X = {xm} be a discretization of the manifold X such
that the balls {B(zm,1)}mecxy form a covering of X
and moreover B(:cml,%) and B(wmQ,%) are disjoint if

Tmqi F Tmo-



Theorem 2 Let w be an admissible weight on man-
ifold X with bounded geometry. Let {®g e} U
{Wimye} be the frame on X defined above Let
1 < p,g < o0 and let 0 < s < Ny. Then a function
f € Lp(w) belongs to By ,(w) if and only if

| f1BS (X, w)||* =
1/p

Z Z | < f, Pomye > w(xm) [P +

m EELO’O

2d_1 oo . 1 1
s+d(3-1))q
+ D <§ 2‘7< 2 p
i=1

j=0
q/p\ 1/4
(Z Z | < f, Wi,j,m,ﬁ > w(wm)‘p) > < 00,

Furthermore, | f|BS (X, w)||* may be used as an
equivalent norm on By (X, w).



In consequence we can deal with the following se-
quence spaces

bf%q(X,w) .= {>‘ = {Nijm,etigme

Mgt € C IA|85,4(X, w)]| < oo}

where
[AJbp o (X, w)|| =
1/p
(Z > 1X0.0.mu ’w{ﬂfm)|p> +
m eEL0,0
~d_1 a/p\ 1/q
t 2 (S22 X humestnr) )
i=1 m (el ;
and
bf),q(Xaw> L= {)‘ — {Aj,m,ﬁ}j,m,é : Aj,m,ﬁ < Ca
| A1y, o (X, w)|| =
24 q/p\ /4
(ZQJSQ<ZZ)\]mgw(:Em)Ip> ) <oo}.
m =1

We put v(t) = vol B(zo,t) and |z| = d(xo, ), xo,x € X.

10



Entropy numbers of embeddings.

Theorem 3 Let O < p1,p2,q1,92 < oo and s1,s2 € R
satisfy assumptions (1)—(6). Let w(x) = w(|x|) be
a radial weight defined on manifold X. We put § =

_d _ g d
51 P1 +p2'

(1) Let w(v=1(t)) ~ (1 4+ ) a>0. Then

(mln(oz,dH-———)

ek ( Bty (X, w) = BZp(X) ) ~ & s

if a # %,
S1 Ch) ._fl:f_ -
e (Bpl,ql(x, w) — BPQ,qQ(X)) -k (1 + log k)
ifa=4§and =224 2 >0,

q2

1_32

en( Bty (X,0) = B3 (X)) ~ b

e __ 0 _81 52 1__
/fa_dandT -I-ql < 0.

(2) If for any a« > 0 there is C > 0 such that
w(v~ 1)) > C(14 1), then

1_52

en( Blan (X, 0) = B3 (X)) ~

11



Theorem 4 We assume that w(v=1(#)) ~1 fort<1
and w(v=1(t)) ~ ¢(t) for t > 1, where ¢ is an non-
decreasing function such that there exist ¢ > 0 and
A > 0 such that

p(1) _ (1 + Iogt)“

o0 =\ 11097 if 1<7<t<oo. (8)

(1) If the function ¢ satisfies the assumption

1/p
t 1 log t
o(t) (L1109 if 1<s<t<oo
o(1) 1+ logr
1 11
p1 < p2 and p_ Do’ then
r (Bﬁi,q1<x,w> — BEn(0) ~
p(2F)

On the other hand if the function ¢ satisfies the as-
sumption

(t) 1+ logt
90(7) 14 logr
then

1/p
) it 1< 7t<t<

logl/P k
k1/Po(k)

ex( Bty (X,w) = B (X0 ) ~

12



Theorem 5 Let p; = po. We assume that
w( @) ~ 1 fort < 1 and w(v=1()) ~ ©(t) for
t > 1, where ¢ is an non-decreasing function such
that o(2t) ~ o(t) and

t (87
g0()§C<> 1<7<t<oo a<d=s1—5p
e (7) T

then

1

ek( p1,q1 (X, w) — Bpi, qz(X)) o(k)
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Negative spectrum

Hyperbolic case: X4 d-dimensional symmetric space
of noncompact type.

bp = -4|p|> @ bottom of Ly-spectrum of —A.

For 0 e<0,1) we put Ay = —A—0[p|2. If0<0H < pip,
then Ay is an invertible in Ly, 1 < p < oo, and its
inverse is bounded.

Hsp9 = AZ/Q—ﬁV, s>0,8>0

V >0 is a real potential. We will assume that H; g9
is a self-adjoint operator in L>(X) with the domain
H5(X).

We are interested in a number of “negative’ eigen-
values of H 39.

Ny(Hqpp) = #{X <7 Hopof =M. 0% f € La(X) |,

v < (1—6)|p|?
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Theorem 6 Let w be an admissible radial weight on
X such that the conditions (1) and (6) are satisfied.
Let Hy; 39 be an operator defined as above. We as-
sume that the potential V is a real measurable func-
tion on the manifold X such that V € Loo(X,w).
(1) Then the operator H, 3¢ is self-adjoint and

oess(Hg 3g) = 0ess(Dg) =< (1 — 9)|P|27 0).
(2) If in addition w is such that

w(v (@) ~ (), t>1,

where ¢ is an increasing function with o(2t) ~ ©(t),
then

(@) Ny(Hygo) < Copt(BIVILao(X, w)])),

provided that

¢ £\ 0
‘P(>§C(—>, 1<r<t<oo, ac<s,
(1) T

d/s
() Ny(Hygg) < Cy(BIVILe(X,w)])

provided that

o(t) > Ct*, t>1, a>s.
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