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Some Motivation

e From a pure analytic point of view the question arises: How can
strongly continuous semigroups T; be extended to the case of an
N-dimensional parameter t7

e analytic «—— probabilistic: How do N-parameter semigroups cor-
respond to processes with N-dimensional time-parameter.



Definition 1. Let q : R"xR" — C be continuous and negative definite

with respect to the second variable, i.e. q(z,.) : R" — C is continuous
and negative definite. On CZ°(R") we define the pseudo-differential

operator q(z,D) by
a(z,D)u(e) := (2) 3 [ e'a(z, &g de.

We call q the symbol of the pseudo-differential operator q(x, D).



N-Parameter Markov-Semigroups of Operators

Definition 2. An N-parameter convolution semigroup of sub-
probability measures ()0, teRY, on R™ is defined by

(7)) w(R™) <1 for all t = 0,
(7’7’) Ms * Ut = g4t for all s, t = 0,
and pg = €o,

(ii1) uy —> eg vaguely ast — 0.



Example 3. Let (ut;)i; >0 and (v,),>0 be 1-parameter convolution
semigroups of bounded Borel measures on R"™, then

Niq,to -— Mty Q Vi for all t1,t> > 0

defines a two-parameter convolution semigroup of Borel measures on
R27,



Definition 4. A. An N-parameter family (T);-q, teRY, of bounded

_|_7
linear operators T; : X — X with
o Tog=1d

e T4y =TsoTy forall s,teRY.

is called an N-parameter semigroup of operators.

B. We call it strongly continuous if for all xeX
lim || T+u—u = 0.
lim | T | x
C. The semigroup (Tt)tio is a contraction semigroup, if for all t = O

| T¢]| < 1.



Example 5. Let (ut, )i, >0 and (v,),>0 be two-parameter convolution
semigroups on R". On the Banach space (Coo(R?M), |.lloc) We define
for all t € Rﬁ_ the operator

Tou(a) o= [ ule = y) ey © vi)(dy), (1)

Then (Tt)tzo is a strongly continuous contraction semigroup, which
IS positivity preserving.

Definition 6. A strongly continuous N-parameter contraction semi-
group of operators on (Coo(R?™), ||.|ls,) Which is positivity preserving
is called in N-parameter Feller semigroup.



Definition 7. Let (Tt)tto be an N-parameter semigroup of operators,
forj =1,..., N we define its j-th marginal (1-parameter) semigroup
by

ng?') =Tt e, for all t; > 0.

Remark 8. With this definition every N—parameter semigroup can be
represented as a composition of its marginal semigroups:
_ (1) (2) (V)
Tt—Ttl o—l_t2 O"'OTtN .
The semigroups are commutating, i.e.

[T§?>,T,§i>] —0, foralli,j=1,....N
i j

and for each marginal semigroup Tg) we denote its generator by A,



Example 9. Consider two independent

n-dimensional Brownian motions B(1) and B(2) and define for t Rﬁ_

X; =B +B{2,

then X; is a 2-parameter process, called the n-dimensional additive
Brownian motion and with

2
Twu(x) := (2n{t1 + tQ})_% /Rn e_2l‘|[?7{1_i|"52}u(y) dy,
we have
E* [u(Xy)] = Tru(z)
and

P* (Xt € A) = Tixalz).



Lemma 10. For ueD(AM) o ...0 AN)Y and (T3)+=0 as above we have

aN

3 Ttu=A(1)o...oA(N)oTtu.
t

1Oty



Theorem 11. Let (T3)-0, teIR{]_i\_’, be a strongly continuous N-parameter
contraction semigroup on a Banach space (X, ||.||x) and (ns)s-o seIRiﬂ‘_f,
be an M-parameter convolution semigroup on RN with suppns C
[0,00)Y, for all seRY. Now, we define (T4') 4o using the M-dimensional

Bochner integral:
Ty = /R . Touwns(dt). (2)

Then the integral is well-defined and (Tsn)szo is a strongly continuous
contraction semigroup on X and is called the subordinate (in the sense
of Bochner) to (13)y=0 With respect to the convolution semigroup

(nS)siO-



Corollary 12. Let (1})4-0 be either an

N-parameter Feller semigroup on Coo(R™;R) or an N-parameter sub-
Markovian semigroup on LP(R™ R),1 < p < oo, further let (ns)s-0 be
an N-parameter convolution semigroup on R{‘f with suppns C RY,

i.e. with positive support. Then (TQ)SEO is an M-parameter Feller or
sub-Markovian semigroup, respectively.

Remark 13. Especially, subordinating with respect to (ere;) cp+ W€
get the j-th marginal semigroup, i.e.

T7(-‘7)u L= /R]_?_f TtusTej(dt>°



Example 14. Considering two pseudo-differential operators q1(x, D)
and qo(z,D) on S(R?), then

[ql(aja D)7 C]Q(J?, D)] =0
holds for example, if

CI]_(QZ', D) — al(wla DCUl)
and

q2($7 D) — 612(I27 sz)a

with §1(x1,Dz,) and do(zo, Dsx,) being pseudo-differential operators
on S(R).



Beyond N-Parameter Markov-Semigroups
- A Case Study

Let v : R — C be a continuous negative definite function. We
consider

5.4 (€) 1= (2m) 26 "H(E),

which is for s,t > 0 a continuous and positive definite function, i.e. by
Bochner's Theorem each ¢s+ is the Fourier transform of a measure
on R™. This leads us to the definition of the following two-parameter
family of measures (ust)s >0

fis.t(€) i= (2m) "2eSW(&), (3)



and to the definition of a two-parameter family of operators

Tou(@) = [ u(e—y) pse(dy).

n

Fix s = sg # 0, then

o (usyt)e>0 IS @ convolution semigroup in t

° <T80’t)t>0 a semigroup of operators w.r.t. t

and for so = 0 the operator T, is the identity.



The Bernstein function f1(z) = x1/2 is associated with the convolution
semigroup

1 _
777€1) — hr(.))\(l), hy(x) = X(x>0)\/§ S A ¥

The Bernstein function fo(x) = log(1l + x) is associated with the
convolution semigroup

NIl
®
-h‘ﬁ
81N

1 1
1) = 0D, 6r(@) = Xm0y iy e

Subordinating (ust)ss>0 by the Bernstein function f(z) = z1/2 with
respect to parameter s gives us a new family of measures (v t),+>0,
which can be characterized by its Fourier transform

D,+(&) = et PIBOI2,



Then subordinating (vrt),t>0 by 9(z) = log(1 + z), which is a Bern-
stein function, with respect to parameter t leads to another family

(Trp)rt>0 Of measures:

7A'7“,p(f ) —

here 1Fq1 is the confluent hypergeometric function.
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table gives 7y p, if (ust)s >0 IS subordinated in the first step by f(z) =
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We start again with the two-parameter family defined earlier, now
we subordinate by f(z) = z1/2 with respect to s and t. Using the
Meijer-G-function we can represent 7, as follows

r- [ (€)]L/? 3,0( - - =1 2T2¢>
_% 0

&) = Cos 0 16
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Constructing a Process
Starting with

1:(8) = (27) ™2 t1t2¥(&)  for all t = (t1,t5) € R2

with 1 continuous, negative definite and being zero at the origin, we
construct a projective family of probability measures over R"™. Let

Ul 2 uo =X ... XU
and
{ui,up,...,upt =K e H,
for the set M of all finite subset of RZ.



For K we define the measure Pk on (R")* by

Pc(A1 X Ap X ... X Ar) =

== _1, y Ll _ ,da:
/”/Al /AkD(Uk 1, Uk Tp—1, )

xp(uy,un,x1,X2) - P(0,u1,z,dzy)r(de),

for all Aq,..., AL € B(R").
Here

p(“’]? Uj415L5, A) — /’Luj7,u’j—|—1(A - 513]>,
for all A € B, Where ju; u;, (A — ;) is defined by:

v 2 _ @, 2)
;1 (€) = (2m) "3 (ot V),



This family is projective, and applying Kolomogorov's Theorem it
follows the existence of a probability measure P on B(n) satisfying

mk(P) = Pk, for all K € H,

and the existence of a stochastic process with state space R", whose
finite-dimensional distributions are given by (Pk)ken-

More general, we can consider (277)_%e_k(tvf), where we have to as-
summe, that for fixed ¢ € RQ\I k(t,.) is a continuous negative definite
function and for all ¢t = s and £ € R"

k(t,&) > k(s, ).



