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Some Motivation

• From a pure analytic point of view the question arises: How can

strongly continuous semigroups Tt be extended to the case of an

N-dimensional parameter t?

• analytic ←→ probabilistic: How do N-parameter semigroups cor-

respond to processes with N-dimensional time-parameter.



Definition 1.Let q : Rn×Rn −→ C be continuous and negative definite

with respect to the second variable, i.e. q(x, .) : Rn −→ C is continuous

and negative definite. On C∞0 (Rn) we define the pseudo-differential

operator q(x,D) by

q(x,D)u(x) := (2π)−
n
2

∫
Rn

eixξq(x, ξ)ûξ dξ.

We call q the symbol of the pseudo-differential operator q(x,D).



N-Parameter Markov-Semigroups of Operators

Definition 2. An N-parameter convolution semigroup of sub-

probability measures (µt)t�0, tεRN+, on Rn is defined by

(i) µt(Rn) ≤ 1 for all t � 0,

(ii) µs ∗ µt = µs+t for all s, t � 0,

and µ0 = ε0,

(iii) µt −→ ε0 vaguely as t −→ 0.



Example 3. Let (µt1)t1≥0 and (νt2)t2≥0 be 1-parameter convolution

semigroups of bounded Borel measures on Rn, then

ηt1,t2 := µt1 ⊗ νt2 for all t1, t2 ≥ 0

defines a two-parameter convolution semigroup of Borel measures on

R2n.



Definition 4. A. An N-parameter family (Tt)t�0 , tεRN+, of bounded
linear operators Tt : X −→ X with

• T0 = id

• Ts+t = Ts ◦Tt for all s, tεRN+.

is called an N-parameter semigroup of operators.

B. We call it strongly continuous if for all xεX

lim
t→0
‖Ttu− u‖X = 0.

C. The semigroup (Tt)t�0 is a contraction semigroup, if for all t � 0

‖Tt‖ ≤ 1.



Example 5. Let (µt1)t1≥0 and (νt2)t2≥0 be two-parameter convolution

semigroups on Rn. On the Banach space (C∞(R2n), ‖.‖∞) we define

for all t ∈ R2
+ the operator

Ttu(x) :=
∫
R2n

u(x− y)(µt1 ⊗ νt2)(dy). (1)

Then (Tt)t�0 is a strongly continuous contraction semigroup, which

is positivity preserving.

Definition 6. A strongly continuous N-parameter contraction semi-

group of operators on (C∞(R2n), ‖.‖∞) which is positivity preserving

is called in N-parameter Feller semigroup.



Definition 7. Let (Tt)t�0 be an N-parameter semigroup of operators,

for j = 1, . . . , N we define its j-th marginal (1-parameter) semigroup

by

T(j)
tj

:= Ttj·ej for all tj ≥ 0.

Remark 8. With this definition every N−parameter semigroup can be

represented as a composition of its marginal semigroups:

Tt = T(1)
t1
◦T(2)

t2
◦ . . . ◦T(N)

tN
.

The semigroups are commutating, i.e.[
T(i)
ti
,T(j)

tj

]
= 0, for all i, j = 1, . . . , N

and for each marginal semigroup T(j)
tj

we denote its generator by A(j).



Example 9. Consider two independent

n-dimensional Brownian motions B(1) and B(2) and define for t ∈ R2
+

Xt = B(1)
t1

+ B(2)
t2
,

then Xt is a 2-parameter process, called the n-dimensional additive

Brownian motion and with

Ttu(x) := (2π{t1 + t2})−
n
2

∫
Rn

e
− ‖y−x‖

2

2{t1+t2}u(y) dy,

we have

Ex [u(Xt)] = Ttu(x)

and

Px (Xt ∈ A) = TtχA(x).



Lemma 10. For uεD(A(1) ◦ ... ◦A(N)) and (Tt)t�0 as above we have

∂N

∂t1...∂tN
Ttu = A(1) ◦ ... ◦A(N) ◦ Ttu.



Theorem 11.Let (Tt)t�0, tεRN+, be a strongly continuous N-parameter

contraction semigroup on a Banach space
(
X, ‖.‖X

)
and (ηs)s�0, sεRM+ ,

be an M-parameter convolution semigroup on RN with supp ηs ⊂
[0,∞)N , for all sεRM+ . Now, we define (T ηs )s�0 using the M-dimensional

Bochner integral:

T ηs u :=
∫
RM+

Ttu ηs(dt). (2)

Then the integral is well-defined and (T ηs )s�0 is a strongly continuous

contraction semigroup on X and is called the subordinate (in the sense

of Bochner) to (Tt)t�0 with respect to the convolution semigroup

(ηs)s�0.



Corollary 12. Let (Tt)t�0 be either an

N-parameter Feller semigroup on C∞(Rn;R) or an N-parameter sub-

Markovian semigroup on Lp(Rn;R),1 ≤ p ≤ ∞, further let (ηs)s�0 be

an N-parameter convolution semigroup on RM+ with supp ηs ⊂ RN+,

i.e. with positive support. Then (T ηs )s�0 is an M-parameter Feller or

sub-Markovian semigroup, respectively.

Remark 13. Especially, subordinating with respect to (ετej)τ∈R+ we

get the j-th marginal semigroup, i.e.

T(j)
τ u :=

∫
RN+

Ttu ετej(dt).



Example 14. Considering two pseudo-differential operators q1(x,D)

and q2(x,D) on S(R2), then

[q1(x,D),q2(x,D)] = 0

holds for example, if

q1(x,D) = q̃1(x1,Dx1)

and

q2(x,D) = q̃2(x2,Dx2),

with q̃1(x1,Dx1) and q̃2(x2,Dx2) being pseudo-differential operators

on S(R).



Beyond N-Parameter Markov-Semigroups

- A Case Study

Let ψ : Rn −→ C be a continuous negative definite function. We

consider

φs,t(ξ) := (2π)−
n
2e−stψ(ξ),

which is for s, t ≥ 0 a continuous and positive definite function, i.e. by

Bochner’s Theorem each φs,t is the Fourier transform of a measure

on Rn. This leads us to the definition of the following two-parameter

family of measures (µs,t)s,t≥0 :

µ̂s,t(ξ) := (2π)−
n
2e−stψ(ξ), (3)



and to the definition of a two-parameter family of operators

Ts,tu(x) :=
∫
Rn

u(x− y)µs,t(dy).

Fix s = s0 6= 0, then

• (µs0,t)t≥0 is a convolution semigroup in t

•
(
Ts0,t

)
t≥0

a semigroup of operators w.r.t. t

and for s0 = 0 the operator Ts0,t is the identity.



The Bernstein function f1(x) = x1/2 is associated with the convolution
semigroup

η
(1)
r = hr(.)λ

(1), hr(x) = χ(x>0)
1√
2π
· r · x−

3
2 · e−

r2
4x.

The Bernstein function f2(x) = log(1 + x) is associated with the
convolution semigroup

η
(2)
r = gr(.)λ

(1), gr(x) = χ(x>0)
1

Γ(r)
xr−1e−x.

Subordinating (µs,t)s,t≥0 by the Bernstein function f(x) = x1/2 with
respect to parameter s gives us a new family of measures (νr,t)r,t≥0,
which can be characterized by its Fourier transform

ν̂r,t(ξ) = e−rt
1/2[ψ(ξ)]1/2.



Then subordinating (νr,t)r,t≥0 by g(x) = log(1 + x), which is a Bern-

stein function, with respect to parameter t leads to another family

(τr,p)r,t≥0 of measures:

τ̂r,p(ξ) =
−Γ(2p)

(Γ(p))2
· 21−2p · [ψ(ξ)](1/2) ·

√
π

×r ·1 F1

(
1

2
+ p;

3

2
;
1

4
r2ψ(ξ)

)
+

Γ(2p) · 21−2p

Γ(p)Γ(p+ 1
2)
·
√
π

×1F1

(
p;

1

2
;
1

4
r2ψ(ξ)

)
,

here 1F1 is the confluent hypergeometric function. The following

table gives τ̂r,p, if (µs,t)s,t≥0 is subordinated in the first step by f(x) =

x1/n.





1
2

er
2ψ/4

Γ(p)

(
Γ(p) 1F1

(
1
2 − p;

1
2;−

r2ψ
4

)
−r
√
ψΓ(1

2 + p) 1F1

(
1− p; 3

2;−
r2ψ
4

))

1
3

1
2Γ(p)

(
2Γ(p) 1F2(p;

1
3,

2
3;−

r3ψ
27 ) −2rψ1/3Γ(1

3 + p) 1F2(
1
3 + p; 2

3,
4
3;−

r3ψ
27 )

+r2ψ2/3Γ(2
3 + p) 1F2(

2
3 + p; 4

3,
5
3;−

r3ψ
27 )

)

1
4 1F3(p;

1
4,

1
2,

3
4;

r4ψ
256) −

Γ(1
4+p)

Γ(p) rψ1/4
1F3(

1
4 + p; 1

2,
3
4,

5
4;

r4ψ
256)

+
Γ(1

2+p)
2Γ(p) r

2ψ1/2
1F3(

1
2 + p; 3

4,
5
4,

3
2;

r4ψ
256)

+
Γ(3

4+p)
6Γ(p) r

3ψ3/4
1F3(

3
4 + p; 5

4,
3
2,

7
4;

r4ψ
256)

1
5 1F4(p;

1
5,

2
5,

3
5,

4
5;−

r5ψ
3125) −

Γ(1
5+p)

Γ(p) rψ1/5
1F4(

1
5 + p; 2

5,
3
5,

4
5,

6
5;−

r5ψ
3125)

+
Γ(2

5+p)
2Γ(p) r

2ψ2/5
1F4(

2
5 + p; 3

5,
4
5,

6
5,

7
5;−

r5ψ
3125)

+
Γ(3

5+p)
6Γ(p) r

3ψ3/5
1F4(

3
5 + p; 4

5,
6
5,

7
5,

8
5;−

r5ψ
3125)

+
Γ(4

5+p)
24Γ(p) r

5ψ 1F4(
4
5 + p; 6

5,
7
5,

8
5,

9
5;−

r5ψ
3125)



We start again with the two-parameter family defined earlier, now

we subordinate by f(x) = x1/2 with respect to s and t. Using the

Meijer-G-function we can represent τ̂r,p as follows

τ̂r,p(ξ) =
r · [ψ(ξ)]1/2

4π
G3,0

0,3

(
− − −
−1

2 0 0

1

16
p2r2ψ

)



1
2

pr
4π ×

√
ψ G3,0

0,3

(
−1

2 0 0
1
16p

2r2ψ

)

1
3

1
4π 0F3

(
1
3,

1
2,

2
3;

1
108p

2r3ψ
)
− 2
√

3r 3
√
p2ψΓ

(
1
3

)2
0F3

(
2
3,

5
6,

4
3;

1
108p

2r3ψ
)

+8π
√
p2r3ψ 0F3

(
5
6,

7
6,

3
2;

1
108p

2r3ψ
)
+ 3
√
π(2p2r3ψ)(2/3)Γ

(
5
6

)
0F3

(
7
6,

4
3,

5
3;

1
108p

2r3ψ
)

1
4

pr2
√
ψ

32
√

2π2 × G5,0
0,5

(
−1

2 −
1
4 0 0 1

4
; 1
1024p

2r4ψ

)

1
5

1
2
√
π
(5p(2

5

√
π
p2 0F5

(
1
5,

2
5,

1
2,

3
5,

4
5;

p2r5ψ
12500

)
−p−3/5

√
10

5π+
√

5π
rψ1/5Γ

(
3
5

)
Γ
(
6
5

)
0F5

(
2
5,

3
5,

7
10,

4
5,

6
5;

p2r5ψ
12500

)
+ 1√

10(5−
√

5)π

r2ψ2/5

p1/5
Γ
(
1
5

)
Γ
(
2
5

)
0F5

(
3
5,

4
5,

9
10,

6
5,

7
5;

p2r5ψ
12500

)
−8
√
πr5ψ
15 0F5

(
7
10,

9
10,

11
10,

13
10,

3
2;

p2r5ψ
12500

)
r3ψ3/5

30

(
p
2

)1/5
Γ(− 1

10) 0F5

(
4
5,

11
10,

6
5,

7
5,

8
5;

p2r5ψ
12500

)
r4ψ4/5

120

(
p
2

)3/5
Γ
(
− 3

10

)
0F5

(
6
5,

13
10,

7
5,

8
5,

9
5;

p2r5ψ
12500

)
))

1
6

pr3
√
ψ

576
√

3π3 × G7,0
0,7

(
−1

2 −
1
3 −

1
6 0 0 1

6
1
3

1
186624p

2r6ψ

)

1
8

pr4
√
ψ

32768π4 × G9,0
0,9

(
−1

2 −
3
8 −

1
4 −

1
8 0 0 1

8
1
4

3
8

1
67108864p

2r8ψ

)

1
10

pr5
√
ψ

640000
√

5π5 × G11,0
0,11

(
−1

2 −
2
5 −

3
10 −

1
5 −

1
10 0 0 1

10
1
5

3
10

2
5

1
40000000000p

2r10ψ

)



Constructing a Process

Starting with

µ̂t(ξ) = (2π)−n/2e−t1t2ψ(ξ), for all t = (t1, t2) ∈ R2
+,

with ψ continuous, negative definite and being zero at the origin, we

construct a projective family of probability measures over Rn. Let

u1 � u2 � . . . � uk
and

{u1, u2, . . . , uk} = K ∈ H,

for the set H of all finite subset of R2
+.



For K we define the measure PK on (Rn)k by

PK(A1 ×A2 × . . .×Ak) =

=
∫
Rn

∫
A1

. . .
∫
Ak

p(uk−1, uk, xk−1,dxk) · · ·

×p(u1, u2, x1, x2) · p(0, u1, x,dx1)ν(dx),

for all A1, . . . ,Ak ∈ B(Rn).
Here

p(uj, uj+1, xj,A) = µuj,uj+1(A− xj),

for all A ∈ B(n). Where µuj,uj+1(A− xj) is defined by:

µ̂uj,uj+1(ξ) = (2π)−
n
2e
−(u(1)

j+1u
(2)
j+1−u

(1)
j u

(2)
j )ψ(ξ)

.



This family is projective, and applying Kolomogorov’s Theorem it

follows the existence of a probability measure P on B(n) satisfying

πK(P) = PK, for all K ∈ H,

and the existence of a stochastic process with state space Rn, whose

finite-dimensional distributions are given by (PK)K∈H.

More general, we can consider (2π)−
n
2e−k(t,ξ), where we have to as-

summe, that for fixed t ∈ RN+ k(t, .) is a continuous negative definite

function and for all t � s and ξ ∈ Rn

k(t, ξ) ≥ k(s, ξ).


